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PREFACE 

Most teachers will agree that at the present time the work of 
mathematical specialists in schools is heavily handicapped by the 
absence of suitable text-books. , There have been such radical changes 
in method and outlook that it has become necessary to treat large 
sections of some of the standard books merely as (moderately) 
convenient collections of examples and to supply the bookwork in 
the form of notos ; especially is this true of Algebra, Trigonometry, 
and the Calculus. 

Dividing lines between these subjects tend nowadays to be 
obliterated. Methods of the Calculus arc frooly used in courses of 
Algebra and Trigonometry, while matter which used to find a place 
in the Algebra text-book is now included more conveniently else- 
where. Perhaps tlie most important example of this re-arrangement 
is the treatment of the logarithmic function. For many years post 
loading mathematicians have advocated a definition which transfers 
the chapter on the theory of logarithms from the Algebra to the 
Calculus text-book, and makes it the basis from which the ex- 
ponential function is discussed, thus reversing the order commonly 
followed. The authors arc convinced by thoir own experience that 
this is the best mode of approach. On general principles it would 
seem desirable also to follow the samo order for the complex variable, 
but unfortunately in practice this point of viow appears to bo too 
difficult for school work. By tradition the thoory of the exponential 
and logarithmic functions of a complex variable is inohidod in books 
on Advanced Trigonometry and this is a very ronsonablo arrange- 
ment ; it seems equally desirable to include also the theory of the 
corresponding funotions of a real variable instead of rologabing it to 
the Calculus book. 

The interest and value of advanced trigonometry lies in regarding 
it as an introduction to modern analysis. The methods by which 
results are obtained are often moro important — that is, educationally 
more valuable— than the results thomsolvos. Tho character of the 
treatment in this book is shaped and oon trolled by that idoa. Thus 
tho mothods for expanding functions in series focus attention on 
“ remainders ” and “ limits " ; tho methods for factorizing functions 
turn on establishing possible forms and then using tlio fundamental 
factor- theorem j the discussion of complex numbors emphasises the 
fact that complox numbors arc just as “ real ” as real numbors, etc. 
For the samo reason no apology need bo offered for tho provolonoo, in 
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this book, of “inequalities.” Their importance in higher mathe- 
matics can hardly be exaggerated, and they are invaluable too in 
elementary work, The “ useful inequalities ” of Chapter IV will, it 
is believed, be found fully worthy of their name. 

The authors are planning text-books parallel to the present volume 
on Advanced Algebra and Calculus, written from a similar point of 
view. In all these subjects, it must be admitted, there are certain 
difficulties which the average student will never face, but which are 
all-important for the real mathematician ; these include, for example, 
the purely arithmetical treatment of real number, limits, continuity, 
convergence, mean-value theorems, the analysis of area, length of a 
curve, etc. The authors propose to deal with these matters in. a book 
which is cited as a “ companion volume on Analysis,” limiting the 
treatment, however, to what seems suitable for specialist work at 
schools. Although planned, no part of this book is yet written. The 
theory of Infinite Products has been loft for this companion volvuno ; 
it is not so easy to provide a satisfactory ah initio treatment for 
products as it is for series and the alternative of taking for granted 
everything that really matters is undesirable. Happily also Infinite 
Products are of small value in elementary work and they aro not 
required for most examinations. See. however, pp. 223, 240. ^ 

As a text-book on Trigonometry, this volume is a continuation of 
Durell and Wright’s Elementary Trigonometry, and Chapter I should 
be regarded partly as a revision course. The sole object of Chapter , 
XIV is to give opportunity for practice in meohanioal manipulation 
to those who require it. The course really closes with Chapter XIII, 
which deals with a difficult subject and one which should bo done 
carefully if it is done at all. 

A Key is published, for the convenience of teachers, in which solu- 
tions are given in considerable detail, and in some cases alternative 
methods of solution are supplied, so that to some extent tho Key 
forms a supplementary teaching manual. 

The authors gratefully acknowledge help with the proofs received 
from Mr. J. C. Manisty, whose numerous criticisms and suggestions 
have enabled them to effect many improvements. 
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CHAPTER I 

PROPERTIES OP THE TRIANGLE 


A list of the fundamental formulae conneoting the elements of a 
triangle, proofs of which have been givon in Dwell and Wright's 
Elementary Trigonometry, w ill be found in Section D of the formulae 
at the beginning of that book ; references to these proofs will be indi- 
cated by the prefix E.T. 

For geometrical proofs of theorems on the triangle, the reader is 
referred to some geometrical text-book. When these theorems are 
quo tod or illustrated in this chapter, references, indicated by the 
profix M.G., are given to Dwell’ s Modem Geometry. 

Revision. Examples for the revision of ordinary methods of 
solving a triangle are given in Exeroiso I. a, below. 

It is sometimes convenient to modify the process of solution. If, 
for example, the numerical values of 6, c, A are given and if the value 
of a only is required, we may proceed as follows : 

a* =6 2 + e 9 - 2 bo cos A ; 

o*=(6 + c) a -26c(l +cos A) =(b + c) a -46c cos 2 £A ; 

&h(\ nr)S^ iA 

a 2 = (6 +c) a - (6 + c) 2 cos s 0, whore cos 2 0= — T ; 

(6+c)- 3 

a = {6 + c)sin 0, ....,......{1) 

, . 2V(6c)cos£A 

vvh ere cos 0 = { 2 ) 

b+c 

0 is first found from (2) and then a is obtained from (1), both equa-' 
tions being adapted to logarithmic work. 

An angle 0, used in this way, is called a subsidiary angle. For 
other oxamplos of the use of subsidiary angles, see Ex. I. a, Nos. 21 
to 25. 


EXERCISE I. a. 

[Solution of Triangles] 

1, What aro the comparative merits of tho formulae for cos A, 
AAA 

oos -s, sin o, tan when finding the anglos of a triangle from givon 
L L L 

numerical values of a, b, c ? 

2. Givon a = 100, 6 = 80, o =50, find A. 


A.T. 


A 
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3. Given a =37, & = 01, (3 = 37, find B. 

4. Given a = 1142, 6 = 13-76, o = I8-43,. find A, B, 0. 

5. Given A = 17° 65', B =32° 50', o=251, find a from fcho formula 

•£i=c sin A coseoC. 

8. Given B =86°, C = 17° 42', b =23, solve fcho triangle. 

7. Given 6 = 16-9, c=24-3, A = I64°18', find i(B-C) from tin* 

formula tan cot and complete tho solution of Uio 

triangle. 

8. Given 6 =27, c =36, A =62° 35', find a. 

Solve the triangles in Nos. 9-13 : 

9. A =39° 42', B =81° 12', c =47-0. 

10. 6 = 0-32, c = 8-47, B = 43°. 

11. a = 110, 6 = 183, c = 162. 

12. 0 = 6-81, o = 9-00, B = 119° 46'. 

13. 6 = 10-9, o = 12-3, C=61°. 

[The Ambiguous Oct so] 

■ 14. Given A =20° 36', 6 = 14-6, find fcho range of valuos of a finch 
that tho number of possible triangles is 0, 1, 2. Completo tlio solu- 
tion if a equals (i) 8-3, (ii) 16-2, (iii) 3-2, (iv) 6-1. 

15. Given 6, o, and B, write down the quadratio for a, nml fcho 
sum and product of its roots, a x and o a . Vorify tho results goo* 
metrically. 



If A„ Cj and A a , C a are the remaining anglos of tho two triangle# 
which satisfy the data, find C x +C a and A, +A a . 

16. With the data of No. 16, prove that 

(i) a t -a a = ±2 V(6* -c a sin 8 B); (ii) sin *(A X 

17. With the data of No. 16, prove that 

(°i ~ a a) a +(«i +a a ) a tan a B=46 a . 

18. (i) With the data of No. 16, if o x =3a a , provo that 

26=cV(l+3sin a B). 

(ii) With the data of No. 16, if C 9 =20^ provo that 
2c sin B=6y3. 
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19. If tho two triangles derived from given values of c, 6, B have 
areas in tho ratio 3 : 2, prove that 28 (c 2 -b 2 ) =24o 3 oos a B. 

20. With tho data of No. 18, if A! =2A a , prove that 

4c s sin® B =6 2 (6 + 3c). 


[Subsidiary Angles] 

21. Givon 6 = 16-9, 0=24-3, A = 184° 18', find a from formulae (1) 
and (2), p. 1. 

22. Show that tho formula o=6eosA± V(ct s -6 2 sin 3 A) may be 
written in tho form c =a sin (OrfcA) aoseo A, whore sin 0 =- sin A. 

23. Show how to apply the method of the subsidiary angle to 
« a =(6 -c) 3 +26o(l -oos A). 

24. In any triangle, prove that tan £( B -G) = tan (48° - 0)cotjA, 
whore tan 0 =|. 

Honco find £{B-C) if 6 = 321, o = 430, A = 119° 15'. 

25. Express a cos 0-b sin 0 in o form suitable for logarithmic 
work. 


[Miscellaneous Relations ] 

26. If a = 4, 6=6, c = 0, prove that C = 2A. 

27. Express in a symmetrical form 

28. Provo that 6 a {cot A +cot B) =c a (oot A +cot C). 

29. Simplify coseo (A - B) . (a cos B - 6 cos A), 

30. Provo that a 2 sin (B -G) ={6 a -e 8 ) sin A. 

~ . 6sooB -hcsocC csooC+aseoA 

31. Provo tlmt = TancTffiUr ' 

32. If 6 cos B =c cos 0, prove that oithor 6 =c or A = 90°. 

2A a (« a + 6 a c a ) 

33. Provo that sin® A -I- sin B sin C cos A = ^h 2 c 2 * 


34. Provo that 

35, Provo that 


1 + cos (A - B) cos C __ a a +6 8 
1 + cos (A - C) cos B ~c a + c 2 * 


a cob B cos C -I- 6 cos C cos A -I- c cos A cos B = 
O . 


2 A sin A 


38. Express cos £(A -B) .cosoo ^ in tonne of a, 6, c. 

A 

37. If 6+c = 2c, prove that 4A=3a 2 tan^, 
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38. If a* =6(6 +c), prove that A = 2B. 

39. Prove that c a ~o s cos 2B -1-6* oos2A +2ab coa (A -B). 

40. Prove that ^cot^ + g-^— tan^ =2coaec (B- C;. 

41. Provo that 

a (1 + 2 cos 2A) cos 3B +6(1 + 2 ooa 2B) cos 3A ~c (1 +2 cos 20 J. 

42. If coa A cos B + sin A sin B sin C = 1 , prove that A = 46° =B. 


The Oircumcentre. Tho centro 0 of tlio oirclo through A, B, C is 
found by bisecting the sides of tho triangle at right angles, and the 
radius is given by tho formulae 



R =BX cosoo BOX = 


& 


2 sin A 


.( 3 ) 


R = 


abo 


abo 

26osin A ~ 4A ^ 


Tho reader should prove that those formulae 
hold also whon Z.BAC is obtuse. 


The in- centre and e-contres, The conbros 


'» ' 1 > ' 2 * '3 


of tlio circles 


which touch tho sides are found by bisecting tlio angles of the 
triangle, internally and externally. 





Pia. 2. 

The radii of these circles are given by 



A A 

r = ~; r, = , etc. 

s, 1 s - a 


.(*) 


?=4Rsin~ sin? sin^f r x =4R sin ^ cos ? cos etc (0) 


G 
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Also in Fig. 3, wo have 

AR =s~a; ARi=s; BP^s-o; ..(?) 

A A 

r={s-a)tan^; r, — stan-g-. ..........(8) 


For proofs of these formulae and further dotnils, boo 10, T., pp. 
184-186, 277, 278 and M.G., pp, 11, 24, 25. 


The Orthocentre and Pedal Triangle. Tho perpendiculars AD, BE, 
CF from the vertices of a triangle to tho opposite sides moot at a 
point H, called the ortho centre j tho triangle DEF is cnllod tho pedal 


triangle (M.Q., p. 20). 

A 



H 



If A ABC is acute-angled, (Fig. 4), H lios inside tho triangle. 

Since BFEC is a cyclic quadrilateral, AFE and ACB aro similar 
triangles ; 


*• BC AC 


=cosA 


EF = aeosA ,....,...(0) 

Sinoo HECD is a oyclio quadrilateral, A H D E = A HCE « 00° - A ; 
similarly aHDF = 00°-A; 


.'. A EDF = 180° - 2A (1C) 

Furbhor, HD bisects A EDF and similarly HE Insects A DEF; 
H is tho in-contro of A DEF. Also sinoo BO is porpondtoulur to AC, 
it is tho oxtomal bisootor of A EDF ; honco A. 13, C aro tho a coiiLioh 
of tho pedal triangle. 

Wo lift vo also 


AH =AE cohoo AHE — e cos A cohou C - 2 It t: os A (II) 

and DH=BH cos BHD — 2R cos B cos C 12} 


Tho reader should work out tho corresponding romiltn for Fig. 0, 
where the trianglo is obtuse-angled. 
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If ABAC 18 obtuse, A HDF =2A - 180° and other results aro modifier 
by ‘writing —cos A lor cos A. [Soo Ex. I. b. No. 27 and note fchr 
difference of form in No. 30. See also Example 3.] 

The Nine-Point Circle. The' oircle wliioh posses through the mid- 
points X, Y, Z of the aid- 03 BC t CA, AB passos also through D, E, F and 



through the mid-points of HA, HB, HC ; it is therefore called the nine- 
point oirole and its centre N is the mid-point of OH (M.Q., p. 27). 

Since AXYZ is similar to A ABC and of half its linear dimensions, 
the radius of the nine-point oirclo is ^R. 

Since each of the points H, A, B, C is tho orthocontro of the triangle 
formed by the other three, tho oiroumoirolo of ADEF is tho common 
nine-point circle of tho four triangles ABC, BCH, CHA, HAB. 

Also, since A ABC is the pedal A of AI X ! 2 I 3 and of AII 2 I 3 , oto,, the 
oiroumradius of each of those triangles is 2R. 


The Polar Oirole, In Fig. C and Fig. 7 wo have, by oyolio quadri- 
laterals, HA . HD =HB . HE =HC . HF. 


In Fig. 7, where ABAC is obtuse, A and D are on the samo sido of H, 
and so also are B, E and C, F. In this enso, if HA . HD =/> 3 , it follows 
u that tho polars of A, B, C w.r.t. tho oirole, 

centre H, radius p , aro BC, CA, AB. 

The triangle ABC is therefore solf polar w.r.t. 
this oirolo ; and the oirolo is callod the polar 
cirolo of A ABC. 

Wo have 

p 2 —HA . HD =( - 2R oos A) (2R cos B cos 0) f 
p®= -4E a cos A cos B cosC. ...(13) 
An aoute-angled triangle in real goomotry has no polar cirolo. 


e 



Notation. The lettering already adopted for spooial points con- 
nected with the triangle will bo employed throughout tho Chapter, 
This will shorten the statement of many of the examples. 

We add some illustrative examples. 
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Example 1, Prove s a =A(oot -JA + oot JB + 006 JC). 

Since J(A+B+C)=GO°, 

Scot JA =cot JA cot JB cot -JO, (so© J8.T„ p* 272, Ex. V.) 

s(s~a) 8(3 ~b) s(s -c) 


.. Scot^A y j, — i>) (a — o> ' (a -c)(a -a) ' (s -a)(s -&) 


s 2 

! A’ 


Example 2. Express — — in a symmetrical form. 


Since 


iab - 4rjr a = iab -(a-vb H- c) (a -I- & - c) 
=c a -(a-6) a 
= 4 (5 ~n)(s - b) f 
(ab -rp'g) _ (s -a ) (3 -b) 

U ^3 

_ (s -a)(s -&)(a - e) A 
A » ‘ 


Example 3. If J is the in -centre of BHO, oxpross bho ratlins of the 
circle BJC in torms of R and A. 

By equation (3) the radius is JBC oosoo BJO, bub 

£BJC =90° + JZ.BHC =180° - JA, if B and C nro non to anqlos j 


a 2RsmA 

the radius = ; = r ~-, — rr ~ 2R oos JA. 

2 sin JA 2 sin JA 


If either B or C is obtuse, ABJO = 90° + JA, and Ihon tho radius 
= 2R sin JA. 


EXERCISE I. b, 

1. If a = 16-l, A =24° 30', find R. 

2. If a = 3, b = G, c = 7, find R and r. 

3. If a = 13, 6 = 14, c = 10, find r v r 8 , r s . 

4. If a=23-5, A = 02°, and 6=c, find R and r, 

6, Provo that 

(i) L BAI 3 = 90° ” g ~ ^ InhU * (ii) II, - -IR sin £ | 
(iii) l s l a oosoo ^»4R cos ^ . 
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6. Verify Equation (fi), p. 4, by using the formulae for 
* & 

sin ^ , cos g > etc., in terms of the sides. 

7. Express a (cos A + cos B cos C) in a symmetrical form. 

9. a ~ a « 4R cos ~ sin | sin 5 , 

11. f # r, + ty* + r t r a =a a . 

13. r -r i -I- ?- a -|- r a = 2a cot A. 

16. |A . IB =s4Rrsin ^ . 

17. Ilj . Ilg . Ila ~ 10R a r, 

19. AD 9 (cobB -l-cotC) s=2A. 

21. A01 a la • AOI 3 lj ~(b -ho ) ! (n + o). 

23. AH -I- BH + CH sa 2 (R + r), 

24. If a =14, b = 13, c = 16, prove that AD =12, 

26. Given. B =37°, C =46°, BE = 9'3, find b. 

26. If BP . PC = A, (see Fig. 3), prove that A =00°. 

27. In. Eig. 6, where ABAC is obtuse, prove that 

(i) EF = - a cos A, FD ~b cos B, DE ~c cos C ; 

(It) AFDE=2A-180°, z.DEF = 2B, aEFD=2Cj 
( hi) AH = - 2R cos A, BH = 2R cos B, CH = 2R cos 0 j 

(iv) HD =2R cos B cos C, HE - - 2R cos C cos A, 

HF = ~ 2R oos A cos B. 

28. If a = 13, b =0, c = 6, find p (soo p. 6). 

29. Find an expression for the radius of the polar circle of Afl a l t 
in terms of R, r v 

30. Prove that the cireumradius of AHE3C equals R. 

31. Prove that the cireumradius of AOBC is ;>£B. 

32. Prove that the in-radius of AAEF is rcosA. 

33. Prove that the area of A DEF is ± 2A cos A cos B cos 0. 

34. Given 6, c, B, prove that the produob of tho jn-radii of the two 
possible triangles ia c(e -6)sin a £B. 


Prove the following relations : 

n ._ A B 0 
O. S =4R OOS gC09 gCOS ^ . 

10. r a r 3 tan^ = A. 

12. r a +r 3 =4Rcos l2 ~. 

14 . A1 . Alj, = bc. 

10. IA.IB.IO=^, 
s 3 

18. AABI : AACI =c:b. 

ABC 
20. AD =s2rooseo|cosgCos g. 

22. AH =*acot A — 2QX. 
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35. Provo that the in-radius of Aljglg is 2R - 1} . 

36. If A ABC is acuto-anglod, prove that the perimeter of A DEF is 
•iRsinA sin B sin C. If ABAC is obtuso, prove that the perimeter is 
4R sin A cos B cos C. 

37. Find in terms of A, B, C, R the in-radius of A DEF (i) if AABC 
is aouto-anglcd, (ii) if ABAC is obtuso. 

Q{\ 

38. Prove that a sin B sin C +b sin C sin A +o sin A sin B =-^- . 

39. Express ~ + r cos A - R cos 2 A in a symmetrical form. 

40. Prove that 

(i) a 2 cos 2 A =6 2 cos 2 B +o 2 cos 2 C + 26c 009 B cos C cos 2A j 

(ii) a 2 cos 2 A cos 2 2A = b a cos 2 B cos 2 2B +c 2 cos 3 Coos 2 2C 

+ 2 be cos B cos C cos 2B cos 2C cos 4 A ; 

ABC 

(iii) a 2 oosoo 2 ^=b a oosoc 2 ^ -f-c 2 cosoo 9 

- 2 be cosoo | cosoo ^ sin g . 


Any Lino through a Vertex. Suppose any lino through A cuts 
BK z 

BC at K. Denote --- by so that K is the controid of masses y , z at 
KC y 


B, C rospootivoly. 

Lob ABAK =(3, A KAC =y, aAKC= 0. 
Draw BB', CC' porpondicular to AK. 


Thon 


BK BB' _ c sin (3 
KO = CC' ” biin y ’ 


(14) 


This may bo writton 

z _sin C sin (0 -B) fliii(fl-B) sin C sin 0 
y sin B sin (0 -l-C) sinB sin 0 ' sin (0 -l-C) ’ 



, z _cotB - cot 0 
y~ cot C -I- cot O' 


(y -|- z) cot 0 = y cot B - z cot 0. 


( 15 ) 


This relation, which dotonuinos 0 for a givon trinnglo and given 
position of K, is of ton useful in throo-farco problems in abulias (of. 
Ex. I. o, No. II) j an altornativo mothod of proof is indicated in 
Ex. I. o, No. 8. Somotimos (of. Ex. I. c, No. 12) it is convonionb to 
havo an expression for 0 in torms of ji, y. 
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From (14), 

x sin(g+y)sm/? sin(fl+y) sin Osin /? 
y ~sin(0 ~/3)siny ~sin 0 sin y ' sin (0-/3)’ 

• z - cot y + oot ^ 

" y~ oofc /3 -cot O’ 

(y + z) cot8 = zcot(3 -ycoty. (101 


The Centroid. The centroid of at (x v y x ), k 2 at (x 2 , y 2 ), k 3 at 
(» 3 , y 3 ), etc., is the centre of mass of particles of masses proportional 
to k v k 2 , k 3 , etc., at these points. Tho centroid is also called the 
centre of mean position. The point may also bo doflnod geometrically, 

and its coordinates are ; thus the idea of mass is 

not really involved, The values of the fc’s need not all be positive*, 
but "2k must not be zero. (M.Q., pp. 68-64.) 

If T is any point in AK, we have with tho notn* 
tion of Fig. 0, 

BK _ 

KC ~ iJCO' . AT AATC 

.*. K is the centroid of ACTA at B and AATB 



JBB'.AT AATB 

1 or./ AT A (ITrt > .ll / 


at C | 


.'. the centroid of A BTC at A, A CTA at B, AATB 
at C lies on AK, that iB on AT ; similarly it must 
lie on BT, and it is therefore at T. 

Henoe, if any point T is the centroid of masses A, g, v at A, B, C, 
thon A -.pi v = ATBC : ATCA : ATAB. 

If, with the same notation as before, K is the centroid of y at B and 
z at C, the length of AK is given by a theorem of Apollonius (M.G., 
p. 01): 


where 


y . AB a +z . A0 2 =(y + z) . AK 3 +y . KB 2 +z . K0 a , 

BK ^ KC _ BC _ a 
z ~~ y ~ z + y~ z+y' 


.(18) 


And more generally (M.G., p. 62) if Q is the centroid of k 1 at P„ 
k a at P 2 , etc., and if O is any point, 


2(k . OP 2 ) =(2k) , OG 3 +2(k . GP 3 ). 


• ( 10 ) 


Equation (19) is useful in dealing with expressions connected with 
A ABC of the form A . TA a + g . TB a + v . TC 3 . (Cf. Ex. I. o, Nos. 39, 
40 and Ex. I. d, Noa. 22-28.) 



PROPERTIES OE THE TRIANGLE II 

Medians, If y —z, AK is a median ; we then have from ( 1 5) and (18) 

2 cot AXC ~cotB -cotC, , (20) 

b 2 +c a = 2AX a +^a a (21) 


The three medians of a triangle are concurrent at a point Q, which 
is the centroid of equal masses at A, B, C or of equal masses at X, Y, 2. 

Further QX =^AX and in addition Q is the point on OH such that 
OG=^OH. (M.Q„ p. 28.) 


A 




Angle-Bisectors, If AK X is the internal bisootor of L BAC, (3 ==-. y = JA 
and fl=B + £A=00°-4( c “B). 

Also z : y =c j b ; ,\ from (18), we have 


6c’ + cb 2 - (6 + o)AIV + & (g^)* + o(^- c ) a ; 
♦\ on reduction, AK X * “tc|l 


If AK a is the oxtornal bisootor of ABAC, 

(3 a 90° -H £A ; y = -(00° -£A) j 0 =B +/3 = 180° -|(C -B). 
Also z ; y = o : -b ; from (18) as boforo, wo havo 


-be 2 -|-e6 2 ~(c -6)AK a 8 +c 


ab_ 

c-b 


or 


AK, a ~bo 


(o~b) 2 



Direct methods of proof aro indioatod in Ex. I. o, Nos. 15, 10« 


Example 4. Show that 2 cot AXC — 0 

and Toot BAX =2cotCAX. 

Equation (20) gives 


2 cot AXC =cotB - cotC, 
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and equation (10), with y =z, gives 

2cotAXC=cotBAX -cofcCAX, 
from which the required results follow. 

Example 5. Find what masses at the vertices have their contra id 
at tlie circum centre, and deduce that, if S is on the circle ABC, 

SA 2 sin 2 A + SB 2 sin 2B + SC 2 sin 20 = 8R 2 sin A sin B sin G, 

The area BOC =4R 2 sin 2A j 

the ratios of the areas BOC, COA, AOB are 

sin 2A : sin 2B j sin 2C j 

the masses are proportional to sin 2A, sin 2B, sin 2C (see p. 10). 

Hence, by equation (10), 

2[SA 2 sin 2A] = 2 [0 A 2 sin 2A] + [2 sin 2A] . OS 3 
=R 2 . [2 sin 2A] + [2 sin 2A].R a 
=2R a . (2 sin 2A) 

=8R 3 sin AsinBsin 0. (E.T., p. 271.) 


- EXERCISE I. c. 

3 . If AO meets BC at K, prove that ~ = • 

KC sin i B 

2. If K is a point on the base BC of an equilateral triangle ABO ami 
if L BAK — 16°, calculate ^ . 


3. If B =C =30® and if tlio perpendicular at A to AC cuts BC at K, 
prove that BK = JKC. 

4. If a =13, h = 14, c = 15, find cotB, cot C and cot AXC. 

5. If a =61, b = 11, c = 0O and if K divides BC internally as 3 : 2, 
find cotAKC. 

6. If a =85, fc — 13, c =84 end if K divides BC externally as 3 j 2, 
find cob AKC. 

7. Prove that tan AXC=-;^Vo, 

c ’ -b 2 

8. If B, K, D, C are any four collinear points, prove that 

KD . BC =BD . KC-BK , DC. 

From this relation, deduce equation (15) on p. 9. 

9. Provo that afco cot AXB =R{6 3 -c*). 
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10. If the trisec tors of L BAC meet BC in K, K', prove that 
BK . BK' . 2 A 

KO^iCC”* 800 3' 


11. A uniform rod AB, 1 ft. long, ia suspended from O by strings 
OA, OB of lengths 10 in., 7 in. j find the angle between AB and the 
vertical. 


12, A uniform rod AB rests with its ends on two smooth planes, 
as shown \ XOY is horizontal, find the angle between AB and the 
vertical. 



13. If o=5, 6=4, c = G and if K divides BC internally as 3 : 2, 
find AK. 

14. If lX AC =00°, prove that tan A -1-2 tan C =0. 

15. If the internal bisootor of L BAC meets BC at K, prove that 

£{b+o).AKsin ~=A, and deduce that AK = ^^cosJA, and that 

16. If the oxtornal bisector of L BAC moots BC produced at K', 
prove that J(c -6) . AK'cos^ =&, and deduce that 

17. If the internal bisootor of ABAC meets BO at K, prove that 

(i) Al : IK =(6 -l-c) : a ; (ii) a . PD =(c -6) (a - a) j 

9r 

(iii) tanAPC = — * 

' ' c-b 

18 If the internal bisootor of A BAC moots BC at K and the ciroum- 

A 

circle at L, prove tlmt AL = £(i> +c)sec ^ . Find AK . AL and show that 
ALs KL=(6+c)*so 8 . 

19. Find the areas of ABOC, ABHC and deduco the area of ABNC. 

RK 

I f AN moots BC at K, find ^ . 

f\U 

20. Show that i is the centroid of a at A, b at B. c at C. 

21. What is fcho controid of -a at A, b at B, o at C 1 

22. If H is tl io controid of x at A, y at B, z at C, find x : y \ i. 
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23. Find the centroid of 

(i) 1 at A, 1 at B, 1 at C, 1 at H ; 

(ii) 3 at G, -2 at O. 

24. Prove that AX 2 +BY 2 +CZ 2 =f(a 2 +6 a +o a ). 

26. If BY is perpendicular to CZ, prove that b a +c 2 =6a*« 


26. Prove that tan BGC =i 


12d 


2A 


'b 3 +c 2 ~5a a * 

27. If BY outs AD atT, prove that AT = ' (X ^coogB ' 

28. If B=66°, 0=23° 30', AX =40, prove that BY=^60. 

29. If A =90°, and if BO is trisected at Tj, T*. prove that 

6a 2 

AT l 2 +AT 1 2 = - r . 

30. If A =B =46° and if K is on AB, prove that AK 2 +BK 2 = 20K 1 , 

31. If AX =m, AD =ft, prove that cot A =• — — . 


32. If z.BAX=/?, ACAX prove that tan ^ an g » 

33. If the internal bisectors make angles 0, <j>, V' - with the opposita 
sides, prove that asin20+&sm2<|>-fosin2\/r=O. 

34. Prove that 3 cot BQC =oot A . 

36. If C =2B and if CB is divided externally at CJ in the ratio 4 : 1, 
prove that AQ - AC =JQC. 

36. If A, B, C, D are oollinear and O is any point, prove that 

AB.CD sinAOB .sin COD 
AD .CB - sinAOD .sin COB ' 

37. If AU, BV, CW are concurrent lines cutting BC, CA, AB at 
U, V, W, prove that 

sin BAU . sin CBV . sin ACW =sin UAC . sin VBA . sin WCB, 

38. If three segments AB, BC, CD of a straight lino are of longtlu 
a, fi, y and subtend equal angles 0 at a point P, prove that 

4aycos s 0=(a +/?)(/? + y). 

39. (i) Use equation (19) and No. 20 to show that 

a.TA s +6.TB a +c.TC* 
ia least when T coincides with I. 

(ii) For what position of T is TA a +TB 3 +TC 2 least T 

40. What is the locus of T, if 
TA 2 . sin 2A +TB J . sin 2B +TC 1 . sin 20 


is constant f 
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Distances between Special Points, With the usual notation, 

1A = r coseo ^ =4R sm - sin - ; 

I t A = r t oosoo g = 4R cos - oos ^ ; 

HA =2R cos A if A< 00°, 
and = - 2R cos A if A > 00°. 

To find Ol a (M.Q., p. 35). 

Lot C be one of the aouto angles of the triangle 
ABO. tfio. 18. 

A BOA =2C j A OAB = 90° - C ; 

iOAI=5~(80*-O)=^5. 

Ol a =OA a -h IA 9 -20A . IA cosOA! 

BC BC/BG B C\ 

#=R 3 -h 1 flR*sin 8 - sin 3 - - 8R*sin - sin ^ ( cos - cos - + sin ^ sin - J 

n , on#1 B, C/. B . C B C\ 
s=R a + 8R a sin - am - l sin -sin ^ - cos - cos - ) 

sin . B . O . A 
= R* -8R a sin g am - sm 



0I a =R a -2Rr. 


( 22 ) 


In the same way it oan bo proved that 

OI, a =R a -|-2Rr 1 (23) 

To find OH a . 

For an acule-anglecl trianglo ABO, A OAB =00° -C, AHAB =00° -B, 
/. AOAH=C~B; 

,\ OH* = OA a + HA a - 20A . HA cos OAH 

= R 2 -h 4R 2 cos 2 A - 4R a oos A oos(C -B) 

= R a -<lR a cos A(cos(C H-B) +cos(C - B)J { 

0H a =R a - 8R 2 cos A cos B cos 0 =R 2 +2p a (24) 

If A >00°, AHAB =00° + B; A oos OAH = -oos (C -B) ; also 
HA = -2RcosAi 

the final result is the same as before. 
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To find IjH*. 

For an acute-angled triangle ABC, L IjAH (00° - C) = 5—9 j 


l l H* = l 1 A*+HA*-2l 1 A-HAcoa 


C -B 


B C 

«S ICR 2 cos 2 - cos 2 - + 4R 2 cos a A 

Ji L 

- 16R a cos Acos^cos^cos ?cos ^ + sin ? sin ^ 

B 0 

s=16R 2 cos 3 -cos 2 -(l -cos A) +4R a cos A(cos A -sin BftinC) 

L Z 

B C A 

= 32R 3 cos 2 - cos 2 - sin 2 - -4R 2 cosAcosB cosC; 

Z* A Z 

I,H 2 = 2r J *-4R 2 cosAcosBcosO=2r 1 a +p 2 (25) 

In tli© same way it can bo proved that 

IH 2 = 2r 2 -4R 2 cos A cos B cosC = 2r a -fp a . ,........(20) 


The reader should verify that these results are also truo for an obtuse- 
angled triangle, 

A geometrical method of proof of (24) is indicated in Ex. I. d, No. 21. 

The reciprocity of tho relations (24) and (20) is explained by tho following 
argument: since AABC oiroumscribes its own in-oirole and is self-polar 
w.r.b. its own polar circle, there exists a triangle apy whioh is inscribed 
in this polar oirole, and is self-polar w.r.t, this in-cirolo IDurelV# Frojcdivt 
Ueotnelry, p. 200). H is the oircumcentre, o is the oiroumradiua, I is thf 
ortliocentre, r is the polar-radius of Aady. 

applying (24) to A afly, we have HI* =/»* 4 2r*. 


To find IN. 

Tlie nine-point cenfcro N is the mid-point of OH 1 
Ol 2 4- IH a = 2IN 2 4- 20N a ; 

(R s - 2Rr) 4- (2r» 4- p ! ) = 2JN 2 4- { (R 2 4- 2 p 8 ) t 
IN 2 = )R 2 -Rr 4-f 2 =(|R - r) 1 . 

Bub Ol 2 = R(R - 2r) ; R ^ 2rj 

IN = ^ U - (27 

In tho same way it can bo proved that 


}/ 



Via, u. 


IiNsjR+r, (28) 

Since the radius of the nino-point circle is ^R, equations (27) and 
U») prove that tho nme-point circle touches the in-circle and the 
escribed circles [Feuerbach', Theorem, M.Q., p. 117). 
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Example 6. If IH is parallel to BC, find a relation betwoon tlm 
cosines of the angles of the triangle. 

I and H will be equidistant from BC, thus r = 2R cosB cosC, thus 

4 sin &A . sin £B . sin |C = 2 cos B cos C, 

2 sin £A [cos J(B -C) - cos $(B +C)] =2 cos B cos 0, 
oos B + cos C - 2 sin 3 £A = 2 cos B cos 0, 

2 cos A = 1 + 2 cos B cos C. 

Example 7. Express !G in torms of the radii of tho various circles 
connected with tho triangle. 

By equation (19) wo have, sinco Q is tho centroid of 2 at 0 
and 1 at H, (sco Fig. 14) 

210* +■ IH a =2GO a +GH 2 + 3 IG 3 ; 

3 IQ* =210* + IH* -fOH 2 - ^0H a ; 

9IQ a =0 IO a -h 3IH a - 20H 2 

= 0 (R 2 - 2Rr) + 3{2r* + p*) - 2 (R a + 2p i ) 

— 4R9 - 12Rr + 0r a -p 2 i 
lQ 3 =|(4R*-12Br + Or 9 - P *). 


EXERCISE I. d. 

1. If 01 is parallel to BC, prove that cosB +cosC = 1. 

2. If IQ is parallel to BC, prove that j-j =3r. 

3. Provo Ol 2 =R 2 [3 - 2S(cos A)]. 

4. Prove ll, 2 =4R(r 1 ~r) and l 2 l 3 a = 4R (r 9 + r,), 

5. Provo lf a a + ljl 3 a =ll 3 * + ljl a a . 

6. Provo OH 3 = OR 3 - a 3 - i 2 - o a . 

7. If A = 60°, prove 0H a = (3R + 2r) (R - 2r). 

8. Provo tan I AX = tan 3 ^ tan 

9. If in a soalono triangle IQ is porpendicular to BC, prove that 

. A . B . C 
sin g= sin g am 

10. If 0 lios on tho in-circle, provo that cosA+cosB +cosC= V 

11. If OH makes an anglo «/> with BC, prove that 

tan i /) ( tan C - tan B) = 3 - tan B tan C. 

12. Provo that 

4AN 3 =R 3 + & 2 +o* - a 3 =R 2 (3 + 2 cos 2A - 2 cos 2B -2 cos 20). 

A.T 


D 
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13. Prove that p* = ()• +2R) 3 ~s*. 

14. If the circumcirole cuts the nine -point oirolo ortlv Ogom 
prove that 003 A cos B cos 0 « - 

15. If AH=r, prove that the oiroumoirolo outs one oflcrlbcKl ©i 
orthogonally. 

16. H Ol cuts AD at T, prove OT «OJ 00 a ~- 75 r~ cosoo^ . 

17. Prove that the area of AOIH ib 


. OD « . B -G . G -A . 

± 2 R z sui— ^p- am — g— am 


A -B 
2 * 


18. If S ia the oiroumcentro of A BHC, prove that 
SA S =R 3 (1 + 8 cos A sinB sin C). 

19 If (0 =(H, prove that either AO = AH or A, G, l, H are ccuioyc 
Deduce that an angle of the triangle is 60°. 

20. Prove Nl +N), +N1, +NI 3 = CR, 

^- B AC is obtuse and if HA outs tho oiroumoirolo ub T , pre 
that (i) HT=2HD ; (ii) HA .HT =2 p*. Hence show that 

HO a =2p a +R 3 , 

22. Prove that (i) Ol a + OI, s + 0| a * +Oi 8 * «12R a } 

(ii) NA a +NB s +NC a +NH a =3RK 

23. Provo that (i) DA 9 + DB a +DC a + DH 2 s=*4R* ; 

(ii) Al 1 3 +Ai a ® + Af s * + A! 2 = 10R a , 

24. Prove that HA* + HB a +HC a -HO a =3R 2 . 


25. Provo (hat AG*+EQ» +CG»=|R *<1 +CO aAQO S B ooo O). 
t.^lonhr 108 =«" > » oi.mlnr « 

27. If T is any point, prove that 

™ ' H ' n * A +TB2 * Sm 2B+TC ' • «» 2C *4 (R* + OT a ) sin A Hiu » rtin O, 

* ffr “»Pomfcon tho in-circle, prove that 

29 P a ' TAi+6 -TB a + c .TC a «2A(r + 2R). 

mnbrilZ the ° f th0 ^moiVcla mui Hi, 

Mcnbod circle, cen tr 0 jg J/ h 8 (4R - r,Vi 

so VVRm*S&J- 
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Solution of Triangles from Miscellaneous Data. No general rules 
can be given, bub tlio following typical examples may be useful. 

(i) Given a, b -o, A. 

In Fig. 16, out off AK =AB ; then KC = 6 - o. 



B C 


Fia, is. 


Also ABKC =90° +^A and L KBO = £(B ~C) ; 

a 6-0 


from ABKC, 


oos£A sin£(B-C)* 
This determines J{B -C) and therefore B, C. 


(ii) Given a, R, A. 

A is given by tho relation R = ; >•- ? r . 

• 2smA 

Also, cos(B -C) + cosA=2smBsinC=— ==^. 

This dotormines (B - C) and therefore B and C sinco A has been 
found. 


(iii) Given the altitudes p x , p 2l p 3 . 

Tho ratios a i b : c are given by 2A =apj ~bp 2 ~cp 3 . 

A is thon given by tan ^ g^g^a) ' ft ^ so 0 ~P * 00860 A * 

(iv) Given r lt r 2 , r 3 . 


Aa 

far8= (s-6)(s-c) 


=8(8 -a); 


Vs +»Vi + r i J, a = 2[s(s - a)] =s{3s - 2s) =s J ; 
as = s 9 - r 2 r 3 = + r x r 3 = r x (r 2 + r a ) ; 

- a r i ( ?, a *>’a) > 

*' V( r a r a + r a r i + f i r a) * 


EXERCISE I. e. 

1. Given a -6 = 19-8, o =22-2, C=29° 10', find B. 

2. Given 6=3-30, a +c = 9-28, B = 37° 26', find A. 

3. Given AD = fl, BE =8, CF =9, find A and a. 
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4. Given 6 = 8, c = 10, AX =7, find A. 

5. Given A =46°, o = 2 (6 — o), find B. 

6. Given r =6, = 12, r, =20, find a, c. 

7. Given 5, B and that) a + c =26, show how fco solve the triangle. 

8. Express be and b 2 +c s in terms of a, R, A. 

9. Express sinJA in terms of r u r a , r v 

10. Express tanB in terms of b, o, A. 

11. Express a in terms of a, b , A. 

12. Given B, 6, c 2 - a 2 , show how to find 0. 

13. Given A =53° and BE =2CF, find B. 

14. Given A =-42°, r = 3’6, find the least possible value of a. 

15. Given a = V&7. A = 00°, A = 2 -v/3, find b, B. 

B O 

16. Given A =60°, 6 -c=4, AD =11, find ft and sin— g — . 

17. Given cot(B -G)=7 and BC=6AD, find cotB. 

18. Given a, a, A, show how to find B. 

19. Express a in terms of r. A, p where p = AD. 

Errors. If « is a known function, f(x), of a:, wo havo, using 
differentials: du =/' (x ) . dx, If the value of u is calculated from a 
measured or observed value of x, the resulting error Su in u, duo to 
an error Sx in x iB given by 

fit* ^=f'(x ) . Sx. 

If it is a known function of several independent variables x, y, *, 
eto„ then the error in u duo to errors in the valuos of x, y, z, olo., 
is given by 

. du . du . « 

Su — . S.U + 5- . §y + . 8z + ... . 

ox oy Oz 

Example 8. The area of A ABC is calculated from monsuromonls 
of B, C, a ; find the error in the calculated value of A duo to an error 
SB in the measured value of B. 


. 1 , . _ 1 .smBsinC 1 , . . sinB 

A = -absinC=-a 2 — — — = - a 2 sin C . — 7=- — 1 
2 2 sin A 2 sm(B+C) 


SA ^ -a 2 sin C . 
2 


sin(B 4-C)cosB -sinB cos(B +C ) 
sin 2 (B +C) 


1 a a sin 2 C 

2 “ain* A 




PROPERTIES OF THE TRIANGLE 21 

Hero, SB is measured in radians ; thus an error of 1' in B causes 
an error of approximately 5 c 2 . — . — in A. 

Ji UU loU 

If there aro errors SB, SC, for in B, C, a, the resulting error in A is 
given by • 

. . sin B sin C . , , f n 

8A “SJ(BTcj- aSa + Jc ' 88 + 16 ' 01 

SA ^ b sin C . $a + £c a . SB + %b 2 . oO. 

EXERCISE I. f. 

1. If A is oppressed ns a function of a, B, C, prove that 

2. If A is expressed as a function of a, b, c, prove that 

c)A q . 

^•=HC08A. 

3. If A is calculated from measurements of a, b, c, prove that the 
error due to a small error y in b is about — g— radians. 

4. If R is calculated from measurements of a, b, c, prove that 
the error duo to a small error a in a is about cosoe A cot B cot C. 

5. The base AB of a triangle ABC is fixod and the vertex C moves 
along the aro of a circle of which AB is a chord, prove that 

cos B . da + cos A . db = ft 

6. An observer, on the ground, 60 ft. from a vortical tower 
obsorvos the angles of elevation of two marks on the towor to bo 46° 
and 30°. Find' the approximate error to which the calculated 
distance between them is liable if there may be an error of 1' in each 
obsorved nnglo. 

7. If c is calculated from measurements of a, b, C, prove that tho 
error duo to small errors rc, y, y in a, b, C is about 

x cos B + y cos A + a sin B . y . 

' 

8. With the data of No. 7, prove that tho relative error -ir in 
the calculated area of tho triangle is approximately ~+‘g +ycotC. 

9. If C is calculated from measurements of a, b, c in which there 
aro small errors x, y, z, prove that tho error in C is approximately 

— cosec B — - cot B - t cot A. 
a a b 

10. If c is calculated from measurements of a, b, R and if thoro is a 
small orror a? in a, prove that the error in c is approximately 

SCQ3 C 
cos A 
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11, The area A of a triangle on n given base o is expressed in terms 
of c, A, B, Provo that 

^=i& 2 » g^=$a a ; and =2A . coseo fl C, 

* In finding the vertex when the base is accurately known and the 
base angles are subject to small errors ±a, ±(j, show that the 
area of the small region within which the vertex must Ho is approxi* 
mately 33A 

4 a ^£>A.dB* 

12. The area ABC was ealoulatod from the measured values a, b, 
90° of BC, CA, ACB and it was found that the calculated area was too 
groat by z and that a~x, b-y woro tho true lengths of BC* CA. 

Show that the error in C was about — a f- ~ - \ degrees, 

if z, x, y woro small. ir V ab ) 


MISCELLANEOUS EXAMPLES 
EXERCISE I, g. 

1 . If a + b — 2c, prove that cot g cot ~ = 2 cot g . 

2, Prove that 2(a6sin a C) =2s . S(acosB oosC). 

3. Provo that 2aR sin (B - C) = 6 8 - c 3 . 

ABC 

4, Provo that A=? ,2 ootgCofc -cot g. 


A 

5. Provo that fa -r) cot 2 g =r, +r„. 

6. Provo that a 2 -fa — r) (4R -r, +r). 

7. Prove that IA . II, =4Rr. 

8. Prove that AI,I 3 I 3 = g^ • 

A 

9. Prove that tho oircumradius of AIBC is 2Rsin^ and find that 

of AljBC. 4 

B C b~0 

10. Provo that PD = 4R sin g sin g sin — g — . 

R a r 

11. Provo that AO Al = — (cos B-~cos C). 

12. Provo that AD cuts the in-circle at an angle 

./ . B-0 AN 
cos -1 (sin g— oosoo g 1 , 


13. Given 


r r t _R 
12 ~ 6 ' 


prove that the fcrianglo is right-angled. 
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14. If B = 18°, C =36°, prove that a-6=R. 

15. If cos A + cos B = 3 , prove that 2r ~R =2R cos C. 

16. Given a, b, B, find the difference between tlio in-radii of the 
two triangles, 

17. Prove that 2(a 3 oos A) =afic{l + 4oos Acos B cos C). 

18. Prove that r v r a , r a are the roots of 

r a .-c 9 - r a (r + 4R)® a + A 2 * - A 2 r = 0. 


19, Prove that 


2 A ABC _ acosA + 6eosB +ccoaQ 
A hljlj a+6+o 


20. If T is the mid-point of EF, prove that XT = Ja sin A. 

21. If a z eos 2 A +6 3 cos a B =o a cos a C, prove that one of the angles 
A, B, C is determinate, and find it. 


22. If L CAX =90°, prove that 3accosAoosC = 2(o a - a 3 ). 

23. If a, b, c are in A.P., prove that 

oosA +cosC -coaAoosC +Jsin AsinC = 1. 

24. ABC, ABD are equilateral trianglos in porpendioular planes ; 
calculate zlCAD. 

26, If B =C =2A, prove that !B =|^» 

26. If DT, DT' are perpendicular to AB, AC, prove that TT' =~ , 

n 


27. Provo that the tangents at A, B, C to the oiroumcircle form a 
triangle of area + R® tan A tan B tan C. 

28. Provo that the radii of the circles which touch AB, AC and the 

A A 

circumoirolo aro r sec 2 -j, and soo 2 ^ , [Use Inversion.] 

Z Z 


29. If l, m aro the directed lengths of the perpendiculars from A, B 
to any lino through C, prove that 

aH 2 + 6 a m* - 2a6Zm oos C = 4 A*. 

[If A and B are on opposite sides of the lino, l and m must bo 
regarded as opposite in sign.] 

30. Prove that, if a>b>c, the longth of the shortest lino which 
bisects the aroa of ABC is V(2A tan JC). 

31. If tlio unglos of a trianglo are calculated from measured 
valuos of the sides, show that the small orrors satisfy 

SA = ^ (Sa - oos C . S6 - cob B . Sc) . 

32. If r is calculated from measured valuoB of a, b, c, show that 
the orror duo to an error a; in a is 

“(2R cos A -r). 



CHAPTER II 

PROPERTIES OP THE QUADRILATERAL 



Notation. In dealing with a quadrilateral ABCD, wo shall denote 
the angles by A, B, C, D, and shall represent tho other elements (son 
Fig. 10), as follows : 

g 

. AB =a, BC = 6, CD — c, DA=d; 

r'o/ \ a 

AC=.u, BD —y, AOB=0j 

s = £(a +b +c + d) } S=aroaABCD. 

We assume tho quadrilateral to be convex. 

Fia, 10. 

The Cyclic Quadrilateral. If a quadrilateral is 
known to be oyclio, and if tho lengths of tho sidos, in ordor, are givon, 
it is possible to calculate tho other elements of tho 
figure. Formulae for S, X, y, the oircumradius R, 
and tho angles, in terms of a, b, c, d may be ob- 
tained as follows : 

The area of a cyclic quadrilateral is 

V{(9-a)(s-b)(s-c)(s-d)}. 

We have S = AABC + AACD ; lno. n. 

,\ 48 =2a6 sin B + 2cd sin D {1) 

Also a 3 + 6* — 2ab cos B s=a; a = c a + d 2 — 2 cd cos D ; 

a 2 + b 2 - c a - d 2 = 2a6 cos B - 2 cd cos D (2) 



From (1) and (2), by squaring and adding, 

1 OS 2 + (a 2 + 6 2 - c a - d 2 ) 8 = 4 a 2 6 2 + 4c 2 d 2 - 8 abed cos (B + D ) . . . ( 3) 
= (2a6 + 2ccZ) 8 , since B-hD=180°{ 

.*. 16S a =(2nb + 2cd) 2 - (a 2 + b 2 - c 3 - d 2 ) 2 

= { (a + 6) 2 - (<s - d) 2 } { (c + d) 2 - (a - 6) 2 } 

= {a +6 +c -d)(a +6 -c +d)(c +d +a -b)(c -\-d ~a -|-b) 

= (2s - 2d) (2s - 2c) (2s - 26) (2s - 2a) ; 

S = V{(s -a)(s -b)(s - c)(s - d) } (4) 

This formula was first given by the Hindu mathematician Brahmagupta 
630 a.d.), but he believed, wrongly, that it held good for any quadri- 
lateral. The Greek mathematician Hero had, however, pointed out that 

2-4 
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the general quadrilateral is not determined by the four sides alone. An 
n-sided polygon is determined by 2n - 3 elements — a simple framework with 
n joints is * just stiff ’ if it contains 2» - 3 rods. 


The diagonals of a cyclic quadrilateral are given in terms of the sides 
by the formulae 

a _ (ac+bd)(ad-pbe) a _ (ao +bd)(ab + cd) , 

~~ ab-i-cd ’ y ad’+bc 

Since a; 2 = a 2 + 6 2 - 2a& cos B, 

and a 2 =c 2 +rf 2 - 2crfcos D =c a +rf 3 + 2crf cos B ; 

(erf +a&)rc a -crf(a 2 +5 8 ) +a6(c 2 -hrf 3 ) 


=ac(ad +6e) + bd {ad + 6c) 
= (ac + bd) (ad + be) j 
' Z _(ao+bd)(ad+bc) 


ab +cd 

The formula for y is proved in the snmo way. 

By multiplication, wo havo Ptolemy's Theoretn, 

xy=ac + bd 

„ . , . x ad+bc 

By division, wo liavo - = -7— — : . 

y ab-bed 

The circumradius, R, is given by 

4US = y'{(ab + cd)(ae+bd)(ad +bc)}. 

Using the formula R ^ or a triangle, wo havo 

-iR . aABC —abx and 4R . aACD =crfa: ; 

A adding, 

(ac +bd)(ad 4 -be) 


4RS ~(ab + cd)x=(ab -bed) 




• (5) 


.( 0 ) 


ab -b cd 

A 4RS = •/{ {°b +cd)(ac-lbd)(ad+bc ) } (7) 

The Anglos of a cyclic quadrilateral may bo found from formulae 


like 


sin B = - 


2S 


cos B - 


a 2 -h b a - c a - d 3 


( 8 ) 


ab-|-cd’ 2(ab + cd) 

which follow from equations (1) and (2), p. 24, in virtue of B + D = 1 80°, 
From (8) it is easy to obtain 

2 (s-c)(s-d) 


The expressions for a:* and y* aro easily remembered, if this is desired, by 
noting that the sides paired together in the denominator nro on the same 
side of the required diagonnl. 
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EXERCISE II. a. 

[ ft results in this Exercise refer to cyclic quadrilaterals .] 


1. Find the area of the cyclic quadrilateral whose aides in order 
are 4, 5, 0, 7. 

2. With the data of No. 1, find the lengths of tho .diagonals *, 0. 

3. With tho data of No. 1, find tho Iongth of tho dinmofcor of tho 
circumcirole. 

4. With the data of No. I, find the interior angle bolwoon Uio 

sides of lengths 4, 6. ... 

(a-a)(s~b) 

6. Prove that tan 2 JB - d ) * 

6. Prove that (a - 6) tan JA ~(s - d) ton JB. 

7. Express tan JO tan JD in terms of tho sides. 

8. Prove that 8 =^tan A(«» -b 4 - <>* +<*“)• 

9. Interpret the results obtained from tho formulno for S, oosB, 
and R by putting d =0. 

10. Simplify the expressions for S and tan 2 JB whoa a -\-o +d. 

What is tho geometrical moaning of this condition ? 

11. The sides of a quadrilateral talcon in order aro 7, 4, 4, 3, and 
the angle between the first two is 00° ; provo that tho qimdrilfttoiftl 
is cyclic and find its oircumrodius. 

12. From equations like a* =A0 2 4 - OB 2 - 2AO . OB cos 0, provo that 
2»ycos0=f> 2 +d s - a 2 -c 2 , and deduce that 


0 (8-b)(3-d) 

tan r(a-o)( S “br 


13. Prove that sin0=- 


2S 


' ac+bd * 

, , , OA 08 OC OD .If ac+bd \ 

14, Prove that ^=^=^=3= Vl{SS+5)<eTS5}) ' 

15. Express BO . OD in terms of tho sides. 

16. If AB, DC are produced to meet at P, and DA, CB nt Q, provo 

that ftnc ^ deduce expressions for QA, QB, Q.C, QD 

in terms of the sides. Write down similar expressions for PA, PB, 
PC, PD. 

17, With the data of No. 10, prove that the other point of inter, 
section K of the circles QAB, PBC lies on PQ, and doduco that 

PQ* = PK.PQ+QK.QP=PB.PA + QB.QC 

=(ab +cd) (ad + 6c) (oc (c 2 - a 2 )" 2 + bd (d* ~ 
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Tho General Quadrilateral. Equation (3), p. 24, is applicable to 
any quadrilateral, and it may bo used to calculate the area. Tho 
equation may also be written 

1 OS 3 = 4a 2 i 8 4c 8 d 8 - (a 8 + 6 3 - c® - d 8 } 8 - 8 abed cos (B + D ) 

-(2h& -j- 2cd) 2 - (a 2 +b a -c 2 -d 2 ) 2 - 8abcd{l -}-coa(B + D) } 

= 16(a - a) (a ~b)(s -o){a -d) -8«&cd{l +cos(B + D)}, 

as on p. 24 ; 

S 2 =(s -a)(s -b)(s -c)(s -d) - abed cos 2 . ......... ......(9) 

If tho lengths of tho sides of a quadrilateral are given, equation (0) 
shows that tho area is greatest when cos £(B + D) =0, i.e. when 
B+D=180°. Therefore the area is greatest when the quadrilateral 
is cyclic. 

An extension of Ptolemy’s Theorem. It was provod in E. 2'., pp, 
178, 179, that 

2aysinO=4S ...(10) 

It may similarly be proved (see Ex. H. a, No. 12), that 

2$y cos 0=& 2 +d 2 ~a a -c a , . (II) 

squaring and adding, 

4a V = 16S 2 +{&* +<P - a 2 - c 2 ) 2 , 
substituting for ICS 8 from equation (3), 

Axhj* =4a 8 6 3 + 4o 8 d 8 - 8a&cd cos(B + D) - (a 2 + b 2 - c 2 - d 8 ) 2 

+ (6 2 +d 2 - a 2 - c 2 ) 2 ; 

x 2 y 2 =a 2 6 2 + c 8 d 2 - 2 abed oos{B + D) + (b 2 - c 2 ) (d 2 - a 2 ) ; 


... x 8 y 2 — a 2 c 2 +b 8 d a - 2abcd cos(B -t-D) ....(12) 

Equations (10) and (11) load to another expression for the aroa. 
By division, fcan q =4S }(b 2 + d» -o 2 -c 2 ) ; 

S=J(b a +d 2 -a 3 -c 2 )tanO (13) 


Tho Oircumscribable Quadrilateral. This is a quadrilateral in 
which a circle can bo inscribed. 

If P, Q, R, T are tho points of contact of AB, BC, CD, DA, we have 
AP=AT and BP=BQ; 
a=AB=AT+BQ, 
c = DT + CQ ; 
a +c =AD -i-BC =b +d. 


similarly 


( 14 ) 
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Conversely, it can bo proved that, if a -l-c =b -hd, a circle can bo 
inscribed in the quadrilateral, soo Ex. ’IT. b, No. 8 . 

From (14), wo have 

o+c =6 +efs=$(a + 6 + c + rf) =s i 
g —a — c, s - b ~d, is — c ~q, a - d~b } 
thus equation (0), p. 27, becomes 

B *f* D 

S a =a 6 cd - abed cos 2 — 7 . — . 



scribabh quadrilateral 

S = i/(abcd) . sin£(B+D) (16) 

If the quadrilateral is also cyclic, sin ^(B + D) =sin 00° = 1 j 

S = i/(al)cd) ...(10) 

The in-radius of a circumscribable quadrilateral or polygon 
S 


is - . 
s 


For, if 1 is the in-centre, A AIB = \ra, etc. ; 
b y addition, 3 „ j f (fl + & + ...)=«. 

For some properties of regular polygons, sec E/J?., pp. 170, 180. 


EXERCISE II. b. 

1. Find the sum of two opposite angles of the quadrilateral in 
which a = 13, 6 = 14, c = 12, d =9, S = 138. 

2. For the quadrilateral of No. 1, And the angle botwcon tho 
diagonals. 

3. For the quadrilateral of No. 1, find xy. 

4. If o=7, 6 = 8 , c = 9, d = ll, and S=33, find the angle bofcwoon 
the diagonals. 

6 . If o=7, 6 = 8 , c =0, d = 1 1, and 0 =00°, find S and xy. 

6 . The sides of a cyclic quadrilateral in order are 2, 4, 3, 6 j 
calculate the cosine of the angle of intersection of tho diagonals. 

7. Explain the moaning of equation (12) whon B =D =0°, and 
when B =0 = 180°. 

8 . In a quadrilateral for which 0 + 0=6 +d, whore a > d, AX is out 
off from AB equal to AD, and CY is out off from CB equal to CD. 
Show that BX=BY and that the circumcentre of DXY is equidistant 
from the sides of the quadrilateral. (This proves tho converse of 
relation (14) on p. 27.) 



29 


THE QUADRILATERAL 

9. If B H-D =00°, prove that- x 2 y z =aW 

10. Show that tlio area of a ciroumscribablo quadrilatoral is 
£ (ac - bd) tan 0 or £ (b -a) (a -d) tan 0 or i V{ x2 V 3 -(ac -bd) 1 }. 

11. If a quadrilatoral circumscribes a oircle, show that the radius 

of the circle is * M| • sin *< A +g>. 

a+o 

12. If ABCD is ciroumscribablo, prove that 

V(a&) . sin i B = y/(cd) . sin \ D. 

13. If ABCD is ciroumscribablo, prove that 

tan 0 - 2ai M( A +C)« Vlabcd) 
ac - bd 

14. If a +b=c +d, doduco a formula for tho aroa from tho general 
formula. 

15. If a oirclo can bo drawn to touch tho sides of a quadrilatoral 
when produced, obtain a rolation of tho form a +b =c +a. 

16. Tho sides, in order, of a cyclio quadrilateral are 4, 3, 5 and 0. 
Show that tho quadrilatoral is also ciroumscribablo, and find (i) its 
area, (ii) its in-radius, (iii) the angle botweon tho sides 4 and 0, 
<iv) the lengths of tho diagonals, and (v) tho oircumradius. 

17. Tho sidos, taken in ordor, of a hexagon oircumsorlbod about 
a circle are 13, 12, 8, 11,9, and x. Find x, and if tho aroa is 00, find 
tho radius of the circle. 

18. How many dements are required, in general, to determine a 
pentagon ? A cyclio pentagon has sidos, in ordor. of lengths 39, 52, 
39, 25, 33 and tho longest diagonal is 06, find tho aroa. 


EASY MISCELLANEOUS EXAMPLES 
EXERCISE II. c. 

1. Tho sides of a cyclio quadrilateral taken in ordor are 1, 3, 4, 
G ; find t he largest angle. 

2. Three cyclic quadrilntornls have sidos 8, 9, 10, 13, in different 
orders. Provo that their areas and circumrudii aro equal, and find 
the lengths of their diagonals. 

3. Provo that thoro is a quadrilateral in which a=6=j/ = G6, 
c =• 50, d = 78, x = 112, and find its aroa. Is tho quadrilatoral cyclio T 

4. If a =4, b = 1, c =7, B = 120° =C, find d. 

5. If a = l, b=V 3, c=2, A =00°, B = 160°, find d and D. 

6. When a, b, c, A, C aro given, is tho quadrilatoral dotormined 
with or without ambiguity ? 

7. If a=7, 6 = 12, o=6, A =60°, C=90°, find d. 

8. If a = 14, 6 = 12, c=6, A=G0°, C=90°, find d. 

9. If A =90°, B =G0°, C = 150°, a =2, 6 = 1, find c and d. 
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10. If A = 120°=B, D=90°, o= V3, c = 5, find b and d. 

11. If a a +c 9 =5 a +d 2 , prove that 0 =90°. 

12. If A =60° and B = 90° =D, prove that 3 a; 8 =4y*. 

13. If ABCD is cyclio and AD is a diameter, prove that 

d(d*-a a -b* -c*)=2abo. ^ 

14. If ABCD is oyclio and a -o—b -d, prove that S=6otan-g. 
Interpret the condition geometrically. 

15. If ABCD is cirournscribable, prove that 

. , . B D . B+D 

S=aosm g cosec g sm — . 

16. If ABCD is both oyclio and cirournscribable, provo that 

... . . 2 V(abcd) ..... bd ..... . ad-bo 

(1) SU10= -^W ’ (U) tan 2=^ ; (i,i) c09A£= 5d+6c* 

17. Find the ratio of the areas of two regular polygons of n sides 
and 2n sides inscribed in the same circle. 

18. Find the ratio of the areas of two regular polygons of rt sides, 
inscribed in and circumscribed about a given oirole. 

19. The length of a side of a regular n-sidod polygon is 2 1, and tho 
areas of the polygon and of the inscribed and circumscribed oirolos 
are A, B, C ; prove that C -B z=ttI z and n 2 l 2 B =7rA a . 

20. Prove that the ratio of the aroas of two regular polygons of 
n Bides and 2» sides and of equal perimeters is 

tt „ 7 r 
cob-: cos® 2^. 

21. If r„ and R n denote the in-radius and oiroumradius of a regular 
n-Bided polygon of given perimeter, prove that 

(i) 2r a „ =r„ +R n and (ii) R 2 an =R„ . r an . 

22. If a square and a regular hexagon have equal porimotors, 
prove that the ratio of their areas ^§. 

HARDER MISCELLANEOUS EXAMPLES 
EXERCISE II. d. 

1. Do equations (9) to (13) require any modification for tho 
quadrilateral in Fig. 19 ? 

A 



Pia. 19. 



THE QUADRILATERAL 31 

2. Two quadrilaterals ABCD, A'B'C'D' of equal area, but not 
congruent, have their corresponding sides equal ; algo B = D' = 90 R } 
provo that ab ~cd. 

3. If o=24, 6=7, o = 05, d = Q0, a: =25, find 8, y, D. 

4. If a = 13, 6 = 14, o = 12, cZ = 9, 8 = 138, show that 

91 cos B - 54 cos D =35 and 91 sin B + 64 sin D = 138. 

Hence prove that 138 sin D - 35 cos D = 138 and find D. Show also 
that » = 16 or a;=£=18T. 

6, Fig. 20 represents a “ orossod ” cyclic quadrilateral. What 
meaning must be given to S and what other conventions should be 
introduced to ennolo equations (1), (2), (3)onp. 24 to remain true? 
Obtain a result corresponding to equation (4), 



6. With the data of Pig. 20, find a; and y in terms of a, b, o, d. 
Show that 4 rods of lengths 8, 0, 10, 13 cannot be fitted together 

hi any order to form a crossed cyclic quadrilateral. 

7. If ABCD is cyolie and if AB, DC, when produced, cut at right 
angles, prove that (ab +cd) 2 +(ad + 6c) a = (6 8 -d a ) a . 

8. If ABCD is cyclio and if ao=bd, prove that the tangents at A 
and C meet on BD. Conversely, if the tangents at A, C meet on BD 
(i.o. if ABCD is a harmonic system of points on a circle), prove that 

ac =bd. 

9. A quadrilateral is inscribed in a given circle of radius R, and 
one side subtends a given angle a at a point of the aro of the oirolo 
on the opposite side to the quadrilateral. Provo that the greatest 

possible area of the quadrilateral is 2R 3 sin 3 ~ . 

10. If tho sides of a oyolio quadrilateral aro tho roots of 

3> 4 -2sa; s +fcB a -ja!+2p=0, 
express S in terms of p, q, e, t. 

11. In a cyclic quadrilateral, prove that the productions of AB, DO 
moot at an angle </>, given by 

„ </, (a-b)(a-d)(b+d)* 

2 (a6+cd)(ad+6c) 

12. Discuss the different ways in which a quadrilateral may ' bo 
determined by five of tho eight elements (4 sides, 4 angles), showing 
in which cases more than one quadrilatoral may exist. 
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13. In any quadrilateral, prove that 

*V(« a +2/ a -a a -6*-c 3 -d 2 ) 

+o 2 c 3 (a 2 +c a -t 3 -d 3 - a- 3 -y a ) +6 2 d 2 (6* + d 3 - a 3 -c 3 - a* -jy*) 
+a; 2 (a a 6 3 +c 2 d a ) +j/*(a a d a + & 3 c 9 ) =0. 

14. II ABCD ia cireumsoribable, and a, ft, y, 8 are tlio lengths of 
the tangents from A, B, C, D, prove that 

aficdcos a ~^ = (ay-£S)*. 

15. Prove that the distance between the oircumcontroa of ADO 
and BDO is sin (B + D) cosqo C cosoo D. 

16. If R and r are the oiroumradius and in-radius of a quadrilateral 
and if z is the distance between the centres of tho oirclos, provo that 

1 _ 1 i 

(RTz) 2 + ' ® fcato corresponding result for a triangle. 

[If I is the in-centre, let Al, Cl meet the oircumcirclo in A', C'j use 
AI . IA =R — z 2 =C| , |C' to find IA', 10', and substitute in 
IA' a + IC' a =2R a -|- 2z 8 .] 

17. Prove that the necossary and sufiioient condition for the 
existence of a orossed cyclic qundrilatoral witii sidos of longths a , b, 
c, d m that order of magnitude is 6+o>a+d, For a = 13, 6 = 12, 
c = li, a = u, find x and y, 

18. A hexagon is inscribed in a circle of radius R j alternate sides 
are of lengths l, m j prove that 3R a =f 2 + lm +m a . 


A a 



0 0 

FlO. 21, 


19, In Fig. 21, ABCD is a parallelogram. Provo that 

(i) cot a -cot y = cot fi - cotS = 2 cot(a +(3) ; 

(ii) cota -cot/3=coty -cotS = 2 cob ft. 

20. If p n and P' n are the porimetors of regular n-gons inscribed 
and circumscribed to the same circle, provo that 

K~K + i 

b 2 03 n~yoo . 

"n+l ~ > n 

?! f pyramid is a horizontal regular n-gon, and its 
at v lght /?y er f’ lcal[ y abovo the centre of the base. I f a is 
_i • ’ mradius of the base and 20 the angle between two adjacent 

sloping faces, prove that 


(A* +a*) oot 2 0=A* tan 2 

n 



CHAPTER III 

EQUATIONS AND SUB-MULTIPLE ANGLES 

A first discussion of Trigonometrical equations, for solutions from 
0° to 300°, has boon givon in E.T. t Ch. XVIII, p. 258. We shall now 
obtain the general solutions of such equations, and shall usually work 
in radians. 

Example l t Solve sin G =£, 



FlQ, 22. 


There are two, and only two, solutions between 0 and 2jt, (soe 
Pig. 22), 0=^ or tt-|. 

Bub any angle differing from those by a multiple of 2n is also a 
solution; thorofovo tho general solution is 

0 =2mr +- or 2»<r+7r-^; 

0=2n7r+^ or (2)i + l)ir-^, 
wlioro n is any posibivo or negative integer or zero. 

Example 2. Solvo cos 0 = J. 



Flo. 23. 


The solutions botwoon 0 and 2?r ore 

. a- 7T 

0= 5 or 

(sco Fig, 23) ; 
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,\ tho general solution is 

7C cs 

0=2 r7r + - or 2r7r+27r-^; 

0 = 2wr z fc|, 

where n is any positive or negative integer or zero. 
Example 3. Solve tan 0 = 1. 



The solutions between 0 and 2 jt are 

. 7T V 

6 =- oi* jr +7 
4 & 

(see Fig. 24 ) ; 

,\ the general solution is 

ir 7T 

Q*=2rTr+~ or 2nr+ir+~; 

4 4 

«\ 0 =tt7T +~, 

where n is any positive or negative integer or zero. 

These examples illustrate the following general statements r 


If 8in0=sina, then0=2nn+ct or (2n + l)Tt-a *0) 

If cos0=cosa, then0=2nw±a ...... 42) 

If tan0=tana, then 0=n7t + et (3) 

where » is any positive or negative integer or zero. 


Tho solution of sin 0 =sin a may also be written in tho form, 
0=mjr+( -l) m a, since, if in is even, this becomes 2mr + a and, if tn 
is odd, it becomes (2n + l)ir - a. 

Nole. There are certain specially simple equations which can bo 
solved at sight by thinking of the figure without recourse to tho 
general formulae. For example the values of 0 for which coa 0 = 0 
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are evidently odd numbers of right angles ; this gives the solution in 
the form 0~(2n+l)^, which is Blightly better than the form 

7T * 

2nr ± - given by the gonoral formula; tho two forms are, of oourao, 
equivalent. 

EXERCISE III. a. 

Use figures to write down the solutions of Nos. 1-0. 

1. sin 0=0. 2, cos 0 = 1. 3. tan 0=0. 

4, sin 0 = 1. 6. cos 0 = ~ 1. 6. sin 0 = — 1. 

Apply tho gonoral formulao (1), (2), (3) to write down tho solutions 
of Nog. 7-12. 

7. gin 0 =^i . 8. cos 0=~. 9. tan 0 = V3- 

2 . V 2 

10. sin 0*-$. 11. cos 0=-^L 12. tanO=-l. 

a 

Solve the following : 

13. cos 20 = 1 . 14 . 8 in 30=0. 15. tan 40=0. 

16. sin 30= -1. 17. tan 30= -1. 18. cos 40=0. 

19. sin 0 =cos 0. 20. sin 0 +cos 0 =0. 

21, boo 0=2. 22, cosoo 0 =coseoa. 


Somo useful methods of solving equations aro illustratod in tho 
following examples : 

Example 4. Solve 4 sin a 0 = 1. 

This may bo written 

2(1 - cos 20) = 1, 

Or cos20=i; 20=2n7r±^» 


0=n7r±^. 

Tho procoduro just adopted is more convenient than using equation 
U ) to solve sin 0 ~ ± 

Example 6. Solve sin7O=sin60. 

From equation (1), 

7Q=50+2n.ir or 70 —n -60 +2nn-| 


0 —mr or 


(2 n -h 1 ) it 
12 * 
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Example 0. Solvo tauA = -cot2A. 

This may be written 

tan A = tan ^ + 2A^ ; 

A=nn-+^+2A{ 

ir ir 

A = -nrr 

where w is any integer or zoro. This rosult is equivalent to 
A =hn + ~ . 


Example 7. Solve sin 20 = 1 +cos 20. 

■£Vrs< il/eJ/iorf. 2 sin 0 oos 0=2 cos 3 0. 

cos 0=0 or tan 0 = 1} 

0=(2» + l)| or Anr+-. 

Second Method. This consists in applying the g on oval process 
whioh is applicable to A cos 0 +B sin 0 = C. We have 
sin 20 - cos 20 = 1 { 

'• 72 sin 20 'V2 CO 320 = 7S ! 

sin (^20 =ein 

TT 7T 37T 

20- 7 = 2nT + 7 or 2/i7r+— ; 

4 4 4 

&=mr+~ or (2/n-l)'. 

4 

An alternative method is to express the sine and cosine each In 
terms of the tangent of half the angle (see E.T. t p. 203). Equations 
of this type should not bo solved by methods involving the squaring 
of both sides; for since this process is not reversible the solutions 
obtained need not necessarily satisfy the equation, and tostinjj 
becomes necessary. 

Example 8. Solve sin 20 =sin 0. 

Using the same method as in Example C, we find 

0 = 2mr or (2n + I)£, 

0 
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and this result follows also by using 

sin 20 - sin 0 =2 cos §0 sin £0, 

Wo can, however, write the equation in tho form 2 sin 0 cos 0 =sin 0 ; 
.*. sin 0=0 or cos 0 = 4; 

0=n7r or 2n7r±^. 

This illustrates tho fact that different methods of solution some- 
times givo results of different forms; in the present example the 

aggregate of values of (2n + l)^ can bo separated into two parts, 

O 

those for which 2 n + 1 is and is not a multiple of 3 ; the first of these 
tnkon with tho values of 2mr just make up tho values of mr, and tho 

second part is the same as the values given by 2nrr±~, 

u 


EXERCISE III. b 

Solve : 

1 2 00**0 = 1. 

3. sin 30 =ain 70. 

6. sin 00 + sin 0=0, 

7. cob 60 =cob 20. 

9. sin 20 = 1 -cos 20. 

H. 81110+ V3.COS0 =1. 

13. sin 30 =3 sin 0. 

16. 4 cos 0 = cosec 0. 

17. cos 0 +co3 20 +cos 30 =0. 

19. cos 30 =oo9 0 cos 20. 

21, 4 cos 0 cos 20 cos 30 = 1. 

23. coa 0 +sin 0 = 1 +sin 20. 

25, coaa: +tanasina: =4 Beca * 

27. cofc a: - cosec 2x ~ 1 . 

28. cos (x - a) cos {x - ft) =cosacos /3 +sin 2 ic, 
29-. cos s a! — cos a; sin a; -sin 3 ® = 1. 

30. cosec 4a - cosoc 4# = cot 4a - cot 43. 

31, tan (cot 0) =cot (tan 0). 32. tan" 1 


2, cos 70 =eos60, 

4. sin30=cos20. 

6, sin 60 + cos 30 =0. 

8, tan30=cot40. 

10. see0=seo20. 

12. cos 0 -sin 0 = 1. 

14. 3 sin 0 +4 cos 0 —2\. 

16. 13 sin 0 -84 cos 0 = 17. 

18. 8in70 =sin 0 +sin 30. 

20. tan 0 +tan 20 =tan 30. 

22. sec 0 +COSQC 0 =2 -\/2- 
24. tun 0 +sec 20 = 1. 

26. cos Qx cos lx — cos Bx cos 3*. 


-a; 

+x 


:)-* 


tan" 1 x. 
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33. Discuss the solution of sin O+casO when (!) t U ) fc=s2, 
(iii)*«i(l + V8). 

34. Find 6 such that tan Q = V 3 and sec 0 ~ - 2 simultaneous y. 

35. Find 0 such that sin 0 +sin SO -cos 0 and sin 40 0,mul 
taneously. 

36. Show that the aggregates of values givon by 

(2n - l)\ +( - D» £ »»<* ^ 2rt,r:fc ^ 


are identical, n being any integer or zoro. 

37. Are the aggregates of values of ntr + g an< * ?i!T ^ 2 
n being any integer or zero t 


MISCELLANEOUS EQUATIONS 

Example 9. Find from graphical considerations the number 
real roots of * = 3ff(l -sins), x being measured in radians. 

Tho equation may be written, sin x = 1 - ^ • Sketch the graphs 


y =sin x and y - 1 ~ gj ♦ 



The graph of y =sin x lies between the lines y = I and y — 

Tho graph of ys=l-.5- i a the straight line joining (0, I) to 
{(hr, -1). 3 tt 

It is evident that the two graphs -intersect at 7, and only 
points. 

tho equation x = 3~(l -sin#) has 7 real roots. 

Approximate values of these roots may be found by plotting the 
graphs carefully ; see also Chapter V, Example 4, p. 82. 
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Example 1 0. Solve sin a + sin y = sin c ; cos x +cos y =cos c. 


We have* 

n . x+y x-y 

2 sin — —z cos— p«ain c, 

Z 2 


and 

n x+y x~y 

2coa— ~ cos— “==coso; 

Z 2 


by division. 

. ®+y 

tan = tan c, 

2 


• as —if „ 

since 008 — - ^ 0, 

os this would involve sin 0 = 0 =cos 0 ; 



** ~2~ =m7r+0 ’ * 

..(iii) 

from (ii), 

2 cos (wmt + e) cos — ~ = cos 0 ; 

z 



x — y 

2( - l) m coscco3 — — ^=coscj 
2 


if 003 c =£ 0, cos 


x -y 1 , . ( 7p\ 

— =2 (-D - 003 ( W7r + gj5 


w "9 
2 


= 2rar ± 


( Wir+ S) ; 


•(iv) 


from (iii) and (iv), 

x=2(n +w)7r-hc + ^ or 2n?r+o-^ ( 

O O 

j/= -2?ur + c-^ or 2(m -n)7r 

a *> 

Those solutions may be written 

* = 2psr+c±| f j/=2g7r + o=F^! 

whore p, q are any integers and the upper signs are taken together, 
as also the lower signs. 

If cosc=0, cos must be zero; »+y — (2» + l)ir; 

a 

sma:+sina;=sinc = ±1 ; 

.*, sin x = ± I ; 


.\ a?=mir±J, y=(2n-m + l)7r^^. 


* This solution illustrates some points of importance ; other methods 
would be shorter for this particular example; e.g. the answers might bo 
written down by geometrical considerations. 
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lb happens that those solutions are contained in the previous 
general solutions, but as cosc=£0 was assumed in obtaining the 
general solutions, it could not be anticipated that this would bo 
the case. 


EXERCISE III. o. 

1. Solve graphically o;*=cqs:e. 

2. Solve graphically x =cos J x. 

3. How many roots has x = 10 sin x ? 

4. How many roots has 2a; = 37 t( 1 - cos a;) f 
6. Solve graphically a 2 = 4(1 - sin a:). 

6, How many roots are there of x +ton 2x , which lio betweon 
a; = 0 and x=w. 

?. Find the general expression for the range of values of 0 if 
* + - = 4 cos 0 is satisfied by two values of x. 

8. Show that the condition for sin &(cos a: -f-sin a:) ~o t-o havr 
roots is i (1 + V2) ^ o ^ i(l - V2). 

9. Prove that see x + cosec x=c has two roots botwoon 0 anti 2 it 
if c 2 <8, and four roots if c 2 > 8. 

10. Solve graphically by a geometrical construction 

cos 0 +cos $ =a, sin 0 +sin <(> =b 

where a, b are given positivo numbers. What limitation is thoro to 
the values of a and b to ensure that solutions exist ? 

How can the cases whon a or b is nogativo bo doalt with ? 

Solve the equations in Nos. 11-20 : 

* a/O 

11. sin (ar+y)=£, cos (z~y}~ - * 

12. cos x cos y sin x sin y =£\/2. 

13. tan a: = sin 3 y, sin a:=tan 3y. 

14. sin 5 .u - sin x =sin x sin y =sin 2 y + sin y. 

15. cosa;+ VSsin y = 2 cos (a;-f y) = \/3 cos a: - sin y. 

0 .M- cos 0+°os r/>=$, for values of 0, </> between 

0° '^'d*30*O 8<B "* ® y ~ ^ ® 003 * - 2 cos y =4, for values between 
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18. cog (x + 3y) =sin (fix + 2y) } sin (Sx +y) =cos (2a? -I- 2 y) given that 
*-y=/=2njr+~. 

19. tan x = tan 2y ; tan y =tan 2z ; tan z =tan 2as for values be- 
tween 0 and 7 r. 

20. sin tf + sin 2i/=sin i/+sin 2a = sin 3+ sin 2a; = 0 for values be- 
tween 0 and tt. ' 

Sub multiple Angles, Given the value of cos 0, to find the values of 
sin J0 and cos J0. 

From, the formulae, 

1 +cos 0 = 2 cos 2 5 , 1 -cosO =2sin s j[, 

2 2 

wq have cos j — i V|(l + cos 0), sin^ = ± Vi(l - cos 0). 

2 2 

The ambiguous signs are due to the fact that it does not follow 
from aos0=cosa that 0-a; the correct conclusion is 0=2mr±a, 
from which 



. The ambiguity of sign can, of course, be removed if the actual 
value of 0 is given, and this is done most easily by reference to a 
figure. 

<iOo* 

Fia. 20. 

For example, if 0=400°, cos =cos 200° J is negative and 

sin -( =sin 200° j is also negative, thus, in that case, the minus 

sign must bo taken in both formulae. For the general results, 
bog Ex. HU d, Nos. 2, 3. 

Given the value of sin 0, to find the values of sin JO and cos JO. 

0 0 , . 0 0 
We begin by finding sin -+ cos- and sin --cos-. 
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Since 


^sin ~ + cos 0 =sin a | + 2 sin ~ cos ~ + cos 2 | = 1 +sin 0, 


. 0 0 

sin - + cos g — i V(1 +sm 0 ), 


-W 


and similarly 


. 0 0 

em - -cos- = ± V(I -sin 0). 


w 


On account of the two ambiguous signs, there are four possibilities. 
From sin 0 =»sin a, the conclusion is 

0 a ir a 

2 S=Wr+ 2 ° r M7r + 2“2' 

whence sin| = ±siri“ or ±c°s^. 

Z 2 2 

and coa|=±coa| or ±sin|. 

If the actual value of 0 is given, it is possible to remove the 

ambiguities. For examplo if 0=320°, then ? = 1G0°, so flin~ is 
0 2 2 
positive and cos - is negative; also tlie cosine is numorioally the 

greater ; thus, in that case, 

, 0 0 

sin -+cos- = - V(1 +sin 0) 

. 0 0 

sin - - cos - = + ■/(! -sin 0), 

2sin^= - V(l+sin0) + V(l-sin0), 

2cos~ = - Vfl +sin0) - V(1 -sin0). 

For the general results, see Ex. III. d, Nos. 9, 10, 

We can also determine for what values of 0 a particular formula, 
suoh os 

2ein|= + V(l+ein 0) - VG -sinO) 


and 

whence 
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will hold j for this requires 


Now 


. 0 0 

sin - + cos- = + V(1 +8in 0), 

. 0 0 

Bin --oo9-= - V(1 -sin0). 

. 0 0 . /O 

sin-+co9- = V2s m ^- + -j, 
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which is poaitivo for ^ < | + ^ 5 tlioroforo the first result holds 
« • o ^ * 

if the angle -( = z.XOP) is suoli that its arm OP lies within the 
angle shown in Fig. 27. 



Similarly, sin Q - - oos \ = V2 sin Q - ^ ; 

and so the second result holds if OP lies within the angle shown in 
Eig. 28. Thus for both results to be true the arm must lie within 
the angle shown in Fig. 20, 

i-e. (8n - l)j < g< (8n + l)^, 

°r (8n-l)|<0<(8n + l)^. 

Given the value of c os 0, to find the values 
of COS jj. 

There will bo three values ; for if cos 0 =cos a, 0 =2mr±a, 



Fig. 20. 


, 0 _ 2nv a 
*• 3 -_ 3~ ± 3' 


n _j 0 a /2v a\ (iir a\ 

ancl so cos- equals cos-, casl — +-h or - cos (- + -). 

0 6 

Hence from the identity cos 0 = 4 cos 3 5 -3 cos-, it follows that the 

o O 
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vafuea are the roots of the equation 4 cos 3 - - 3 cos - = cos a, which 

0 3 3 
is q cubio for cos - , 

f 

Cubic Bquations. The general cubic equation 
aa 9 + 36» a + 3cai + d — 0 
can be transformed by the substitution 

y ~ax + b into i/ s + 3Hy + 0=0, 
whore H =ac -6 s and G =a?d - 3abc +2b 3 . 

The further substitution y~kcoaO gives 

h 3 cos 3 0 + 3H& cos 0 = - G, 

and if k is chosen so that k* : 3H& = 4 ; -3, this becomes 


4 C09 3 0 - 3 cos 0 = 


2HV -h’ 

Q 


or cos 30 = , 

2HV 1 -H 

and k 2 = -4H. 

From this, it may bo possible to find 30, and throe possible values 
of cos 0, giving three values of y and hence of x. 

The conditions for the possibility are that H should be negative, 

and numerically loss than unity. Both conditions aro 

included in 


G a +4H 3 < 0. 


• (0) 


Tliis is precisely the condition for the cubic equation to have three 
real roots, and this method of solution is applicable therefore just 
to that caso in which the usual algebraic solution breaks down. 


EXERCISE in. d. 

1. Givo the signs to be used in the formulae 

cos £0 = ± s/{ £(l +cos 0)}, sin|0 = ± V(4(l -cosfl)} 
when 0 is (i) 70° ; (ii) 1 10° j (iii) 200° ; 

(iv) -60° ; (v) 300° ; (vi) 3000°. 

2. Show that 

(i) cos = + V{ J(1 +cos 0)), if (4n-l):r<0<(4» + l it j 

(ii) cos \Q = - VU(1 +cos0)), if (4u + I)jr <0 < (4n + 3) tt . 



EQUATIONS AND SUB-MULTIPLE ANGLES 
3, Obtain results liko those in No, 2 for sin 40, 
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ft frw'ww™' 11 ??? 10 ^ho signs of sin 40 + cos 10 ancl sin 40 - cos 40 when 
0 is (,} 340 , (ii) 480°, (iii) 1360°. 

_5. If 0 6=-—, prove 2 sin £0 = - VD +sin 0) + V(1 -sin 0). and 
obtain the formula for 2 sin J0, when 0 is 

1 . r-\ /"-x 23 jt 

(0 -f • ( u ) "§" • (»*) -Q-. 

6. Determine the signs in 2 cos 40 = ± V(1 -t sin 0) ± -\/{ 1 -sin 0), 
when 0 is m the neighbourhood of 280°. 

7. Determine the signs in 

2sin0 = ± V(1 +sin20)i V(1 -sin 20), 
when 0 lies between 495° and 585°. 

8, Determine the signs in 

2cos0 = ±.\/(l + sin 20) ± V( 1 - sin 20), 

when 20 lies between J and . 

J- z 

9, By writing sin cos | in the form V2’. sin (| + j) > show that 

Bin g +cosg = + +sin 0), if (4?i-4)r < 0 < and that it 

“ ~ V't 1 -fsin 0), if (4n+§) v< 0 < (4n + |) rr. 

10. Obtain results corresponding to those in No. 9 for sin ^ - cos ^ . 

Determine the ranges of values of 6 for which the following results 
(Nos. 11-14) hold: 

11. 2 sin ^ — + \/(l +sin0) + \/( \ —sin 0). 

A 

12. 2coSg = + y(l +sin 0) - VD -sin 0). 

13. 2 sin 0 = -> V (1 +sin20)- \/{ \ -sin 20). 

14- 2 cos 0 = - V(1 +sin 20) - vU -sin 20). 

15. Draw figures and use them to obtain the possible values of 
Bin ^ » when (i) cos 0 =cos 120° j (ii) cos 0 =cos 300°. 


16. Draw figures and use them to obtain the possible values of 
s ^ , when (i) sin 0 =sin 60° ; (ii) sin 0 =sin 240°. 

17. Prove that cos g =£V(2 + V2), and find sin ^ . 
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18. If cos 0 =-J and (4n - 2} t < 0 < inir, find sin g . 

19. If coa0= ~^Qnd(4n-l)fl-<0<(4n + l)^ dnd ooa 2' 

20. Express tan ^ in terms of tan 0. Determine the ambiguo its sign 
for the cases when 6 is between 

(i) -andtr; (ii) ir and ,* (iii) 0 and -g. 

21. Prove tan x + cot a? =2 cosec 2a*, and use it to express tan g in 
terms of sin 8. 

22. Prove tan {0 = ± \l \- ?° S 4 and show how to determine the 

sign. - Y 1 + cos 9 

23. If sin 0 has the given value sin a, find the possible values of 
. . 0 

sm 3* 

24. Draw figures and use them to obtain the possible values ol 
cos-, when (i) cos 0 =cos 60°, (ii) cos 0 —cos 210°. 

25 * Prove that sin| =( - 1 F'VUG -cos 0)}. 

A * 

26. Solve (i) a 3 - 12a; + 8 =0 ; (ii) jb 8 -12x=4. 

27. Solve (i) ® 3 -27a; -27=0; (ii) a; 3 -27a; + 40 = 0. 

28. Solve a? 3 + 3a: 9 - 0# - 3 = 0. 

29. By putting x =k cos 6, reduce the equation a; 5 - 5$ 3 + Bx + 1 =0 
to the form cos 5 0 ~o and hence solve it. 

Inverse Functions. The equation y =sin x, regarded as an equa- 
tion for x in terms of a given number y (between - 1 and + 1 ) has 
an unlimited number of solutions. 



* [a:] denotes the greatest integer that is not, greater than x ; thus W] “»3i 
[6]=5, [-4] = -4, and -3, 
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I£ x — a is one solution, the others are 


* = 2n7r+a and x =2>wr + 7r -a, 

The equation ® =sin~ 1 y will be used, at present, to signify that 
£ is equal to one of those values, 

Similarly cos ~ l k -will denote any one of the angles whose cosine 
is ft, and tan -1 ft any one of the angles whose tangent is ft. 

Thus sin -1 ft, oos -1 ft, tan -1 ft are many -valued, funotions of ft. 

Relations between Inverse Functions. Ordinary trigonometrical 
identities can often, with advantage, be expressed in terms of the 
inverse functions. For example, from 


, /a ,,, tan 0 -tan O' 
^-^iT tonOtonO' . 
by putting tan 0 =m, tan O' =m', we gob 

m -m' 


• (7) 




whioh may be written 


or 


« . , m -in 

6 - O' ~ tan -1 — ? 

I +wim' 

m -m' 


tan- 1 m - tan -1 m' = tan- 1 


1 + mm' 


.( 8 ) 


This form happens to be more convenient for certain purposes; 
it only implies that when any value of tan ~ l m' is subtracted 
from any value of tan _1 tti the result is one of the values of 


x m-m 
1 + min' 


Similarly from the expansion of tan(0 + O') we deduce the result 
tan -1 m + tan" 1 m' = tan -1 (9) 

Similarly from 

sin ( a + /3) = sin a cos (3 + cos a sin /3, 
by putting sin a =x, sin (3 =y, we get 

sin" 1 ® + sin" 1 y— Bin -1 {x^(\ -y 1 ) +2/V(i -® a )}» (18) 

and from cos (a + (3) =cos a cos [3 - sin a sin /3, we get 

ocs“ 1 a;+cos“ I i/=cos- 1 {a;i/- V(1 -a:*). VO ~2/ 2 )}* * OL 
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Equations like (7) and (8) are really alternative statements of Die 
same fact, and the render should try to pass from one to the other 
without going through the process of substitution. 


/ EXERCISE III. e. 

1. (i) Prove that cos'* 1 ® = ±sin -1 -\/{\ ~® 2 ). 

(ii) If cos -1 ® = tan -1 p =cosec ~*q, express p and q in terms of®. 

2. If tan' 1 X =sin -1 p =c08 -1 q =cot -1 r, oxpross p, g, r in torms of ®, 

3. How can you construct geometrically cosoe -1 lj? Use the 
figuro to oxpross this angle in the forms, cos -l p, tan -1 q. 

4. Provo that sin (cos -1 ®) = ± i/(l -® a )> 

6, Express in torms of x (i) cos (sin -1 ®) ; (ii) tan (sin -1 ®). 

6. Prove that the general value of 2 cos -1 ® equals 

27t7r±cos -1 (2.r a - 1). 

Give two simple values of 2 cos -1 ® + cos -1 (2® a - 1). 

7. Expx'ess 2 sin -1 ® in the form sin -1 y. 

8. Prove that cos -, ® = ±2tan -1 ^/|^ : ^. 

9. Find the simplest value of tan -1 J + tan -1 


10. Find the simplest valuo of 

4 tan -1 } - tan -1 Aj + tan -1 5 \, . 

1 — ® 4 

11. Prove that tan -1 ® = ±1 cos -1 v— ~-s. 

1 l +® 1 * 

12. Simplify cos(2sin -1 ®). 

*c 1 

13. Find a value of ®, such that tan -1 — — , =2 tan -1 - . 

® + 1 ® 


14. Expross 3 sin -1 ® in the form sin -1 ?/, 

15. Find a simple value of cosec -1 \/5 + cot -1 3. 

16. Find the general value of tan -1 (cot®) + cot -1 (tan®). 

17. Evaluate nos 2 (tan -1 ® + tan -1 y). 


1 o td b + a cos ® n 

18. Prove cos 1 . =2 

a + b cos ® 


19. Provo 

tan ( tan -1 x + tan -1 y + tan -1 s) = cot (cot -1 x + co fc -1 ?/ + cot -1 z), 

20. Express ain -1 p =cos -1 g as an algebraio relation between 
p and q. 
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21. If tan^p+tan-iff+toii-ir^, prove ar +n ,+ M -i. 

22. If coa --1 o + cob” 1 6 + cog -1 c = ir, prove that 

a 2 - 1 -& 2 + c a + 2a6c = 1 , 

Find the simplest solutions of the following equations? 

23. cob-* 2 scot -1 ® + cot -1 7. 

24. tan -1 a + tan- 1 (1 - re) = tan- 1 ^ . 

25. tan -1 a: + tan~ l =!E 

1 — a? a 3 * 

26. Ccos-M2o; 2 -l)=x. 


27. 


2 tan -1 


3a; - a; 4 
1 - 3.'U a ~' ,r ' 


MISCELLANEOUS EXAMPLES. 

EXERCISE rn. f. 

Solve the equations : (Nos. 1-10). 

1. tan x + tan 2a? = 0. 2. sin 3* +cos2a: = 0. 

3. sin x + sin 3a; = 2 cos as. 4. sin 2 * + cos 3* cos * = 1. 

5. tana 4-ban(ir +a) + tan (a + /3) = tan a; tan (*+ a) tan (* + /}). 

6. tana;cot(a;+a)=tan/3cot(/3 + a). 

7. cosacoso -f sin a sin b =cos(a -o)cos(* -6). 

8. sin(30-^=2sm(o+^). 

9. 70 cos 0 - 24 sin 0 = 37. 

10. sin 0 +sin 20 +sin 30 +sin 40 =0. 

11. If secaseo 0 + tan a tan 0 =seo/3, find tan 10. 

12. Find for what values of 0, 2 sin 0 ~ tan 0 > 0. 

13. Solve a; + 1 / =2n, cotic + eotj/ — 2eota. 

14. Solve a 2 cos 0 + fc 2 cos</>=c 2 eosaj a*sin0+6 s sin«f> — e*sina 

15. Find all values of a, y, such that 

cos 2 x cos 2 y + sin 3 * sin 8 y ~ 1 . 

16. Solve 

cos x +cos y =cos z, eos 2 * + cos2y =cos2z, 

cos 3* + cos 3i/ =co3 3z. 
n 


A.T. 
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17. Show that the roots of 

cosf?cos(0 -a)cos(0 --/?)eos(0 -y) 

-sin 0sin ( 0 -a)sin{0 ~/?)sia(0 -y) = cos a cos ft cosy 
are 0 =*mr or m r + bon -1 J (tan a + tan ft + tan y + tan a tan ft tan y). 

18. Provo that the roots of tan 3 x tan | = 1 also satisfy 

cos 2® =2 - V&. 

19. Investigate how many values of sin 0 (between -1 anil -Vi) 
satisfy sin 2 0 ~ 2c sin 0 + Be - 0 =0 for various values of c. 

20. Discuss the solution of cos 3 ® ~ 2w cos ® + 4m a + 2»i - 1 = 0 for 
various values of in, 

21. Show that if 67teos 0+cA: sin 0=o6 has roots for cos 0, they 
always determine values of 0. 

22. Express sin ^ in terms of sin 0, when 0 is in the neighbourhood 
of 420°. For what precise neighbourhood is the result valid ? 

23. Prove that tan ~ is one of the values of 5U< * 

4 I ± vH +»in vf 

find the other values, 

ri±r| 

24. Prove cos^=( -1) 2,7 Vt$(l + cos 0)}. (See footnote, p. 460 

25. If p is an integer and - 1 < q < 1, find the number of possible 
values of sin a, such that (i) sin 2px —q y (ii) sin (2p + 1) ® =g. 

26. Solve a 5 - 5A; 2 ® 3 + 5k*x=2& cos a, for x in terms of a and k. 

27. Simplify tan' 1 - + tan -1 , 

1 J 1 +pq 1 +qr 

28. Prove that tan -1 - = tan' 1 — - — f tan -1 — ^ — - — , . 

p p+q p*+pq + l 

29. Deg the result of No. 28 to express ^ in the form tan -1 \ + ban'" 1 J> 

Also express tan -1 ^ and tan -1 J each in the form tan -1 — +tan“*- 
whore in and n aro positive integers. , " 

30 . Prove that ^ = 2 tan -1 1 + tan -1 } + 2 tan -1 fa 

31. Prove that ^ =2 cot -1 5 + cot -1 7 +2 cot -1 8. 
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32. Prove that cos^ 1 — ? ^ £9 ^ 4* . =2 tan -1 ( tan ^ tan f\ 

1 + cos 0 coa (f> V 2 2/ 

33. Find a if one value of oos -1 a-i-cos -1 2a equals ~ , 

34. Find a value of a between 0 and such that 

V'f’r* ' 4a 1 ) =sin~ 1 (coa *). 



CHAPTER IV 


\ 

HYPERBOLIC, LOGARITHMIC, AND EXPONENTIAL 
FUNCTIONS 


The trigonometrical functions nro called circular functions, because 
they arise naturally in connection with the geometry of the circle. 
There are other functions which are associated with the geomotry 
of the hyperbola and may therefore be classified as hyperbolic func- 
tions ; this name is, however, usually restricted to certain special 
functions of this group. We use it, in this Chapter, in a genoral 
sense. 

In developing the argument, we shall malco use of geometrical ideas, and 
especially that of an. area hounded by a euros. At a first rending, the 
reasoning is more easily understood if this method is followed. But it is 
important to realise that the functions themselves oan he regarded as 
purely analytical and that their properties can be obtained by purely 
arithmetical arguments. The more abstract line of approaoh will bo 
followed in the companion volume on Analysis. 


The Area -function for the Rectangular Hyperbola. Fig. 31 

shows part of the graph of tho function y~-\ this equation ropro- 

a; 

eents a rectangular hyperbola. We shall con- 
fine attention to that part of the curve for 
which x > 0. 

To every positivo valuo of a 1 them corre- 
sponds one, and only ono, valuo of y i anil, ns 
x increases, y steadily decreases and tends to 
zero as x increases indefinitely. Further, if 
x tends down to zero from abovo, y increases 
without limit. 

The point (1,1) lies on tho curve, and the curve is symmetrical 
about tho line y =£, since, corresponding to any point P, (t> 
the curve, there is the point P', Q , t^ f also on tho curve. 

The ourve is therefore shaped os in Fig. 31. 

Consider the area bounded by tho fixed ordinate CA, aj = l, tho 
variable ordinate NP, x ~t, the curve and the ic-axis. This area 
CNPA, shaded in Fig. 31, is a function of t and will be denoted by the 
symbol hyp (t), 
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Expressed as a definite integral, 

cl r 1 1 

area CNPA == l ydx~\ -dx ; 

Ji Ji» 

hyp(t)»£^dx (1) 


Approximate values of hyp ( t ) can bo found for given values of t 
by the ordinary methods of practical goomotry, such as counting 
squares or Simpson’s rule. 

It is host to adopt the usual- sign conventions of the Integral 
Calculus for areas, as follows : 

If < > I, that is, if N is to the right of C, the area CNPA is repre- 
sented by a positive number. 

If 0 < t < l, that is if N lies between 0 and C, the area CNPA is 
represented by a negative numbor. 

•*. hyp(t )>0 if t>l and hyp (t) < 0 if 0 < t < 1 (2) 

If f S- 0, wo shall not discuss or oven define hyp (i). 

If i = 1, the shaded area CNPA vanishes ; 

hyp(l )«0 ( 3 ) 

Behaviour of hyp(t) when t increases indefinitely. If, in Fig. 32, 
PiNj, P a N a , ... are the ordinates x = 2, x=i, ... , 31=2*, then 

hyp (2*)= area ACN*P fc ; 
but this is the sum of the areas 

ACN^, PjN|N a P j, ... , P*_» N*_i N*Pto 

and is therefore groator than the sum of 
areas of the rectanglos 

CN,P,R 1 , N,N a P a R a Nfc_,N*P*R*J 

byp(2*)>(2-l). £+( 4 - 2 ).i 

+ {8-4).i + ...+(2*-2*- , ).pJ 



* £ 
hyp (2*) > J + 4 + i + ... to ft terms =- ; 

.*. if t > 2 fc , hyp (*) > hyp (2*) > ^ ; 
hyp (t) ->• + oo , when t -»■ + <*> . 
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This fact cannot bo assumed without proof. For example, if 

ci (£} denotes the area under the curve y =— i from x = l to 
we have 1 35 

a«)=5‘i*=[-g‘ =1-]. 

a (t) tends to the finite limit 1, when t-* oo . 

Behaviour of hyp (t) when t tends to 0 from above. Using tho 
same method as before, suppose,, in Fig. 33, Q,jM lf Q a M 2 , ... are tho 

ordinates rc=- , re = p; and con- 

struct the rectangles CAS 1 M 1 , MiQiS a M a , 
MoQjSgMj, etc. 

Then hyp(^)<-(l-I)l-Q-i).2 

.-«•*-» 

•••-( 2 TTT— 

hyp (p) < "|-5-g— • t0 * ,te, '" la= ~V 

if 0 < i < ~ , hyp(/)<hyp(i)< -|; 

/. hyp (t) - oo , when t tends to 0 from above. 



EXERCISE IV. a. 

1. Find from the graph of J/=~, by some method of practical 
geometry, approximate values of hyp (2), hyp (3), hyp (4), hyp (i). 

Draw a rough graph of y =hyp (re) from re =4 to re = 4. 

2. Use Fig. 34 to show that 0-5 < hyp (2) < 1. 




A HYPERBOLIC FUNCTION 55 

3. By drawing tho ordinate x =£, show os in No. 2 that 

- 1 <hyp (£) < _o*5. 

4. Use. Fig. 36 to show that hyp (2) lies between ft and g. 



5. By drawing tho ordinates *=1, a; = 3, a; = 3. show as in No. 4 
that - £ < hyp (i) < — ft • 

6. By taking the ordinates cc = l, 1*1, 1-2,... 1-0, 2, show that 
hyp (2) lies between 

0,1 ( 1+ ri + r2 +,,,+ ro) and 0,1 (rr + ra + - + n + s)- 

Deduce that 0-66 <hyp (2) <0-72. [Actually, hyp (2) =0-893... .] 

7. Show from a figure that hyp (h) <hyp (1»). if 0 <*, <*r 

8. Prove, as on p. 63, that hyp (2*) <k, if k is a positive integer. 

9. In Fig. 36, PN is tlie ordinate x=t of any point on the lino 
tj = 2x . If tho area of AON P is denoted by sq(i), prove geometrically 
that (i) sq(2<) =4eq(«) j (ii) sq(t + «') -sq(< - «') =411’. 



What does (ii) become if t=t', and if t =0 T 
Interpret geometrically sq( — 

10. Use geometrical methods to prove that 

(i)*<h*P <!*><*’ (iilKhypdiXh 

(iii) i+i+^<hyp(2J)<ls (iv)hyp(3)> . 

11. In Fig. 37, PN is the ordinate, x=t. -where t> \. 

indicated construction to show that 1 < hyp to < ' " h 
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12. Draw, in Fig. 37, the ordinate x ~a, whore s<\, and by O'O 
method of No. 11, show that 1 < hyp (**) < a - 1, 



13. In Fig. 33, take PN and QM as the ordinates x — t, =f 
and hence show that lies bctwcon ^ and 

Is this result true if h is nogativo, t+h being positive ? Whnfc 
result is obtained by making h tend to 0 ? 



14. In Fig. 38, FN, QM are the ordinates, x =p, x=q, for tho curvO 
y !=i. Prove that the area of tho trapozium PNMQ is \ ]* 

•v Z \ T) Or 


If P'N', Q'M' are the ordinates, x = -. 3 :=-, provo that the area of 

V <7 

the trapezium P'N'M'Q' is 


What relation between tho values of hyp (A) and hyp ( 7 ) con bo 
deduced from these results ? v 1 ' 

16. If, in Fig. 38, PN and QM are the ordinates, x= A p, x = \q, for 
the ourvey =-, prove that the area of the trapozium PNMQ (loos nob 
depend on the value of A. 

Use this fact to prove that the value of hyp (A/) - hyp (A) does no fc 
depend on the value of A, and so obtain its valuo in terms of A, 
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16. Draw a rough graph of y =r-~" 2 , marking tho lengths of the 

1 ri® 

ordinates at tho points P 0 , Pi, P 3 , P 3 whoso abscissae are 0, 1,2, 3, By 
considering tho area under the curve PoPiP a P 3 > prove that 

4 f 8 1 , , ^ 17 

5 < )o 1 +x tdX < 10' 

17. Show that 

« To n h dx<l '‘ (fi) 

Deduce that if tan~H is defined to bo \ t ~~ 5 d%, the function 

jo 1 +tc d 

tan -1 * increases with £, but remains always less than 2. 

18. By considering the aroa under tho parabola y ~x*, show that 

l 4 + 2 3 -t-3 2 + +n 8 lies between £n 3 and £{(n+ l) 3 - 1}- 

19. Prove that 

fnv'n < VT + V§ + V 3 + . . . + Vn < g{(n + l)\/( n + l) - 1}. 

20. Provo that, i£0 < 0 <~ , sin 0 + sin 20 +... + sin nO lies between 

q aim 8 JnO and | sin ^sin(^n + l)0, 

Differentiation of hyp(t). In Fig. 30, if ON -t and ON'=£+A, 
wo have 

hyp {l + h) - hyp (£) =area CN'P'A - area CNPA 
= aroa NN'P'P. 

But area NN'P'P lies between NN'.NP and 
NNT.N'P', i.o. between ~ and -r . 

t l + A 

. ^Pjtj-M-hypW liesbQtwee „ i 
h 1 

But ~~ tends to tho value - as h tends to 0 ; 
t+h l 

... jgTg+_ *)- h yP< t U | when />-* 0. 

5 h yp(‘)=i (4) 

If h is negative, t + h being positive, hyp (t +A) - hyp (*) | s negative. 
byp_(t+A)-hyp£) ia positive and still lies between f and . 

Therefore it tends to the limit ~ ns h tends to 0 in any manner. 



{* 3 U.v < 1 - 7 , for t > 1. 

Jl l+»* t 



58 


ADVANCED TRIGONOMETRY 


EXERCISE IV. b. - 

1. Differentiate with respect to % : 

(i) hyp (2x ) ; (ii) hyp ) . 

(iii) hyp (ax) 5 (iv) hyp (ax) - hyp (a). 

What inference can be drawn from the last result T 

2. Differentiate with respect to x : 

(i) hyp (#*) 5 (ii) hyp (a*) 5 


(iii) h ypQ ; 


(iv) hyp (x n ). 

What inference can be drawn from the Inst result ? 

3. Differentiate with respect to x : 

(i) hyp (ax + b) n ; (ii) hyp (|~4) • 

4. Differentiate with rospeot to x : 

(i) hyp (sin x ) ; (ii) hyp (tan x) ; (iii) hyp (cot x). 

5. Integrate the following with rospeot to x, giving the answore 
ns hyp functions. 


<4 


1 


( ffl > £ri 1 W —* 1 

(v) 2iT3 ; (vii) 1 ~ £T2 '* (viii) ^3* 

6. Write down nn expression for {hyp [/(»)]}• Use tho result 
to integrate with respect to x ; ax 


(i) 

(iv) 


cos a; _ 
sin a;’ 
ax + b 


(ii) tana; ; 

/ •. a 1 ” -1 

(v) 


(iii) cot 2x ; 

... cos x 
(vi) 


ax 2 + 2bx + c ’ v v/ I +x n ' v ’ v l+sina;' 

7. What is ? Henco find j cosec 2 xdx. 

8. What is^ltfhj'p (re)} ? Hence find j hyp (x) dx, 

9. What is the sign of ~ {hyp (#)} ? What inference can ho 
drawn from the result ? ax 

10. What is the sign of 1 -hyp(a:)}, (i) if x>l, (ii) if 

0 < £ < 1. Use the result to prove that hyp (a;) < # - 1 for x > 0. 
**!• 
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11 . If tan " 1 is j * j— — 3 dx, show by tho method of p. 57, that 

d tan"- 1 i 1 
dt “ 1 + i a ' 

1 j • f® 1 

12. By tho substitution cc = show that tan -1 - = l and 

deduce that tan -1 1 + tan " 1 ^ is independent of t. 


Other Properties of hyp (fc). The following properties have all 
been illustrated in the previous examples. 


To provo 


By definition. 


hypQ= “hyp (t). 


tu=-, so that z =f when a: and z = 1 when a; = 1 ; also 

z t 


da; = -~,dz', 


A hyp 0 = -hyp (t). 


This result may be illustrated geometrically. 

In Fig. 40, OC=OC' = l, ON =ON'=i, NP, N'P' are perpendiculars 
to Oic, Oy and P'K is porpondicular to 0®, so 

that OK =j4 = i . 

Since the curve is symmetrical about OA, 
the areas bounded by ON'P'AC and ONPAO' 
aro equal. 

But OKP'N' .and OCAC' are eaoh of unit 
area ; therefore the remainders, the areas 
KCAP' and CNPA, are equal. 

But those areas are - hyp and hyp (t) respectively. 

An alternative geometrical method is indicated in Ex. IV. a, 

No. 14. 
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To prove hyp (* b ) = hyP ( a ) H-kyP (H 

hypQ)=hyp( a ) - h yp( b ) 


Since ~{hyp(l)}~jl | {hyp (o/)} . c*- , 


whore o is a constant ; 

.*. ^{byp(<J0-hypW}«Oi 

the value of hyp (cl ) -hyp (l) does not doponc! on tho value 
of t and is therefore equal to the value obtained by putting i =* 1 ; 

.\ hyp (ct ) -hyp (t)= hyp (c) (6) 

Putting c=o, t=b, we have hyp (ah) —hyp (a) -I- hyp (b). 

Putting c=^, l-b, we have hyp ^ -hyp (a) - hyp (6). 

It should be noted that tho result in (8) really contains thoso iu 
(6), (6), and (7). 

Relation ( 6) may be illustrated geometrically. 

If, in Fig. 41, NP, MQ, are tho ordinates x=p, x =<7, and if N'P'» 
M'Q/ are the ordinates x==bp, x=bq, then tho trapeziums P'N'M'Cl% 
y . PNMQ, are equal in aron. 

for, trapezium P'N'M'Q/ 


UmWW 

Piq. 41. 


“sO 

2 \pqj 


= trapezium PNMQ. 

Now draw a large numbor of ordinates between x = 1 and x = a, 
and take, as above, the corresponding ordinates between x — b and 
* =60, (see Fig. 42). We then obtain corre- 
sponding pairs of trapeziums of equal .J'll 
area. \ 

If we allow the number of ordinatos to \ 
increase indefinitely and tho width of each \A 

trapezium to tend to zero, we see that, 

“?■ under tho ourvo — 

irom as~j to *= 0 is equal to the area 0 1 « * 06 * 

under tho curve from x =6 to x=ba; p10 ’ 42> 

*• hyp (a) =hyp (ba) - hyp (6). 
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Tins geomotrical illustration corresponds to the analytical method 
indicated in Ex. IV. c, No. 7. 

To prove hyp (a n ) =nhyp (a), ... (9) 

where n is any rational number. 

If n is any positive intogcr, wo have, by repeated applications 
° hyp («j) + 1 iyp (a 8 ) + ... + hyp (a„) =hyp (a,a a ... c„). 

Putting a x ~a 7 = ... —a n =a, this becomes 
hyp (a n ) =nhyp (a). 

It is now possibio to show by a similar argument that this result 
is true if n is any rational number ; see Ex. IV. c, No. 9. Relation (9) 
may, however, be proved in a different way, as follows : 

r«n i 

By definition, hyp («") = L -dx. 

Put x —y n , so that y—a when x=a n and y~l when tc = 1 ; also 
dx —ny n ~ l dy; 

hyp(a»)=J“ ^ ~dy; 

hyp (a M )=n hyp (a). 


EXERCISE IV. c. 

1. Given that hyp (2) 0-093 and hyp (3)=^ 1-099, find approxi- 
mate values of hyp (as) for * = <1, 6, 8, 9, £, l£, 2J, 2|. 

Draw on squared paper the graph of hyp (a) from x = 1 to a: =3, 
and use it to solve hyp (a;) = 1 . 

2. Use the data of No. 1 to evaluate : 


3 \ 

(i) -dx; 

2 X 


S SO 1 

n* dXi 

< iv) 

3. Evaluate by putting x=*ay. 

What relation can be deduced from j ” 6 ~ dx = ^ ^ dx + -dx 

4, Use th** method of No. 3 to prove that 

hyp (|) = hyp (a) - hyp (6), 
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5. Prove that hyp(2")>^ by applying the substitution % =y n 

to f - dx. 

J a 

6. Use the method of No. 5 to prove that hyp (2 n ) < n, 

7. By using a suitable substitution, prove that 



What is the geometrical meaning of this relation ? What property 
of hyp (t) is obtained from the relation ? 

8. Prove that hyp (®)> £+!+£ + .. . , where :» > 1 and [ft] 

denotes the greatest integer not greater than cu. 

Deduce that hyp (re) tends to + co when x tends to + co . 

9. Use the fact that hyp(o fl ) =nhyp(a) if n is a positive integer, 
to prove that hyp ( a ^) = -hyp (a), where p, q are positive integers 

/ ~ e \ 

[put a Prove also that hyp (a ? ]=--hyp(a). 

10. Use the relation 


da; = ( 2 ( 4 -da + j 8 -dx + ... 

Ji * j 2 a: j 4 x 

c ^ U /on\ .. 


f2”l 
]l V 

i prove that \ < hyp (2 n 




2" 1 
. -dx 
'-1 x 


11. By considering the area of the trapezium ACNP in Fig. 40, 

p. 59, show that hyp(l +k) < k - . where k> 0. 

12. By using the method of No. 11, prove that 

liyp(l-i)> 

where 0<k< 1. 


The Function hyp (x). We have shown that, as re increases from 
zero to + co , hyp (x) increases steadily from - co to + co and is zero 
when x = 1. The graph is shown in Fig. 43. 

Further, since hyp (a+ft) -hyp (x) lies between - and — — , (see 

(B # + il 

p. 67), it follows tlmt hyp {x) is a continuous function of x and, 
since everywhere it increases with x, we may conclude tlmt it 
assumes once, and only once, any given value, as x passes from 
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0 to + co . In particular, there exists a unique value of such 
that hyp (®) = 1. This value is always denoted by a, so that 

hyp (o) = 1 (10) 

Tiio number e is irrational and, moroovor, 
like 7r, is. not algebraic j that is to say, thoro 
is no algobraio equation of any degree, having 
rational coefficients, which has e (or rr) for a 
root. It will bo shown later how the valuo of 
e can bo calculated to any number of places of 
decimals. For the prosont, wo shall merely 
point out somo limits botweon which e must 
lie. Thus from Ex. IV. a, No. 2, hyp (2) < 1 
and hyp (4) =2 hyp (2) > 1 j thorofore 2 < c < 4. 

Again, from Ex. IV. a, No. 10, hyp (2£) < 1 < hyp (3), therefore e 
lies botween 2 Jr and 3. Soo also Ex. IV. o, No. 1. Aotually, 
e-2-71828... . 



The roador has probably solved by this time the mystery of the 
function hyp (a). 

From equations (9), (10), we have, if y is any rational number, 
hyp (c v ) »)/ hyp (c) =y. 

Therefore, if e v =x, hyp {x}=y, and so e'n'P (*)=*. 

In othor words, tlio “ hyp ” of a number is the power to which e 
must be raisod to make that number. 

Therefore the “ hyp ” function is the logarithm of the number to 
tho base e, Logarithms to base 6 are called natural logarithms or 
Napierian logarithms. 

In mathematical work (as distinct from more computation) the 
logarithms which occur are nearly always natural logarithms ; and 
so the symbol logo; is gonorally understood to mean tho natural 
logarithm and is used ns an abbreviation for log a a;. 

Tho argument, given above, therefore shows that 
hyp slog, 


and equations (1)-(10) of this chapter may now be re-written in this 
sense. Tho most important of those results are 


log x 1 +logx a =log(x 1 x 3 ) (11) 

and ~{logx}=^ or j^dx=logx ...(12) 

It should bo noted that the function log® has been defined for 
positive values of a: only. 



64 


ADVANCED TRIGONOMETRY 

The Exponential Function. If y =dog.v, not only is y determined 
uniquely when x is given, but for any assigned value of y thoro is 
one and only ono value of x, and that value of x is positive, sinco it 
has been shown that log x increases steadily from - co to + <*> , as x 
increases from 0 to -f co . 

Therefore, if y =logrc, we may regard x as a function of y and this 
function is single-valuod and everywhere positive. This function 
might be denoted by hyp“ l (y) or by antilog (y), but it is in fact 
denoted by exp(y), and is called the exponential function of y, Wo 
therefore write 


If y=logx, then x=exp(y) U^) 

and equation (11) may bo expressed in the form 

exp (y t + y 2 ) =exp (y,) x exp (y a ) ( 1 •!) 


The graph of x = exp (y) is of course the same as that of y =loga\ 
We therefore obtain the graph of y =exp (a:) by intorohanging tlio 
axes of x and y in Fig. 43, or, equally 
well, by taking the imago of y=loga in 
the line y =x. 

This gives the curve in Fig. 44. 

If y is any rational number, we liavo 
from (9), 

log (e v ) =y log e =y ; 
ex p(y)=oy ..(16) 

A discussion of the theory of irrational 
numbers is beyond the scope of this volume j 
we shall not, therefore, at this stage define the function ev for irrational 
values °f y. But it will bo found that, when this function has boon 
denned, equation (15) is true also when y is irrational. 



Differentiation and Integration. If y=oxp(.i;), then x=\ogyt 
• _ _ 1 . • • dy _ 
dy y' dx~ y ' 


, d 

’■ ^ 0 X P<- T )= GX P(*)- 

Thus A( e t ) = 0 x or (IG) 

The function a x , where a > 0, may also be called an exponential 
function of x, but it is easily expressed as a power of e. 
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If y =o.«, then log y *=log (a*) ==® log a, a being supposed positive ; 
,\ y =s exp (a; log a) = c z >°8 a . 

It follows that 

S * a *) “* i f®* 108 *)** e* loga . log a = a* , log a (17) 


Applications to the Calculus. The results of (12) and (16) may be 
used in conjunction with the ordinary processes of differentiation 
and integration ; and the scope of the Calculus is thus extended 
to include many functions involving logarithms and exponentials. 
The most important applications aro those of 

j a?- 1 dx =log x. 

Example 1. Integrate tan®. 

k [l ° B(003a:!:! Oogfco^J] . — ( -sin*); 

therefore it follows that 


tan x dx = - log (cos x) + c. 


Whenever a function can be written in the form A , where 

i . /(*) 

the numerator is the differential coefficient of the denominator, the 
integral can be written down in the form A . log [/(x)]. 


Example 2. 


Evaluate 


dx 


2 __ 1 1 . 
1 -x a 1 +X + 1 -X* 


2 S 


dx 

1 -X s 


=log(l +x) — log (1 -X) +C 5 



dx 

1 -x a 


, . 1 +x 

=4 !0B r^ 


+ c. 


A very large class of functions can be integrated by the method of 
the last example, which consists in expressing the integrand as the 
sum of partial fractions; for the general method of doing this, 
see p. 231. 

The formula for integration by parts will be required in some of 
the examples in the next exercise. It is 

j(uu) dx=uu) - jtu ~ dx, where w ~ ju dx. 
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EXERCISE IV. d 

1. What is the connection between the graphs of 

(i) 2 /=as a and y*=\/x ; (*ij 2/ a; and y=sin- l a;t 

2. Sketch the graphs of 2 X and s 2 *. 

3. Sketch the graphs of 

(i) logo; ; (ii) log(2as)j (iii> log (a; 2 ) ; (iv) l°g(J)* 

4. What is the value of as, when 

(i) log a; = 1 +loga j (ii) logas = l - logfij 

(iii) log {log x) = 0 j (iv) log (log as) ? 

6, Simplify (i) e a «° B* ; (ii) 6 *Jok 2 . (iii) log(e a ai). 

6. Prove that if x 1 <x t then e*< < e*t. 

7. Sketch the graphs of ^ 

(i) e“*; (ii) e* 3 ; (ui) fl-*’;. (iv) e x . 

Show graphically that e* =x +a has two roots if a> 1 and no roots 
if a < 1 . 

8. Differentiate a; log a* -a: and write down the value of 


j* log a; dx. 

9. Differentiate (x - l)e* and write down the value of x&^dx, 
Differentiate with respect to x : 

10. a; 8 log as. 11. l -2ip . 12. log(-). 13- efl*. 

14. e* 3 , 15. eiogi. 16. log (cos as). 17. log(sooa:). 

18. e E ’" x , 19. e tnn, ' c . 20. exp (a; sec as). 21. cos (a*). 

22. cosec (log as). 23. log (a + Ox)’ 1 . 24. log (e z + c"*). 


25. (i) log (tan|); (il) log ^tan ~ + ; (ii i) log {a? + V(a a +»*)}. 


Integrate with respect to x : 


26. 

1 

3as +• 4 ‘ 

0 n 2as + 4 
ll ' 2.-C + 3’ 

30. 

e 1 - e“*. 

3i. 0 

2 + Jcosa; 


n x 
sec -s 


34. 

1 

. *’ 
tan 2 

35. ase*\ 


28. 

29. e a *. 

2x + 3 

2x +3 
a: 2 + 3as + 4 ' 

33. te, 

X 

36, cot 3as. 

37 - rh- 
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38. (i) soofcj (ii) cosec «; (iii) —:..i — = . [Sec No. 25.] 

va a +x 2 


Use the method of partial fractions to find : 


39. 

f3*+l , 

40. 

f Sx + 1 dr 

)(® + l)(*+2)(® + 3)°®" 

41. 

I»(w -a)*** 37 * 

42. 

f 3.r + 1 ' , 

\(x-Z)(x*+l) dx - 

43. 

JiB - 1 

44. 

It® ~ a K® -b) 


Use the method of “ integration by parts ” to find s 


45. 

JlogirdfB. 

46. J x log a: (lx. 

47. J a” log ad®. 

48. 

[xe a dx. 

49. ix^dx. 

60. | Iog( ■\/x)dx. 

61. 

Differentiate e a *sin&:c and c 0ffl cos bx, 

and hence integrate tho 


same two expressions. 

62. Find the value of x for which ic 8 log® is a minimum. 


63. Find the maximum value of t and discuss the number of 

x 

roots of the equation loga?=Aa; for different values of A. 
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,\ I - 1 < - log l < y - I ; 

v 

t ~ 1 > log t > 1 - ~ ; 

,\ for all positive values of t, except t-\, wo have 
, 1 — ^ < log t < t — 1 


Example 


3, Prove that lim — ^ X - = 1. 


a:— > 1 


X - 1 


t- 1 


From relation (18), —< log* < t - I, if t> 0, tj* 1 ; 


if t > 1, 

and if 0<i< 1, 


!<!££* i 
t < t~l < 

I > > 1 . 

t i- 1 ’ 


if x >0, xj=l, lies between - and I ; 

x - 1 x 

,\ when *-» 1, 1 . 

x - 1 


Example 4. Prove that 
, log X 

(i) -» 0, when x-> co ; 

X , 

(ii) a; log a-* 0, when x-> 0 through positive values, 
(i) From relation (18), log/<i-l if t > 0, t - £ 1. 

Put t =s V* ; log( ya;) < Vs - 1 < if x > 0, x =f= 1 ; 
£ log a; < ya ; 

ii*>i, o<!58£<^=A 

* X v" 3 

But when oo , JL_>» q . ^ u m = o. 

V® *_♦.» » 

(if) lira x log 3 = lim -log- = - lira ISJL^-o, from (i). 

*-+q v-*-“ y y y-t-to v 


08 ) 
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Example 5. Provo that 

Q t - 1 

(i) — > 1 when i — > 0 ; 

t 

(ii) n(JJ/a - l)-*- loga when n-> oo , for a> 0, 

(i) lim ° j - ia tho value of ( e “) at a;=0 and is therefore 
t _>o t dx' 

e°, ss 1. This result can be obtained directly as follows s 
from relation (18), with e l instead of t, 

1 -c“ l < t < e f - 1, if £ ■/» 0 j 
t < e l - 1 < l . e c ; 
e J - 1 


and- 


1 < : — ~ <e l > if 0 < t, 

V 

e 1 - 1 

1 > — — > e l , if t < 0 ; 


c ( _ j 

whon l toads to 0 in any mnnnor, — > 1, 

(ii) In (i), put £=-loga, wlioro a is any positive constant, 
ilogfl i 

lhen e* =e n = a’K Also whon l -*■ 0, n co ; 

l 

- l 

lim = 1 ; 

»-«ilogo 

71 

lim n(’lja - 1) =loga, for a>0. 
n— >■» 

Example 0. Prove that tho function 


,11 1 , 

I+ 2 + 3 + - + «' l0S ’‘ 


decreases whon n increases, but that it remains positive. 

««+i - «» = ~n ~ l0 S (» + 1 ) + log » =* ! - log ( 1 + “) . 

but relation (18) with 1 +- instoad of t, proves that 


l08 ( 1+ D > ^rr l 


thus u n+ , < 
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Eolation (18) also gives ■ 

->log( 1 +-'*) =log(n+l) - log n j 
n \ nj 

n i 

y] ~ > log(n + 1) > log n ; 

i r 

tt n is positive. 

Since u n decreases but remains positive, it follows that lim W* 
’* A »-><» 

exists and is not negative ; but the theorem on which this depends 
ia bound up with the theory of irrational numbers, and the discussion 
of it must be left to the companion volume on Analysis. . The limit 
in the present example is called Euler’s Constant, and it is denoted 
by y. Since Wj = 1, it follows that y< 1 j from Ex. IV. e, No. 14, 
it follows that y > -3 ; the actual value is -077... . 

. / aA” 

Example 7, Prove that lim (^coa ~j =1. 

Since cos — — =cos-, wo may assume that aj is positive; also 
n n 

2x x 

a n> — , sec - > 1 . 
it n 

Thus, from relation (18), putting see - for t, 


0 < log ^seo^j 


tV (V CG 

< see — 1 « 2 sec - sin 2 
n n 2n 


W x\ n X . X X . X 

sec - ) < 2 n sec - sin 2 < % sec - sin — 
nj n 2n n *ft 


since sin 0 <0 (see E.T., p. 162). 

But when n— >co , sec - — >1, and sin ~ 


2n 


>0, 


sec -J =0; 


n~*-a 


thus 


lim ( sec . 
\ nj 


*Y = 1, »nd Umf 


COS - ) =1. 
n — *m \ ft' 


EXAMPLES IV. e. 


1 . If 1 < t t < f a , prove that log t t - log / v < - 2 — 1 . 

. 

2. If □ and 6 are positive, prove that log(o +6) - logo > *— yr- 

a ~v o 
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3. If 1 +a; > 0, and x =/= 0, prove that 

y-^<log(l +«)<». 

1 cc 

4. If 0 < x < 1, prove that a: clog-: ;<j — 

6, Provo that c a ^I + «. 

6, Prove that e a c ^ ® < 1. What happens if x > I ? 

1 ■" X 


7. If p is positive, prove that ^ e. 


8. Show that steadily decreases as x increases from e 

upwards. * 

9. If n > e, prove that n*+ 1 > (n + l) n , 

10. Prove that lim - 1 . 


*— >o 


11. Prove that 


lim — lr~ = 0, where p is positive. 

X->m * 


12. Provo that lim x v log# = 0, where p and x aro positive. 

x — ► o 

13. Prove that 1 +i + J + ... + ? -p -- [ -logn increases with n, and 
that it is always less than unity. 

14. Assuming log2 = -G9... , deduce from No. 13 that y > *3. 

15. Find, in torms of y, the limit of 1 +J + ... +~ -logn 
when n -»• oo . 

16. Evaluate lim ( — ^-r+ — rs + *..+^:V 

n -v M \?H-l n + 2 2 n) 

17. Evaluate lim (l -Hi “i + ••• + 2 ^Ti • 

18. Prove: lim ^1 +1 + } + $ + ... + g~-j " 4 lo g n ) = lo g 2 + \ y* 

19. Prove that 1 + 1 3 s + ... -Jlogn tends to a limit 
when n ** do • 
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20. If p and n - I ai'o positive integers, provo that 

log rr^r> r+r~? + 


n + p 1.1.1.' . 1 , n+p-M 


. , , . j. 4. — > log 

n- 1 n n + 1 n + 2 n+p 


and deduce that 


lim (in — ^-r + =logff f 

\n -n + 1 nqJ 

■where q is a given positive integer. 


EASY MISCELLANEOUS EXAMPLES 
EXERCISE IV. f. 


1. Differentiate log {x + y'(a; 2 - a 3 )} with respect to a;* 

f2‘B 1_ 

•5 \/(4x 3 — 9) ' 
x 3 + \ 


2. Show that = 1 log 3 * 


3. Evaluate 


r dx. 


J(aj-l ) 8 

4. Obtain a relation between j x n e a dx and j aj n+I e a; dx* 

1 

5. Find the maximum value of x a . 

6. If y=o cos (log x) +6 sin (log®), prove that 

7. If y =e kx satisfies ^ - 5^ + % =0, find k, 

8. Prove that y =ae~ m sin(m;+a) satisfies 

g + 2»g + (m>+ K >)!/ = 0 . 

d l u 

9. If y -e a sin x, prove that ^ = - Ay. 

10. If y~x K , prove. that ^=**log(«e)« 

11. Evaluate ( e a * sin* bx dx. 


12. Compare the graphs of logo: and log (log x). 

13. Prove that log (e 9 J)< 2 VI where t> 0. 
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14. Napier used the approximation log^ tat $(a , where 

- 1 is small, for calculating logarithms. Express this as an approxi- 
mate formula for log (1 +») if x* is negligible. [The error — Jft 3 .] 
l 

15. Prove that lim aj“ = l. 

x ~ ►«» 

16. Prove that limaj^ssl if x->0 through positive values. 

17. What results can be deduced from logi > 1 by changing t 

z 

into i 2 and into s/f", where £ > 1, Which of the three inequalities 
gives most information ? 

18. If a! > 1, prove that log*<2(V»-l). 

19. Use the relation log(l+f) = F.ra^SU 1 -!^)* 8 
to show that if t is positive, Iog(l + £) lies between 

, i 2 , t(2+t) 

‘-2 and sjmy 

20. Prove that, if x > I, logo; < £ (* • 

21. Prove that, if t > 0, 

4 -s + 5TT^< l0 «< 1+ ^< t -S + r 

22. If p > q, prove that p > 9- 

23. Integrate a 2 e®, and prove that 


*<K 


aj 2 e B * dx <e- 2. 


24. If <>0, prove that jclog(l +.r) dx lies between and 

¥(t- 2). J0 

25. If p and t - 1 are positive, use the relation 


o 


(p ..... logi 

to prove that log t < - . Deduce that if m is positivo, ~jp 
when i co . P 

1/8 

Wliat result is obtained by putting t-e v T Deduce that 0 
when i/-v «, if r>0. 


26, Prove that lim *1. 

n-*»\ x l n J 
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HARDER MISCELLANEOUS EXAMPLES 


1. Prove that 1 *71 > 


EXERCISE IV. g. 
2 1 


dx> MG. 


Jo VO+* 2 ) 

2. If p is positive, show that l p + 2 P + 3 P + lies between 

”!Si < n+ 1 >^i- 1 . 

p + 1 P + 1 

3. Provo that jr -t -A- +T 3 n + ... + — } — lies between those values of 

n a + 1 

tan -1 n and tan- 1 which are between 0 and £ . 

n -r & & 

4. Prove that, if x > 1, (a> - 1) (x - 3) - 2* (x ~ 2) log a) is negative. 

l 

5. Prove that j‘ ynW)*" 1 ' 11 “ Me P onllm ‘ ot U 

6. If 0<a<6 and o<d<0, determine whothor - or ^ is the 
greater. 

7. If x and y are positive and less than unity, prove that 

x 


*(1 -y) < log(l -x) 
y ' ' 


log ( 1 - 2 /) 2 /( 1 -*)' 

8. If l is positive, prove that log(l + Z) > g-^Tpja^ = 2+7 

9. If x> 1, prove that log* > ~ . 

x + 1 

10. If * > 1, prove that log* < j* ds = \ (x - . 

11. If Ms positive, prove that log(l +0 < • 

12. If * > 1, prove that Y*— < log * < 

\X~ri 


v* 

13. Prove that e* < §-i^, if 0 < x < 2. 

A —X 


X - 1 

Vx 


14. Prove that log t < n {’Sjl - 1) where t > 0 and t f- 1 . 

15. Prove that, as t decreases steadily down towards unity, 

increases steadily. Also state this result as a geometrical property 
of the hyperbola *y = 1. 
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16. By putting 1 +~ for t in the result of No. 16, show that ^1 ' 

steadily increases as x inoreases through positive values. 

17. Prove that log {^1 j < 1, if x > 0. 

18. Prove that log(l +x) — ^ + q^ > if ®> - 1, for some value of 0 
between 0 and 1 . 

l 

19. Prove that (1 +»)“-»■ e when x-+ 0 through positive values, 

( 1 \® 

1 + -J -v e when x-+ +oo . 

20. Prove that f 1 bes between £ log 2 and ~ - |log 2. 

JO 1 +35* o 

[See also No. 28.] 

21, Prove that ( 1°^ x , dx = 0 by taking the range of integration 

Jo 1 +{&* 

in two parts, from 0 to 1 and 1 to oo . What result is given by the 
substitution, x=cyt 

i oo 

e~« dx, where n is positive and the existence 

of the integral is assumed, show by integration by parts that 
r(n + l) =nY(n), 

and deduce that if (in - 1) is a positive integer T (m) = (m - 1)1 

23. If f(n) = | x n e-&dx, and assuming that this integral exists if 
n> - 1, prove that /(« + 2) = £(n + 1) ./(«)• 

24. IfB(m,rc) = j a 5 m_1 ( 1 - a?)" -1 dx, and assuming that this in- 
tegral oxists if in and n are positive, prove that 

(i) B (m, n) =B («, in ) ; (ii) B (m + l,n) =“^B (in, n) ; 

JT 

(iii) B (in, n) =2 | o sin am-1 0 cos 2 " -1 OdO. 

Express B (in + 1, n + 1) in terms of B (m, n). 

25, If x> 1, prove that tan -1 ® <^ + ilog*. 

2 

26. If 0 < 0 < | , prove that ooseo 0 < ^ . Also show that the 

W 

integrals j 1 log \d0 and £ log ooseo OdO tend to limits when < tends 
to zero through positive values. 
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27. Prove that log sin OdO = logcosOdO and hence that 

W 

each equals log (sin 20) dQ - ^log2. 

Prove also that 

* * 

Iog8ln20d0=i| o logsin'/rd^- = log si n\}rd\)r. 

Deduce from these results that 


log sin 0 dO ~ - - log 2. 

28. By using the two transformations, x - tan 0 and * = tan 
and equating the results obtained, prove that 



f 1 Iog(l -Hr) 
Jo 1 +3 S 


dx log 2. 


29. If A is the arithmetic mean of tho n positive numbers a u a a , 
... , a n , which are not all equal, prove that 


log (aJA) + log (a 2 /A) + ... + log (a n /A) 

is negative, and deduce that A is greater than the geomotrio moan 
!{/(a ic s ... a*). 



CHAPTER V 

EXPANSIONS IN SERIES 


Power Series. An expression of the form 

o 0 +a 1 j;+o a * a + ... +a r x r -K.. 
is called a power series in x, 

Let <f> n (x) denote the sum of the first n terms, 
then <£ n (a)3a 0 +ajK+a 2 ® a + ... +o n _ I .'B n_1 . 

If, for some or all values of x, lim exists and is, say, <f>(x), 

ii -»» i 

the series is called convergent for those values of x, and f/>(rc) is 
oalled the sum to infinity. Also, the series is called the expansion 
of </>(») in powers of x, and we write 

=a 0 +OjX + a^x 1 + . .. + a r x r + .....( 1 ) 

The most useful expansions are those which are “ rapidly con- 
vergent,” i.e. those in which </> n (a:) is a good approximation to <l>(x) 
for reasonably small values of n. 

It is most important to distinguish between the meanings of the 
following s 

a 0 + a^x + a t x* + , , . + a n _ t a:” -1 , 
and o 0 +a x x +a a a a + ... +«„_! a?"- 1 + ... . 

The first means the sum of n torms of the given aeries, and is 
obtained by successive addition. 

The second means lim (a Q +a t a: +a 2 x 2 + ... +a fl _, if this limit 

H-VW 

exists, and is undefined if this limit does not exist. Sometimes, how- 
ever, the second is written down when it is merely proposed to 
discuss the existence of the limit. 

The Geometric Progression 5 l-x+x 1 -* 8 -!-...* 

<£„($) s 1 -® -fa- 2 - ... +( - l) n_1 x ,, ~ 1 
1 - ( — a:) n _ 1 ( -l) n .a:" 

~ 1 -( -x) “ 1 +x~ 1 +x 

But, if - 1 < x < 1, lim a; n =0, see limit (i) below ; 
n-*“ 

A <Mx)=lhn tf> n (x) 

n->» 1 

77 


( 2 ) 
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Therefore, if - 1 < a: < 1 , the power series I —x +#* -#* + is 

convergent and has for sum to infinity, 

1 +£ 


Two Important Limits. 

(i) If -1<x<1, lim x n = 0 

n— >■» 

Consider first 0 < x < I ; put x = 1 -p, so that 0 < p < 1. 
Then 

*"=(1 ~p) n < since (1 -p)(l +p) = l -p a < 1 , 

1 I 

— < — , 


.(3) 


1 + np np 

x n can be made less than any given positive number, «, by 
taking n large enough, (n > ; but x n is positive ; 

a n -> 0 when n « . 

Also ( -ai) n =( - l) n . x n ; therefor© the result holds also for 
- 1 < x < 0. 

< 4 > 


lim — - = 0 . 

n— ► to n 1 


(ii) For all values of x, 

Consider first x > 0 ; take any fixed integer k greater than 2x. 
Then, if u flS ^, 

_ X 1 , %fg __ g i , U k+3 1 . , c 

u k ~h + l <h ^k + i <h ’ 

by multiplication, u k +r < {^) r . u k ; but u n is positive 5 
by (3), lim « fc+r = 0 ; lim w„=0. 

f — V CO n — > 03 

Also, as in (i), the result can be extended to all negative values 
of x. 


The Symbol |x|. It is often convenient to use the symbol |a?| to 
denote the value of x if x is positive and the value of -x if x is 
negative. 

Thus, the condition - 1 < x < 1 is written more shortly in the 
form | * | < 1 ; the statement that * lies in the range of values 
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a-t. to «-+£ is represented by | a; -a | < e ; the positive square root 
of a 3 may be written | a | ; eto. 

The statement in equation (3) above would therefore often be 
given in the form' : 

if \x J< 1, lim x n =0. 

n->-» 


Expansions of sinx and cosx, We proceed to expand Bin a: and 
cos a; in power sories, and for the sake of oompletenesa wo include 
the fundamental results upon which the proof depends. 

If 0 < x < Jtt, and the angles are measured in radians, we assume 
that 

am® 

COB X < < I. 

X 

When *->0, cos*-*- 1, thus ^-^->1. Since the value of 
sin x . x 

— is unaltered when a; is changed to -x, it follows that 

a fi) J2 3? 

lim ~ 1 when x-> 0 in any manner. This result is required for 

the differentiation of sin a; and cos x. 

By the definition of a differential coefficient, 

d . sin(aH-fc) -sina; .. 2cos(o:+i/i)sin ih 

ft-vo h a-+-o * 

.. sin ih 

=cosa. lim -~- = eos!B. 


h-yQ 


ih 


cos x =sm ( - - x 


Similarly, — (cos x) =a -sin®, or this may be deduced from 

tv3f 

Also, results like 

^ (tan«o =*»■*, £<* n -'*=rh 

may bo derived by the usual processes of the Calculus. 

If f(x) is a one- valued integrable function of x which is positive 
for 0 < :«< a, then the function fi{x), defined by 

where 0 < x < a, is also necessarily positive. Similarly, if f t (x) is 
defined by fX 

/.(*>• 
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this new function is also positive, and by continuing the process wo 
get a series of functions all positive in the range 0 < x < a. 

Now take f(x) s® -sin x, and suppose that x is positive: then 
f(x) is one-valued and positive, and therefore 

! * e 3 

(t - sin t) dt = + cos x - I, 

0 z\ 

f® x a 

A(x) B j o /i (t) dt = - + sin x-x, 
h (*) s ] 0 A(t)dt = - - cos a + 1 - ~ , 
ft (*) s J 0 fa(t)dl =|j - sin % + x - ~ , 


nre all positive. Thus, ij x is positive and p is any positive integer 

x* v ~ x 


a; 3 a 6 

sin x >x - — a — • - — ■ . 

3! 6! (4jj-1)1 


and 


x a x * 

80y . 


= 5 2j> , say ; 

x tPH 


These inequalities may bo written : s tJt < Bin a < s 2j)+ , ; 

0! 4 P+ l 

.. jy,- 

®«+i 


But by limit (ii), p. 78, 


t r. -» 0, when p —> cc , 


(ip + 1)1 

Also Sjh+i ~ sin 3 is positive; s 2j)+1 -> sino: when p-»-co. 
Similarly, since 

0 < sin x - a lf> < s 2p+ , - a Jj)t s 2j) _> sin x when p~> oo ; 

sin x is the sum to infinity of the series, — — — -u - — , 

' 11 31 51 

When x is changed into -x, every term of the series ohanges sign, 
and so does sin x. Therefore the result holds also when x is negative | 
it is obviously true also if e =0. We have therefore 


. X X 3 X 6 X 7 

sin x = - - ~ + + 

II 31 + 61 71 + 


(fi) 


for all values of x. 
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Similarly, from tho relations on p. 80, 

, a: 3 x* 

““ > 1 " 2I + 4i- -(4p-2Tl" Cl »' B “ y - 


«■ a; 1 


X 4V~2 


,.iV 


and cosa;< I — 

21 41 (tp-2)\' (4p)\ 


B «« P +,» sa y« 

x iv 


Hence, c a# < cos a < c 2j , +l , whcro c aj}+l -c 2j 

Thereforo, by tho same argument as before, it follows that 
c 8 „ +l ->■ cos x and c 3v cos x when p ~y oo . 
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Wo have therefore 
for all values of a;. 


C03 *~ 1 - 2 j + 4T6i + ' 


(0) 


Note. Attention should bo called to a crucial point in the argument used 
in these proofs. Thofaotthat lim («jj>+i -s tT >) -0 shows that if either s J1)+1 

p—yvi 

or s ai) tendB to a limit, the other must tend to the same limit; but it docs 
not ensure that eithor of them actually tends to a limit. It is essential to 
prove that the limit exists. This is done by the inequality, 

< sin a; < 

whioh shows that 0 < (s,„ +l - sin®) < (/? tpn -s a „), and thereforo 
lim (a iV+i -sin®) =0. 

p-»CO 

Hence s 2P+J ->■ sin ®, when p -»■ oo . It then follows that s 3P -*■ sin ®, or this 
c/m be proved in the same way. Doth these results are needed to show 
that the sura to n terms tends to sin x when ?i -+■ oo , 


Example 1. Calculate sin 30° to 4 significant figures. 


sin 30° =sm 

6 6 


7T* 7r‘ 

6*73! + 6*75l~‘" 


= 0-62832 - 0-04134 + 0-00082 - ... j 


Also, with the notation of p. 80, 


fig - Bin x < s 3 - s 4 = — <10-®! 


r 7 
5 7 /7! 


sin 36° =0-6878 to 4 significant figures. 
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Example 2. Find tho first three terms of tho expansion of tana 
in powers of a. 

Since tan ( - a) = - tan x, tan x is an odd function of x. If then 
we assume that tana can be expanded in powers of x, the expansion 
must be of tho form tan»=A» +Bx 3 +Cx 6 + ... . 


( rg2 \ 

1 ~ "2! + Tl ” " ' ) ” tan X ' 008 X 

, x * 3 aJ 5 

=Blna, = Ii-8l + 6l-"- 

Equating coefficients : A = 1 } B ~ $A == ; C - £B + -y T A = } 

A = l, B=-^, C= T *^j tan aj=w+-5a.’ 8 +xV e8 '**••• * 


It should be noted that this process does not prove that tana; can 
be expanded as a convergent power series in a. This is, however, 
true, and, for small values of a:, x, x +^x 3 , x + ^a; 3 +tV u8 ' tu ’° 
successive approximations to tan x. 


Example 3, Show how to expand cos 3 ® and sin 3 x in powers of x. 
Use the formulae : 2 cos 2 x = 1 + cos 2x, 4 sin 3 a; — 3 Bin x - sin !bc. 


Example 4. Solve cos 0—0, approximately. 

Inspection of a rough graph shows that there is only one root and 
that its value is approximately 0-7. For a value of 0 of this size, 
we have cos 0 = 2 = 1 -^0* ; 1-P 2 ===0; 

0* + 20=2=2; (0 + 1)* =2=3} 0^±V3~1} 0=2=+ 0-7. 

Put O—O'l+a, then cos(0-7 +a) = 0-7 +a ; 

cos{0-7)cosa -sin(0-7)sina=0-7 +a, whore a is small j 
cos(0-7) -a. sin (0*7) = 0-7+ a, approximately; 


a 


0-705 -0-7 
1+0-044 


— 0-04 ; 


0 ^=0-74. 


A closer approximation, 0=2=0-739, could bo found by putting 
0 =0-74 +/3, and repeating the process just used. 


EXERCISE V. a. 


Find the sums to infinity of the series in Nos. 1-6, 


1. 


i-i + I-.... 

II 3 1 ol •••* 


2 . 
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SP 2 s , 2 i 6 

srer'”’ 3!~6t + 7! “••• 


7T* 7T 4 

2.4 - 2.4.6.8 + 2.4.G.8.10. 12 ” 


6. Show that the positive square root of the sum of 

1+ n-rn + ii-- i8the8um " t2 -|i + li-n + -- 

7. Calculate from the series the cosine of 1 radian, oorreob to 
3 significant figures. 

8. Calculate from the sorios the sine of 3°, correct to 3 significant 
figures. 

9. Prove that tans -sin®= 2 =£® s , if ® is small. 

10. Prove that sin 2 0=2=0 a ^l ^ ® is small. 

11. Express * cosec ® in powers of «, neglecting a 8 and higher 
powers. 

12. Express sin +®)cob® as a power sorios in ® and give the 
general term. Also express it as a powor series in ^ +®. 


13. Find the gonoral term in the expansion of cos 3 x in powers of x. 

14. Show that fl differs from 0 by about when 0 is small. 


15. Find whothor tan® -24 tan '= or 4 sin ® - 16® is the greater 
when x is small and positive. ^ 

16. Prove that lim ( - cot 3 aA = |. 

a; _»o'' a: / 

.„ T f • ii . sin0+sina , , , 0 

1 sm(y+a) 2 

18. Find an approximate solution of cos 0=20. 

19. Find an approximate solution near to ~ of tan 0=0. 

20. If tan (0 -</>)=( 1 + A) tan <j> and A is small, prove that one value 
of tan</) is approximately (1 - JjA)tang. 

21. Provo that, for 0 < x < tt, 

(i) 2(1 - cos®) >®sin®i (ii) ®(2 + cos®) >3 sin a. 
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22. Provo that - an X - > -r^— , when 0 < x < ? * 

a; sm a; * 

23. Prom sin 0 = 0 -g^+ gj - » obtain tho successive approxi- 

mations, O^sinO, 0 =c= sin 0 + 1 sin 3 0, O^sin 0 +£sin 8 0 +Asin i fl, 
0 being small, 

24. If iil = <l) -£Bin '/>, and « a is negligible, provo that 

$ = nl + e sin nt + ie 2 sin 2n/. 

25. By tho method of p. 80, show that, if x is positive, e® - t, 
e* -l -x, e® - 1 — a — — , ... , &*- 1 ~x - ^ - ... are all positivo. 

26. By tho method of p. 80, show that, if a: is positivo. 


„ , X ® a X 3 , 

6 “ 1 “11 + 21 3! + " 


The Logarithmic Series. In equation (1), p. 77, a Q is tho value 
of <j>{x) for 33=0, and a 0 + a,x is its approximate value for a small, 
positive or negative, value of x. Thus the fact that log x is mean- 
ingless when x ^ 0 suggests that it cannot be expanded as a powor 
series in w. But the function log(l +x) is capable of expansion for 
a certain range of values of x. 

Using the sum of a o.p. given in equation (2) we have 

1 , ( - a:)" 

We shall suppose that y is a positive number ; then 

fl+V 1 (V l 

log ( 1 + y)s 1 = l dx, by putting < = 1 -i-x, 

Jl t Jq L +35 

= ( V |l -aj+x*-... + (- H-Ll^-|da: 

*=y + 1 ton terms +(- *)" j fl ” l(7) 

t V X n (V 1/ n+l 

Also K e \ - — - dx < l x n dx = : ; 

V+* Jo n + 1 


if y ^ 1. 


K < 


— - and -> 0 when » -> co , 
n + 1 


from (7), 

log ( I +y)= lim \ y - ~ + y - - ... to n terms}, if 0<y (8) 

»-+» 1. * •» J 
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Again, if 0<y < 1, 

fl-v i f*' 1 

- log ( 1 ~y)~ - 1 -dt-\ dx t by putting l~ 1 -#* 

Jj t ) Q 1 — X 


8 H 


a:’ 1 1 

1 +:b +a; a +... + s , '- J + T — V dx 
1 - x) 


Also 


-tt 

V* i / 8 v n (V x n , 

-*+ s 5 +i + - + ^ + J 0 r^^ 
h ~ < r i~~~ ' 

Jo 1- * Jo 1 -!/ 


.( 0 ) 


1 y n +' 


1 


since 0 < 7 / < 1 , H < r . , .. 

1 -y 7v + l (l-y)(n + I) 

and H -> 0 when n -* to ; 

.*. from (9), 

-log(l -y)= lim (y+^ + ^ + ... to n terms), if 0<y< 1 . ( 10 ) 
n-t-oQ i * o J 

The results of ( 8 ) and (10) may bo combined into the single 
statement that log(l+») is the sum to infinity of tho aeries 

X --£+ 3 - provided that 0 < x ^ 1 or - 1 < x < 0. Also the 

rosult is true for ®=0. Wo therefore write 


log(l+x)=x- 2 + if -l<x^ 1 (II) 


Note. Care must bo taken about tho insertion in (11) of snub a value 
os - 1 + - for x. This gives a true rosult if « is positivo. If, however, it 

were now proposed to make n -voo, it could not be assumed that, either 
side had a limit, or that if the limits existed they must bo equal. Actually 
in this ease the limits do not exist. 

The proof above that H -+■ 0 definitely requires y < 1 , not moroly y ^ i, 


•m . , , k* a* x* 

From log(l +:e)=a: 

and log(l -®) = -°£~. 

by subtracting and dividing by 2 , wo have 

, . 1 + x x 3 x 6 x 7 

| log f — =X + g + -j- + if + ... 


<-i<**s 1 ) 

{-l^x< 1 ) 


f - 1 < x < 1). 


( 12 ) 



86 ADVANCED TRIGONOMETRY 

An alternative form of this result is obtained by putting 

1 +a> y - 1 

y~~~ =V> then x - —py ; 

••• s ta *»-C-ir) + iC-ii) ,+ sfe) ,+ - 

Equations (12) and (13) may be used for the numerical com- 
putation of logarithms; convenient methods of proceeding are 
Indicated in Ex, V. b, No, 4 and Ex. V. e, Nos. 17, 18. 


Example 5. Find the sum to infinity of 
2 3 4 


; + 


: + ■ 


The n‘ h term is 


1.2.3 3.4,6 6.0.7 
n + 1 


+ ... . 


(2»-l)2»(2n+l) 
Partial Fractions (see p. 231) in the form 


, and may bo expressed in 




i 


2 n - 1 2n 2 n + 1 
the sum to n terms is 


j( 1 +|+l + ... + ^i ri )-Q+j+...+i) + jQ+j + ... + 2^ i ri) 

When n-j-.oo the limits of the two brackets are log 2 and 1} 
the sum to infinity is log 2 


EXERCISE V. b. 

1, Write down the sums to infinity of the series 


... . 1,1 1 , .... 1 11 
(l) l "o + g ~j + » ( u ) § - 2 s . 2* 2 3 . 3 


1 

2*74 


+ ... ; 


2 1 3 4 

(m) 3 + 3373+3576+37^ + .... 

2, Prove the following results, finding the conditions under which 
they hold : 


(i) log (x +a) = log«M 


(E 3 

+ o"JTs ~~ • 4 • » 


a 2a 2 3a 3 

(ii) log « - log y + . .. I 

... 1 1 1 2 2 
f 1 ") 'ft + + 3^8 + s ’% c ~i + 3(2r» - ! )* 


+ .... 



EXPANSIONS IN SERIES 87 


3. Expand tho following functions as power series in x, giving 
felio coefficients of x n ancl the conditions of validity : 

(') lo 8(l“-§); (ii) log{(l-*)(l+8*)}| 


(iii) log(l +6.1! fQs: 3 )} 
(v) log {x + 2); 


(vii) log 


1 -2®V 
1 5 


(iv) log(® a +2» + l)j 
(vi) log (i! a + 3a; + 2) } 

(viii) log(l + a:+as a ). 


4. (i) Use series (13) to calculate log 2 to 4 places of decimals j 

(ii) Use series (13) to caloulate log §, log and log eaoh 

to 4 places of decimals { 

(iii) Use the results of (i) and (ii) to obtain the logarithms of 

3, 4, 6, 0, 7, 8, 0 and 10 ; 

(iv) Prove that log 10 N =log l( N+-log (l 10 and use tho results of 

(iii) to deduce the corresponding logarithms to base 10. 

6. What is the coefficient of x n in the expansions of the following 
functions as power series in x and for whab values of x are tho 
expansions valid ? 

(i) (1 “2*)log(l — 2as) ; (ii) (1 +8®) a log (1 + 3a?) * 

(iii) (1 -01) log (l +"j~) * 


8, Givon that |cc| < 1, find the sums to infinity of tho series whose 
nth terms are 


(i) 


n»i! fl + 1 


(ii) 




(iii) 


n + 1 ? ' ' 2n(2 n-l)’ 

* + 1 . 1 

7. Express log--—; in powors of - when |n;| > 1. 


(~E) n ^ 
n(n + 1)* 


8, Express 21ogn -log(n + 1) -log(n - 1) as a power series in 
- when n > 1. 


9. Express log (a +2) -2 log (a + 1) +2 log (x - 1) - log {x - 2) as a 
2 

sories of powers of -j— , and find for what values of x tho oxpansion 
is valid. 

Sum to infinity the following sories : 



1 2*2 3 * 


1 

3.4 


+ ... . 


11 . 


1 .2“ 2. 3*3. 4 


12 . 


1 

1.2.3 


2. 3, 4*3. 4.6 



88 


ADVANCED TRIGONOMETRY 


13, 


■ i+ > + > + .... 


1 ,2.3 T 3.4.5' r 6.G.7 


14, 1 2T6 + 3 !7 + *'* 


16, 1 .2.3 + 2.3.6 + 3T4T7 + — ’ 


16. Prove that log | cot JA |=eos A + ^cos 3 A + J cos 8 A + ... unless 

A «=n 7 r ; deduce that the sum to infinity of 1 + ,JL + '0 

log 3. 

17. Evaluate lira ( 2 IgiMl +«) + ( 2 -a?)log(l -«) 

%-y 0 X K 

18. Evaluate lim 1 -«H-log« 

k->i 1 - \/'{2x -x*) * 

19. If oilog® +a - 1 =«, whioh is small, prove that x = 2 = 1 H-Je -iV 1 * 

20. Find approximate solutions of the equation 8 log® =2*7 - - . 

' ® 

Gregory’s Expansion of tan _ 1 x. From tho sum of a a.P., equa- 
tion (2), p. 77, we have 

1 /Jilin 

_ = 1 _»! +#* - ... + ( - lp-l**-* + ( - 1 )« -1— j 

rv 1 y 3 ,,a v zn-\ 

- *’”»'■ 8 + 6 -• + < - + < - 1 > n 

, (V X* n 

where K= -dx. 

.'o 1 +» 

If — l^j/^+1, the numerical value of K < ( x in dx = — - — ; 

J 0 2» + l 

K 0, when n — > oo ; 

.*, the sum to infinity of y-~ + v“... is — — *dx. 

3 5 J 0 1 +® 4 

S y 1 

7 - 7 — 5 do; is the value of tan -1 y between - — and + -: 

0 1 + o; J J 2 2 


.'. tan l y=y-^- + —- 

i y 3 f 5 


.(14) 


provided that - 1 < y ^ 1, and that tho value taken for tan' 1 !/ lies 

in the range from - - to +%, inclusive, 

4 4 
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Evaluation of rc. By using (14), wo can obtain v as the sum to 
infinity of a series. Putting y = l, wo have 


^•7r — 1 --£ + j~y + ...(15) 


This series convergos so slowly that for practical calculation it is 
necessary to employ alternative sorios (Ex. V. c, Nos. 3, 4), 

The reader should verify the following results : 


(i) Hackin' s formula, 4 tan~ 


5 


- tan -1 


239 



(ii ) Rutherford's formula , 4 tan -1 p - tan -1 4- tan- 1 = ~ . 

« / v yy *x 

These give tt ns the sum to infinity of rapidly convergent series. 


EXERCISE V, c. 


1. Find the sums to infinity of 

(i) 1 ~ 372 ^ 6 ^ 2* -- 1 

(ii) ( l-3-*)-i(l-3-t)+Ml-3-*)-.... 


2. Give the sum to infinity of tan x - ^ tan 3 x + fa tan 5 x - ... when 


... 3tt _ 57t 

Mt < x< T 


.... In 9ir 
(11) T <*<-£ 


IT TV 

(iii) nv - -g < x < nrr . 


3. Calculate v to five placos of decimals by Machin’s or Ruth or- 
ford’s formula. 

4. Calculate tt to four places of docimals by tho formula. 


j = 2 tan -1 )f + tan -1 

5, Simplify tan -1 £ + tan -1 J and use tho result to express tt as the 
3um to infinity of a series. 

6. Find the sum to infinity of 



7. Find, when possible, the sum to infinity of 

*+&® 5 + 4 ^ + A* M +••• • 

8. Expand, when possible, tan -1 ( ^° 3 E -- — ns a power sorios 

in tan 0. Ws 0 - sin Of 1 
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9, If y s=(c w *g* +-g > and x is so small that x 7 is negligible, obtain 

i/ 8 w 8 2t/ 8 

the successive approximations x^=y, a; — y + w > :s— y+V+wv-* 
Interpret this with x =tan 0. d 

10. If e is small, prove that one root of tan -1 x = e -x is given by 
* ie + ^6 3 > and find the next approximation. 


The Exponential Series. 


If we assume that the function exp (x) or .e® 
the form 6X p ^ =e® =o 0 ^. 0ia . + a^ 8 + ... + a f 


oan bo oxpandod in 

x r + ... 


and if we also assume that 




and that wo may continue to differentiate in this way, it is easy to 
find the values of o 0 , a v o 2 , ... . 

Putting x =0 in the first equation, we havo 1 —a Q , 

The second equation is 

e®=0! + 2a a ® + 3a a ®* + 4a 4 ®* + ... . 

The equations obtained by continuing the procoss are 
e® = 1 . 2o 8 + 2 . 3a 3 a: + 3 . 4a 4 a: a + ... , 
e® = 1 . 2 . 3a s + 2 . 3 . 4a.,.T + ... 


Putting x = 0 in these, wo have 

1 =a„ 1=1. 2a a , 1=1.2. 3 o 3 , . . . j 

. ' , , 1 1 . 

.. = a i = 1 » a * = 2t* «3 = 3j» otc. 

Therefore the expansion is 

« P (*)=tf.=l + ‘ + ** + ^ + ...+^ + (10) 

But the assumptions stated above are not easy to justify. A valid 
process which sometimes replaces this method is based on Maclaurin’s 
Theorem. We shall now, however, proceed to obtain tho result by 
a different method, based on integration by parts. 

X x^ x^ 

To prove that the aeries 1 +-r; + xr +...+— + ... is convergent for 

11 21 rl 

all values of x and that its sum to infinity is e®. 
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f® 

Put n n == l e~H u dt, n being a posifcivo integer. 

Jo 

If n>\, w « = [ “ e “* • + | e_< * “ ~ e - ®. a: n +n . 


■ — e° 


**n-i u n 


((ft ~ 1)! n\ J 

If n = 1, + j o~ l dt = -e"®.a; + l ~<r*| 

l+a=e*ll *' ' 


ti r 


by adding the results for n = 1, 2, 3, , in, 


, & a® x m „ , 

!+ h + ... + e« i 


ml 


II 21 

tlm 

We shall now prove that lim — ~ =0. 

m-v«> ml 

Consider first x> 0 ; then for 0<t<x, e~ l =- < 1 j 

e { 

... 0 <af-[ , .-.,e. (# <c^*- « sl, 

ml j 0 ml J 0 wl (m+l)l 
u 

,*, by limit (ii) on p. 78, 0 whon m-* oo . 

Next suppose x < 0 and put x=> -y bo that y > 0. 

r-y /m ,y 

ml ] 0 ml Jo ml 1 

But for 0 < a < y, e 3 < e v j 

fV rV s»n 1/WI-H 

0 < e 3 . — ds < eM — ds = fl* r—jr. J 
Jo ml Jo ml (m + I)t 

, rV g m 

by limit (ii) on p. 78, l e 3 . — -da—> 0 whon m— >■ « 
J 0 ml 

^ -> 0 when m -> oo . 
ml ■ 

The required result therefore follows from equation (17), 

Calculation of e. Putting a; = I in (10) wo have 

1 , 1 , 1 
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e is groator than the sum, s fl , to n terms of this series; but 


1 

~ 8 n -.Ti + ; 


1 


+ ...+■ 


1 


l,+ * »! ' (n + l)l (n+p-l)I 

^ 1 _/ 11 1 \ 1 1 ] 
< nt\ + n + n fl + + n v ‘~ 1 ) < n\ 1 — (n-l).(n- 


I — 
n 


D! 


and as this is true for all positive values of p, it follows that 

< 2 

"" (n-l).(n-l)!' 

For example, taking n = 10, we get 

. , 1 , 1 , 1 /, 1 1 1\ 1 
,+ ri + 2i + - + oi < '«( I+ n + 2i + - + oi) + oi' 

and this is found to give the value of e to 0 plaoos of decimals. 

(6 = 2-7182818... .) 

i Vo<e. If a function /(p), which — > a limit l when p -+ °o , satisfies 
the inequality f(p) < K for all values of p, K being independent of 
p, the correct conclusion is not l < K but l K. Thus in the above 

work the conclusion e-s_<- — — would not bo justified ; 

" (n - 1) . (n - 1)1 
it can however bo proved thus : 

1 1 1/1 1 IN 

Vj> *» < n! + (» + l)| + nlU ,+ n a+ '" + n*’-y 

= Ifl 2,1 1 \ 1 1 

n!\ + n n 2 + "' + n v ~ 1 ) n.nl ^(n + l)l 


1 


1 1 

•J* - — — tt:» & b above, 




(n-l).(n-l)! n.n! (n + l)l 
1 1 

< 


1 


(n-l).(n-l)! n.(n + l)l (n- !).(»- 1)1 


Nature of e. It is easy to see that e is not rational. For if 
e where p, q are integers, s 0+1 < e =- < s.,, + — 2— and multi- 

*f Q w ' (J , Q J 

plication by f?!givo3 K<jj.(( 7-1)1<K+2, whore K is an intogor, 

1 

but p.{q- 1)1 is also an intogor, so tho inequalitos cannot ho truo. 
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The Compound Interest Law. It was proved on p. 64 that — => c x , 

clx 

We shall now show that ©very function y which has tho property 
dy , 

— —y is of tho form Ae® where A is constant. 


11 55=5' ••• *=J~<*i/=io S2 /+o. 

and, if we put C = - log A, we have 


» - log y - log A =log ^ y =Ae*. 


The equation ~ —y moans that y is a function whoso rate of in- 
crease with respect to x is y. This is tho rato that occurs if money is 
lent at Compound Interest at 100 per cent, por unit tlmo, the interest 
being added continuously, Tims if £A is lent under those conditions, 
and tho unit of time is a year, tho amount after rc years is £(Ac®). 

If tho intorost is compounded at intervals of -th of a year, tho 

* . 100 

amount after kx poriods for oaoh of which tho intorost is por cent, 
would ho £|a^ 1+~^ j. For continuous addition of intorost wo 
mako k oo j we may therefore oxpoct that 



lim ( 
k-> » 

t i \ kx 

Vi) 


Writing 

- for It, and successively x , -x, for y, we have 



lim 

n->« 

(•v.)"- 

(18) 

and 

lim / 

n_va> ' 

f x\ n 

I--) -e- s 

v n/ 

(19) 


Formal proofs of those limits will bo given in tho companion 
volumo on Analysis { another method of proof is indicated in 
Ex. IV, g, Nos. 16, 16, 10. 
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Example 0. 
series 


which, if r > 1, 
Thus, by (i), 
and (ii) gives 


Find (in terms of e) the sum to 


I 4 7 

II + 2! + 3! 

rth taring 

ri 


+ ... 


3r 

Z r\ 



3 2 

~~ (r - 1)1 rt* 
2 

1st term == 3 - ^ , 

3 2 

2nd term = j-j - » 


infinity of tha 

(0 

<H) 


3 2 

nth term = ; — ; i 

(n-ljl n\ 

,\ the sum to n terms is 


l 1 1 ■( 

„ ( 1 1 1, 

,1\ 

t 1+ TI + 2I + - + <»-l>l) 

2 \ll + 2! + 31 + ** 

+ n\) 


When n ->qo the sums within the brackets tend to e and to (e - 1) 
respectively, thus the sum to infinity = 3e - 2 (e ~ 1 ) = 0 + 2. 


Example 7. 


Find the sum to infinity of 
„ 2.0 3.7 4.8 
e+ 'TT' + -2T +- 3T + "‘ 


If r > I, the rth term is 

r(r+4)_(r-l)(r-2)+7(r-l)+6 
(r - 1)1 (r-l)l 


and this, if r > 
and this, if r> 


2 , 


3, 


r -2 

>-2)l 

1 


(r-3)l 
The 1st term is 


7 

+ (r-2)! 
7 

+ (r-2)i 

5, 


+ 

+ 


6 

(r-l)l’ 

6 

(r-l)l 


the 2nd term = 0 + 7 + ^ by (i), 

the 3rd term = 1 + n + ^ by (ii), 

the 4th term = fj + ^ b y (iii), 

and (iii) gives all the later terms. 


..(i) 

.(ii) 

(iii) 
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Thus the sum to infinity is found, by the method of Example 6, 
to be e + 7e + 5e = 13e. 

Note. In the above example, the exceptional terms at the beginning 
of the series could bo found by (iii) if conventions were made to the effect 

that 0l=i I and =0 when® is a negative integer, The reason that they 
can be found in this way is Bhown by (i) and (ii). 


Example 8. Find, by suooossivo approximations, x in terms of a, 
when &+e® = l +a, and a is small. 


2 *= a -2T3r-- 

For first approximation, neglect a 2 j then 
2®=aj x=^a. 

For second approximation, nogloct a 3 ; then 


2x ==a - 


a> 

2 ) 


o‘ 

21 \2J ' ? 5 

For third approximation, negloct a 4 ; thon 
J_/a_a a \« __1 
21 \2 itij 3 


a a* 

®-a“To* 


2x =o 


a\° a 2 a* 

2> = “-8 + M ; 


_a a 2 a 8 
*“2“ 10 + fU2’ 

For fourth approximation, negloct a 8 ; thon 

\ /a „2 \8 1 /n 


2m =a - 


21 


a a 2 a 8 \ 8 
2 ~ 16 + 192/ 


\ 

200 


1 /«_a 2 Y_i/ aS 
3i\2 TO/ 4! \2y 


a‘ a 8 a® 

= “~ 8+00+2 


__L _L 1 1 \ =q o» 


a* a* 

1 02 + 04 “ 102 ) ° ” 8‘ + 00 + 1636 ! 


_a a 4 a 3 a* 

“ ^ “ 2 “ To H * 192 + 3072 * 

and so on. 

EXERCISE V. d. 

Find (in terms of e) the sums to infinity of the sorios in Nos. 1*16. 


,.111 

1 ‘ 1 “ lt + 2l“3! + *** 


rt + ^i + sv f ' - • 
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3. 

, 2 3 4 

1+ H + 2! + 3! + "** 

A 1 L 2 . 3 , 

4 ' 21 + 8l + 4l + "** 

5. 

!! + 2\3\ 

2r 3r4i +,,, ‘ 

6. l+y]+|i + .». 

7. 

A+1+1+' . 

3r or 7i + 

8 ' 1 + 2l 41 ^ 0l 

9. 

1 . 1+2 . 1+2 + 3 . 

11 + 21 + 3! 

in 1.1+2. 1+2+2* . 

11. 

ja 2® 3 s 

2! + 3l + 4.l + ,,,# 

l a 2 9 3 a 

12 ‘ 3l + 51 + 7! + -‘ 

13. 

3 8 13 18 

2! + 41 + 61 + 81 +,,, ‘ 

., 1,3 2.43.5 

14 * 2 ! + 3i + ir +M -* 

15. 

I s 2 8 3 3 

rr2i + 3i ' 

Ifi 28 38 4- 48 

10 * ii 2r3i 


Find the values of the following t 

17 - ( 1 + £i + it + -) “( 1 + Ji + Si + -)* 

18> (^ + j! + ^ + -)^( l+ ^i‘ , Tt + ri + --)’ 


Find the sums to infinity of the series whoso rth torma avo 
r 4 on l 8 +2 a + ...+r a l 3 + 2 3 + ... 

(r + 1)1 ‘ ZU * r\ ' l ' (r-r 1)1 


19. 


22 . 


x T 


23. 


x r 


24. 


25. ,• 


& r 

;t).ri 


<f+ 1)1 ' “ w ‘ (r + 2) .rl ’ (2r + l)l ' (r 

Expand the following in powor sories, giving the coefficient of 


in each 

26. e® (2 + 3®). 


27. 


1 + 2x + 3a; a 


28. 1 + 


(s + 1) 

1! 


(a? + l) a 
21 


+ .. 


29. 


e 6 ® + e® 
e 3 * * 


30. e l *(i+2aj-4a3 a ). 

31. Sum the series (a a -y a ) ” (- 1 -’ 1 “ V*) + t*® ”2/°) “••*s 


32. Sum the series 


log 2 (log 2) 2 , (log 2) 3 
11 " 21 + 31 


33. Find the coefficient of x i in (e®+6 - *)". 

34. Evaluate lim {e® +log(l + 3 ) - 1 - 2.b)+-:c*. 

*-*o 



EXPANSIONS IN SERIES 

36. Evaluate lira ^~zr ^ fv • 
x~n logaj — ro + 1 

—L. Q~> 

36. If x is small, prove that (1 +a,’)i~ a; £:l -\-x +« a +-o~ « 

37. Show that (i) e® < » if 0 < x < 1 ; 

(ii) s® < .if 0 < x < 2 ; 

and oxamino the results when * is nogativo. 
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EASY MISCELLANEOUS EXAMPLES. 
EXERCISE V. 0. 

1. Give the sums to infinity of » 


. 7T , w 

(l) 1 ~ 81'*' cT 

(iii) 1 §73 2 9 Tfi ^ 2 3 T7 

(v) ^i + ri + b1 + - J 


(il) i -i + J -3 

(|V) 1 “373 + 5T^"77^ + 

^ vi) rt + bi + ifi + -- 


2 2 3 2 5 

2. Show that the sum to infinity of 7j}“ £*j + qj - • •• * 3 tllQ B«l nar ® 
of that of 1 - ^ +^j - ... • 

3. Provo that OcotO^ 1 - JO* 0*, if 0 is small. 

4. Show that the error involved in replacing 0 by ^ ^8 sin j? - sin 0^ 

m 

is about 7,,y; if 0 is small. ITonco solve sin 0 = $0 approximately, 
dou 

„ , . sin 0 -sin (0 -f- 2a) + sin a , , 

5. Firnl an appro*, mat, on to OOB 0 Z m3 ( r^TT^a when “ 18 
so smull that a 3 is nogligiblo. 

6. Provo that 7?™ = V( C( > S 0), if 0 6 is negligible. 

7. If cos (« 0) = cos a cos </> - cos /lain a sin whoro r/> is small, 

prove Unit one valuo of 0 is nearly </>cos/j + %<j> 2 co tasin a /3. 

8. If « is small and positive, prove that *~t = ^sin 2 a: has throe 
roots. 

A.T O 
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9. Show that 0=yg is an approximate solution of 

lGsin 0 = 120 + 1, 
and find a better approximation, 


10. If a: is small, and e® tan ^ =a, provo that 

2 * 


x 2 a - 4 a* + 


34a a 112a* 


11. If 0 is small, and Ocot 0 = 1 provo that 0^ -\/(3e) , ^1 7 

12. Prove that the sum to infinity of 

1 + G + 5)i + (i + s)^ + G' f ^ B+ "‘ i3 ilog12 * 

13. If n is positive, prove that the sum to infinity of 
1 . 1.1 




1 . 2 (n + l)' r 2 .3 (n + 1 j* + 3 . 4 (n + l ) 3 


+ .M 


14. Expand as power series in x, giving tho general terms} 

(*) l °s(l +“ 3 ); (ii) log(l -a 3 +a;*). 

15. Express log(a: +y) -log(a; -y) as a series of powors of 

stating when this is possible. ® 

16. Express 21og(;r +/i) -logic -log(a: + 2/t) as a sorios of powors 
of and state when this is possible. 

17. Prove that log 10 = 31og 2 +2^+ g—jp + g— + • ••') and hence 

evaluate log 10, given that log 2 = -693147. Deduce tho value 
oflog l 0 2 . 

18. If o=log§, b =log and c=log^J, provo that 

log 2 = 3a + b + 0 , 

and hence calculate log 2 to 3 places of decimals. 

19. If 0 < 0 < k* prove that ^=logcotfl. What hap. 

pens if ^ < 0 < t T 
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99 


20. Find the sum to infinity of + 6(I+i*? 4 ' 1 ' • 

and the values of a; for which it converges. Expand tlie sum in 
anotlier way and find the coefficient of a 3n in the now expansion. 

21. Find the sums to infinity of j 


,.,1 1,1 ,.. v 1 1 1 

1 .2 + 3.4 + 5. 0 4, ' ,} ^ 2.3 + 4.6 + 6.7 + "** 

,..., 1.1, I 

[lll) 1.2.3 4 5.G.7 4 9.10.11 4,, * S 
... 5 . 8 . 11 

^ 1V) 1 . 2 . 3 4 2 . 3 . 6 4 3 . 4 , 7 4 ”* * 

and provo that in (iv) tho sum to n terms differs from tho sum to 

3 

infinity by less than 

22. Prove that the sum to n terms of the series 
1.1.1 


1 .2.3.4 4 3.4.5.8 4 5.G.7.8 4 ■ , • 


.26, 4n +6 . . 

18 if" -T2 + T 27 ^T{ 2 a"+T)» Wh0ro S " 18 th ° SH 

1 - 1 i - J + ... . Hence find tho sum to infinity. 

23. If x is small, prove that 


» where s„ is tho sum to 2?i terms of 


(i) log log ( 1 -h as)* = 0 = - 1 + 

(u) 4 log j— - -flin*V(l 


24. Prove that log sin 0 =log 0 - — - ~q - ... if 0 < 0 -or. 

25. Provo that lint (~ X : - r — ) = i. 

x - yl \x-l log x) 2 

26. Find tho sums to infinity of 

1 1 ' jgll 

w ^3 + ^^ , 7 + oT^■ f ■••• ! ^ j + 7 4 it 4 


whore |a;|< 1. 


tan -1 x - sin % 


27. Evaluate lim ~s — » — — - — — ■ , 

a;_^o^ a ~2a; + 21og(l +») 

28. Noglocting a; 8 , choose numerical values for a and 6, so tlmt 

azsin® -t-isin 3 g -sstan -1 #*® -JJo 4 . 
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, Expand when possiblo Joob~ j ^j 


coa a -{-cos 0 
+ cos a cos 0 


^ as a 


power series 


in tan-, and state the conditions of validity. 

ju 


Find the sums to infinity of the series whoso rth terms are 


30. 

33. 


(Sr- 1)1* 
r + 1 


31. 

34. 


1 +2 + 3 + ... + r 
(r + l)l 
6r + l 
(2r + l)l‘ 


32. 


35. 


2r 4 +r -1 
rl 

(2r + 1)» 
(r+l)i‘ 


(r + 2) ,r!' 

36. Express 1 + + + ... as ci power series in a-, 

e a b n 

proving that the coefficient of a:" is yp . 

37. Prove that e 8 » - 4e* + 0e“® - ie~ 3x + e~ 5 * ** 1 0 (.u 4 - a: 5 ) if * *8 
small. 

38. Prove that (1 +x)'+* ^1+x+xU- £a 3 if x is small. 

39. If x is large, prove that ^1 +i) e ^1 - • 

40. If x is large, prove that ^1 4 1 =c= c ( 1 + • 

41. If « n+ ®esa n , p is small compared to n, and a>0, provo that 
x *s=a(l -f-loga). 

42. Expand 1 -acosw in ascending powers of a as far as a 3 , if a 
is Bmall and u = k + a sin u. 


HARDER MISCELLANEOUS EXAMPLES. 

EXERCISE V. f. 

1. Find an approximation for 20 - 2 — q |! q tosfl ^ ' vv * lon ® ' 8 

Bmall. + u 

„ , , , (a +6) since 

2. If a > 26 > 0 and 0 < x < jt, prove that x > — . 

3. Prove the inequalities (due in effect to Archimedes) 

i (2 Bin Q + tan t?) > f? > ^ C030C 9 + co tO * i£ °< 0< I' 

4. If x and y are the lengths of the sides of regular polygons of 
n sides inscribed in a circle and oiroumscribed about it, provo that 

the circumference of the circle is approximately ^ (2x +?/). 
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6, If A and B are the areas of the polygons in No. 4, prove that 
the area of the circle is approximately i) (2B +A). 

6. Two regular polygons of m and n sides have equal perimeters l. 
Prove tlmt if m and n are large the areas of the polygons differ by 

about fj- 1~-2A 
12 \?n a nv 

2 

7. Show that log 7 differs from 2 log 3 + 2 log 6-5 log 2 - 
^ 1088 than 3 . 448.4 4 9 .450 * 

8. If x is small, prove that log (soo x) = 2 tan s , neglecting a 0 . 

9. If log ~ y (a„x n ) where cc 9 < 1, prove that if n is even 

8 1 -®+r " 

4 

a n =0, and that if n is odd and a multiple of 3, ci n — - - , and that if n 
2 

is prime to 0, a n —~, 

10. Find the coefficient of <c n in the expansion of 

log (1 + 2x + 2x a +aj°), when x a < 1. 

Consider separately tho cases when n~0, 1, 2, 3, 4, 6, (mod 0). 

11. If a, b, o are consecutive positive integers, prove that 

“ x an-i 1 

log b - i (log a + log c) = 2^2^! ’ who, '° , ' L ’ = 2nc~+I * 

12. Assuming that the coefficients of a: 3 '* may bo equated when tho 
two sidos of tho identity log(l +w a )»log(l +aj)+log(l -a}+» 9 ) are 
expanded in powors of x, find tho sum of tho sorios 

3n-3 (3»-4)<3n-6) (3n -6)(3n - 0)(3n -7) 

j - 2 |-+- 3| 41 + — • 

1 3. From tho identity log ( 1 - ax) ( 1 - fix) s log (1 -ax +p.u a ), whore 
a = « + ji, p—<ifi, by expanding anti equating coefficients of various 
powors of x, show that 

(i) a s +fi* = s(# 4 - 5a a p + Bp 9 ) ; 

(ii) a 18 + p n =a(a 18 - 1 3s ,0 p -|-05s fl p 8 - 150s«p* + 182 s*p 4 

-01«V + 13jp # ). 

14. If a + (i+y= 0, fiy + ya -I- a/i = - a, afiy ~p, prove by a mathod 
similar to that of No. 13, tlmt 

(i) a 3 +(3 B +y a — 3/) ; 

(ii) a B +/j s +y 6 =5 pa; 

(iii) a 1 + j G 7 + y 7 ~7.s a p. 
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15. Deduce by expansion of log{l - a*)(l - y%) ( 1 - & x ) ^ iat 

2a 8 - 3 Sa£y =2a {2a 3 - 2a/?}. 

16. Express a” + /?" in terms of p and q, where a, /? are the roots 
of a 2 -pa: + 2 = 0 . 

17. Use the identity (1 +yV2+?/ a )(l -yV2 +y 2 )s 1 +2/* and the 
expansion of log ( 1 + x) to prove that 

2» 2 n_1 2n - 1 2 n ~ a ( 2 n.- 2 )( 2 n -3) 

2n _ 2n^l * II + 2n-2* ~2! ~~ 

2 n_B (2n~3)(2w-4)(2»~G) + ^ =s0j 

2ra - 3' 31 


where n is an odd positive integer. 

18. If |®| < 1, prove that (1 +a.*) 1 + 3, (l ^ 1. 

Deduce that a rt fe 4 if a, b are positive and unequal. 

, /a 3+z\* /y+z\ v 

19. If x>y>z>0, prove that \^zr z ) ‘ 

20. If x is small, show that the following functions can be arranged 
in ascending order of magnitude by expanding in powers of as a 
as k 3 only, and arrange them : 

(i) sin (tan -1 x ) ; (ii) tan (sin -1 x) j (iii) tan^ 1 (tan J *) l 

(iv) tan (tan*) ; (v) sin (sin*) ; (vi) sin" 1 (sin 1 ®). 


oi -n . . ^2r a +3r-l 

21. Evaluate ^ (r ~ 2 )i" -* 

22. If * > 0, prove that (a - 3) e* + $* a 4- 2* + 3 > 0. 

/ IN® / 1 11 7 

23. If k is large prove that (^1 + -J — e( 1 ~2x + 2ix i ~ lOaT 3 . 


24. If p is small, prove that successive approximations to a root of 
x i+p =a a are a, a- \ ap log a, and a {1 - \p log a +|p a (2 + log a) log a), 
where a > 0. 

25. Show that the coefficient of x n in ' is 


1 p" 2" + rn 4- 

SUTi + 2! + - + 7i + 


...} 


and hence find the sum of the series in the bracket for n = 4. 

26. Prove that {i- I - ... + • »! differs from 


nt 

6 


by less than 



EXPANSIONS IN SERIES 

27. Apply the inequalities ~-|< log (l +^) where 

positive, to show that (^1 +^) (l + Js) ... (l +^ 3 ) is less fclu 
Vs . 2 7 «, but greater than Ve. 

28. If n is a positive integer, by expending (e*-l)" in two ways 
and comparing the coefficients of various powers of x, prove that 

»«-* - j(n - 1)" -1 + (n - 2 )n-i - ... =0, 


and find the values of 

(i) - (n - 1)» +^<» - 2)» - (w ' 3) " + ; 

(ii) n" - (n - l)"* 1 +^-(n - 2 ) n+1 " ~ ~l! ) 2 ? 3 ~ 2) (n " 3) " H + - 1 

(iii) n*+* - (» - 1)"+ 2 +~^ (» - 2) n+2 - “ 3) " +S + 

29. If n is a positive integer, prove that 

»" - *(» - 2)» -4)» - ... «2".nl. 


30. If n is a positive integer, prove that 


l n ~n.2 n + ^-^ i) 3" - ... to 7i + l terms =( -l) n .«I. 

1 . 2 


31. By expanding (e* + 1)" -(«» - 1)" in two ways, prove that 

c t (n - l) 3 +c 3 (n -3) 3 + =« a (?i +3) . 2" , 

where c 0 + cpc + c a x 2 + ... = { 1 + ^) n . and n > 3. 

32. If n is a fixed positive integer and x is positive, prove by 

differentiation that increases with as. Deduce that 

(-r<( i+ ^r 

33. If n is a positive integor and 0 < ® < n, use the method of No. 32 

to find whether (l --)* 0 r (l ia tho greater. 



CHAPTER VI 

THE SPECIAL HYPERBOLIC FUNCTIONS 


From the expansions in Ch. V, we have 

_ , X X i X s 

e =1+ H + 2i + 3i + - 

, _ , x a: 2 a 3 

and e~ a> = 1 + t- ... 

II 2! 31 


Therefore, by addition and subtraction, 



*(«■+«-)■ l+g + £ + 


and 

c>3 a. 6 

*(«■-«-•)=»+ + + 



1 r 3! 6! 



These results should be compared with the expansions of oosas 
and sin a: in Ch. V, pp. 80, 81. The precise connection will bo 
explained after complex numbers and funotions of a complex 
variable have been defined. But equations (1) and (2) suggest 
that the functions £(e* + e“®) and i(e a> -e~ ce ) possess properties 
analogous to those of cos a; and sin a:. We therefore dofino those 
functions as the “hyperbolic cosine" and the “hyporbolio sino " 
of a: and we write 


chxs >(a* + e - x ); shxi=£(o x -e~*), 
and we speak of these funotions as “ cosh a; ” and 
else “ sinsh x ") : they are sometimes written “ cosh x ” 


We therefore have 


chx = l+-+- + ( .., 


<»} 

“shino#” (or 
and “ sitih s», M 

(4) 


ShXi=X+ 3! + 51 + - 


.( 6 ) 


We also define the hyperbolio tangent, hyperbolio secant, hyper* 
boho cosecant, hyperbolic cotangent, whioh are written th x, soch x, 
cosech cotha;, by the relations 


tha: = 


sh x 
cha:’ 


sech x = 


cha:’ 


ooseoh x = 


Bhas' 


coth x — 


oh as 
sh x 


Mole, thx is pronounced “than a:" or “fcansha:” and is some 
times written “ tanh a;." 


104 
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Formulae for the Hyperbolic Functions. Putting e^-t, we have 

oh * = K <+ 7) aml 

1/ l\ a 1 / 1\2 1 2 

ch a x -sh 2 x = l (6) 

Similarly, 1 sh rc t oh x 2 +oh sh a; 2 

=1 {sva 77} =H e " l+ar ’ 

= sh +.r 2 ) ; 

sh(x, +x a ) — sh x x chx 2 + ch Xj sh x 2 (7) 

Also ohtc, oh^a +shiTj sha? 2 


=i [ay, + — } 

=ch (.rj+xj); 

/. cli(X] + x a ) =ch x t ch x 2 + sh x, sh x 2 . (8) 


Wo have also from the definitions the general relations 


oh(-x)=chx; ah(-x)=-shx, (9) 

nnd the speoial values 

ch0 = l ; sh 0 = 0 (10) 


By comparing formulao (0)-(9) with tho corresponding trigono- 
metrical formulae, tho reader will seo that to ovory {goneral) trigono- 
metrical formula thero corresponds an analogous formula for tho 
hyporbolio functions which may bo written down by Osborn's ruloj 
In uny formula connecting the circular Junctions of goneral angles, 
replace each circular function by the coiresponding hyperbolic function 
and change the sign of every product (or implied product) of two sines. 


Thus, 


from 


tan (A +B) = 


tan A +tan B 
1 - tan A tan B ’ 


wo may 


th(A+B) 


th A H- th B 
f+tiiTth B ’ 


produot of two sines. 


since 


tan A tan B : 


sin A sin B 

i 

cos A cos B 


infer that 
implies a 
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The rule does not apply to properties depending on the periodicity 
of the circular functions or the values of tho ratios of special angles 3 
e,g, the rule must not be used in connection with 


sin(27r -*) =sin * 


or 



1 

V2 


(cos a; - sin a:). 


For the present, this rule should be regarded meroly as a 
mnemonic. Its justification is best loft till circular functions of 0 
complex variable have been defined, see Chapter X, 


EXERCISE VI. a, 


Provo some of the following formulae in Nos. 1-10, and oho ok th< 
others by the rule on p. 105. 

1 . oh ( - *) =oh* 5 sh(-*) = -sh*; th ( - a) = - th*. 

2 . sh 20=2 sh 0 oh 0 . 

3. ch 20 =ch 2 0 +sh a 0 = 2oh*0 -1=1 + 2sh a 0. 


4. 1 + ch a - 2 oh 2 | • 1 - oh a = - 2 sh a | . 


5. th 2* 


2 th* 

1 + th 2 * ’ 


6 . (i) oh (a -/3)=ohach/3 -shash/3; 
(ii) sh(a -/3) =sliach /3 - oh ash /3. 


7. (i)sh0-sh^ = 2ch^sh^ , 3 
(ii) ch 0 - ch </> = 2 sh sh ^ ^ • 


Write down the corresponding formulae for sh0+shf/> 
oh 0 + ch </». 

O *v. / n .L\ 0 — th 

8 ' th(<,-<w= rrthra^- 


9. (i) sh 30 =3 sh 0 +4 sh 3 0 ; (ii) ch 30 =4 ch 3 0 - 3 ch 0. 
Write down the formula for th 30 in terms of th 0. 


an 


10. sech a * = 1 - th 2 *. What is the corresponding formula fi 
oosech 2 * ? 


Write down alternative expressions for the following : 

11. 1-coth 2 *. 12. sh 3 *. 13. Bh 0 *-sh 3 y. 

14. Bh0sh<£. 16. ehOcht f>. 16. oh 0 oh 

17. (oh* -Bh*) 4 * 1 . 18. (ch* + shs) n . 19. (oha-sh*)". 
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20, Expand th (a +y+z). 

21, Prove that oh(®+f/)ch(®-t/)=oh 2 ®+sh 9 y, 

22, Prove that =cli 20 +sh 20. 

23, Express oh 0 and th 0 in terms of sh 0. 

24, Express oh 0 and sh 0 in terms of th 0. 

25, Express sh 0 and th 0 in terms of k, whore It =ch 20. 

26, Express sh 0 and ch 0 in terms of t, where t =th \Q. 

27, If ®=sinwohv and i/s=costtshv, find a, relation between 

<i) x,y,a\ (ii) ®, y, v. 

28, Provo that coth- -ooth 0 — coseoh 0. 


29. If tan 0 =tan ath/3 and tan r/j =cot a th /j, prove that 

tan(0 + </,)=i-^. 

' 7 sin 2a 

30. Provo that oh a (0 + </>) -ch a (0 - <f>) =sli 20sh2<f>. 

31. Prove that sin 2 0 oh 2 </> -hcos 8 0 sh a f/» = -J(ch 2 </> -oos 20). 

„ n ... 1 + sll </) + ch (h 

32. Simplify ~ i , r~ 7 . 

33. Expross sh2® +sh 2y +sh2z -sh(2® +2y +2z) in factors. 

34. If sin® oh j/ = cos a and oos® shy=sina, prove that 

sh 8 j/ =cos 2 ® = ±sin a. 

36. Simplify sh(log®) and ch (login). 

36. Provo that oh® +ch 2® -l- oh 3® + ... +ohn® oquals 
i sh (n + ® cosccli 


Differential Coefficients and Integrals. Using tho definitions, wo 


dt (shx > 

= d -( 

'c* - e~ x \ 

** + ®“"-chx 

Mil 

dx' 

\ 2 ) 

2 


A(chx) 

_ d 

(e? + o~®\ 

c*-c“® . 

-nhf 

H21 

dx' 

^ 2 ) 

2 



Further, 


J sh x . dx = ch x ; j 

d /4 . . d /sh ®\ 

<f® (tia:) d®\ch®/ 


ch x . dx = sh x. 
ch 2 ® - sh 2 ® 

TV- \ 


ch 2 ® 
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In general, expressions involving tho hyperbolic funotions nro 
integrated by methods similar to those used for tho circular functions. 
It should also be noted that the general solution of tho equation 
d 2 y 

~jn—y may be written in the form y =A eh a +B eh x whore A, B 

• d*v 

are arbitrary constants, just as that of = -y may be written in 

dx 8 

the form i/=Asina; +B cosa:. (See Ex. VI. b, No. 27.) 


Example 1. Find 

d *L ' i+u,.- 


soch 3 ~ 
2 


1 


, ( C | > , I+“ h 1) 

= £ sech a:. 

Example 2. Evaluate ( sh a .r dx. 


x\ 2 eh x 


j sh a :cda: = j £ (oh 2a; - 1) dx 
= | sh2a; - {x -f- c. 


EXERCISE VI. b. 
Differentiate with respect to x : 


1. shaj+oha:, 

2. oh a x. 

3. sh a x. 

4. shaiohx. 

6. cosechx. 

6. seohx. 

7. cothx. 

8. log(shx). 

9. log(chx). 

10. log^th|). 

11. tnn“ J (cothx). 

12. log(sh X -t-olix). 

Integrate with 

respect to x : 


13. ch2x. 

14. sh 3a;. 

15. tha?. 

16. cothx. 

17. sh a x. 

18. cosoch 3 ®. 

19. th a x. 

20, coth 3 x. 

21. sochx. 

22. eoserh *. 

23. shxsh2x. 

24. oh s x. 
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25. \Vhnfc is — (oh®coB® + eh® sin a:) l 
20. Find the value of j oh x Bin x dx. 

27. If y =a shn® +b oh nx where a, b, n are constants, prove 
Ll,at ( J& =niy ' 

28. ( Behaviour of ah x and ch x). 

(i) Provo that oh® is always positive and that sh® has the 

same sign as ®. 

(ii) Deduce from (i) that sh ® steadily increases as ® increasos, 

that ch® steadily decreases if x is negative and steadily 
incroasos if ® is positive, as ® increases. 

(iii) What is the minimum value of ch® ? 

(iv) How does ch® behave when x-y<x> and when ®-> - oo ? 

(v) How does sh® bohavo when ®->-oo and when x-y - oo T 

(vi) Find the limit of when x-y +oo and of when 

x-y -oo. 6 n 

(vii) Find the limit o when ®-*+oo and of when 

(viii) Draw in the margin tho graphs of sh® and oh®. Compare 

each with tho graphs of c® and e~ x . [Tho graph of ch® is 

callod a Catenary, bocauso it is tho curvoin which a uniform 
flexible chain with fixod ends hangs.] 

29. ( Behaviour of thx and cothx). 

(i) Provo that th® and coth® aro both odd functions of ®. 

(ii) Provo that th® stoadily increasos as x increases. What 

conclusion can bo drawn from tho fact that 

coth ® = - cosoch® ® 1 
dx 

(iii) Find tho limits of th® whon ®-> Vv> and when x-y - oo , 

What aro tho limits of coth® in thoso casos ? 

(iv) Discuss tho bohaviour of th ® whon x -+0, (a) through positive 

values, (6) through nogativo values. 

(v) What is tho slope of y =th® at » = 0 ? 

(vi) Provo that |th®| <1 and |coth®[ > 1 for all values of x, 

(vii) Draw in the margin tho graphs of th® and coth ®. 

30. Draw tlio graphs of sooli ® and cosooh ®. 
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Inverse Hyperbolic Functions. Ifyassh®, then e® - e"® = 2y j 
e 2B -22/e®+2/ a = l 
(e“--y) a = l + j/ a ; 
e“=2/± V(I +2/*)- 

But e z > 0j y - VU +2/ 8 ) is no ^ a possible value of e® j 
e®=T/+ V(l+I/ a )i 
x —log fj/ + V(I +J/ 3 )]. 

Since eh x increases steadily as x increases from - « to + » , it 
is clear that for any value of sh x there is only one value of x. If 
y =sh x, we write x —Bh^y, The function sh” 1 ?/ is therefore a one- 
valued function of y given by the relation 

sh- 1 y=log[y+ y(l + y fl )] 0^) 

This inverse funotion, sh“ 3 y, is therefore not really a now function, 
but nevertheless the notation is useful. 

.The reader has seen (Ex. VI. b, No. 28) that, if y —oh x, y has no 
value less than 1, and that to any value of y greater than 1 there 
correspond two values of x, numerically equal but of opposite sign. 

The function x =ch~ 1 i/ is therefore only defined for values of y ^ 1 
and is a two-valued funotion. 

The reader should prove, by the same mothod as that used above 
for sir -1 j/, that 

ch“ 1 y=log [y ± V(y a - 1)] - ±log [y + V(y a - 1)] W 

Similarly, the reader will see from the results of Ex. VI. b, No. 20, 
that, if y =th x, - 1 < y < 1, and that to any value of y in this range 
there corresponds one value of x. 

The funotion ®=th -1 i/ is therefore only defined for the rango of 
values — l<t/<l and is a one-valued funotion. By the same 
method as before, it may be shown that 

th -1 y = g log ( 16 > 

Applications to Geometry and Integration. The equation 
ch a 0-sh 8 0 = l 

shows that the coordinates of any point P on the hyperbola 
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may be written (ach0,&sli0); this is analogous to the uso of the 
occentric angle for the ellipse, (of. Ex. VI. o, No. 13). Further, if O 
is the centre and if A is the vertex (a, 0), it may be shown that the 
area of the sector AOP is I abO (Ex. VI. c, No. 14). 

Another important application occurs in integration. Just as 
integrals involving -\/(l -® a ) or V(“ 8 -a 2 ) can often be evaluated by 
the substitution x =sin 0 or x =a sin 0, so integrals involving \/( 1 + a ,a ) 
or-\/(a a +# a ) can often bo evaluated by putting x =sh 0 or a; = ash 0, 
and those involving V( xi ~ U or V(» a -a a ) by putting »=ch0 or 
x =ach 0. 

' f 1 

Example 3. Evaluate j + ^ 

Put !B = |a|.sh0; da =*|a| . ch 0 .<?0 ; 

^ 10 integral = 

=sh "(iSr) +0 

=log [x + y^a 3 +**)] + c, 

whore c is a constant. 

Example 4. Evaluate j V( x * -4) tlx, whoro a 1 < - 2. 

Hero it is not possiblo to put a;=2ch0, bocauso a ia negative, 
while 2ch0 is positive. But wo can put »: = -2ch0, and wo can 
take 0 as positive. 

Then \/(a- a - 4) = -I- 2 sh 0 ; also tlx — - 2 ah 0 . <10 ; 

the integral = j (2 sh 0) . ( - 2sh 0)d0 =2 1 (1 -ch 20) d0 
= 20 -sh 20-i-c = 20 -2sb 0ch0 i-c 

= 2 ch- 1 ( “ I* \ x V(»* - *) + 

where c is a constant. 

The difficulty of sign illustrated in this Example does not ariso 

f -3 

in numerical work bocauso, if an integral such ns V(^ a -4)da 

occurs, it is natural to bogin by substituting x = and this roducoa 

the integral to V(£ 3 -4)d£, so that £ is positive throughout the 
^3 

given range of values. 
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EXERCISE VI. c 

1. Provo that, if y 5. 1, ch“*y = ±log { y + V(j/ a “ 1)1* 

2. Prove that, if ji/|< 1, th~' y = £ log . 

3. Draw the graphs of oh - f x and sh -1 ^. 

4. Draw the graphs of th~‘® and coth -, .r. 

5. Prove that, if 0 < 1, seoh"' 1 y — ± log * + ~ ^ ^ • 

6. Express coseoh -1 t/ in logarithmio form, (1) if y > 0, (ii) if y < 0. 

7. Prove that 

8. Prove thatj^(ch“ 1 *) = rb ^- - v, — fj > Qn( * explain the ambiguous 
Bign, showing how to distinguish between the two cases. 

9. Prove that, if \x\ < l, ~{t\\~ l x) = f“a’ 

10. Prove that, if |*| > 1, ~ (coth-hr) = - T a I — r. 

CtX X “ A 

11. Eliminate u from the equations: 

(i) rc=aohu, y=&shu5 

(ii) a:=ach(« + a), y-beh (« +{3). 

12. Prove that x =ach (u +a), y=bch (u + /3) aro pnmmotrio 
equations of a hyperbola. 

13. Trove that the chord of the hyperbola x* -y 3 =a 9 joining the 
points (a ch 0, a sh 0 ) (a ch </>, a sh <£) is 

, 0 + . fl-(4 

«oh— 2 y sh =ach—^-, 

14. Prove that the area between the hyperbola ~-^ a = l, 

x-axis, and the ordinate from P, (a ch 0, b sh 0), is \ab (sh 20 - 20) 
and that the area of the sector bounded by the curve, the rc-axia and 
OP is ±ab0. 

15. Evaluate j a a by putting »=ath 0, and compare the 

fract^c> W *^ 1 t ^ a * > °^^ a ‘ ne< ^ b y expressing the integrand in partial 

16. Evaluate j ^bere ** >a*, (i) for x > 0, (ii) for * < O, 
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17, Evaluate j V(®* + a a ) dx. 

Evaluate tho following integrals i 



18. p V(®»-4 )dx. 

19. 

f 2 * 1 

)2 V(x 3 -‘i) <X ‘ 

20 * j_ 6 V(x* + Q) dX ' 

21 . 1 

| V{v z + 9) dx. 

22 . | y'(®* ~ «*) dx, if«>|a|. 

23. 

\-vrSrx) ix - 


24. Prove that jseoscd® = 2 lhr l ( ttin |) if tan*|<l, and find 
the corresponding result when tan 3 - > 1 (cf. Nos. 9, 10). 


EASY MISCELLANEOUS EXAMPLES. 
EXERCISE VI. d. 


1. Provo that (ch® + sh®)(chy +sh2/)=oh(®+y)4-Hh(a;-|-2/). 

2. Provo that oh 0 ® -sh°aj = l + $ sh a 2« and oxpross it in torrni 
of cli 4.u. 

3. Simplify 

{sh (a - y) + sh x + sh (a; + y)) + {ch (® - y) 4- oh x + ch (a; I- y)). 

4. Provo that ( =oh 00 4 -sh flfl. 

Differentiate with reaped to x j 



6. «Vl +8h~*®. 0. x V x 2 - a 3 - a 3 ch -1 ^ • 


7. soolr 1 ®. 
D. «ahx. 


8. eoHOch* 1 - . 

o 

10. iP x tt\ibx, 


Integrate with respect to a » 
11. e B (th® + 80 ch 3 ®). 

13. c n * sh bx. 


12. ulttfHh 2 ;ch1i 3®, 

14. , Hh * .... 

(1 -h oil a') (2 -loh a:)* 


15. Find the parabola which most closely approximate*! to y — ch a: 
nonr the point (0, 1), and doduco tho radius of ourvuturo of tho 
eatonary at that point. 

16. Find tho anglo of inlorHoetion of tho cuivoh y ~ 1 l-oh a? m 
V =€*. 


A.T. 


II 
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17. If 0 > 0, prove that oh 0 > sh 6 > 9 > fch 0. 

18. Evaluate lira and limv^-, 

*— *0 S' a;— >0 til ® 

19. Evaluate lira ( i -coth 1 ® ) . 

a ; — ► 0 ' S ' / 

nn ,, ,, . eh as- Bin ® , 

20. Prove that lim 3 = i. 

*-*•0 31 

21. Show that sh® -th® — £® a » if ® is small. 

22. Express ®cosech® in terms of powers of x when <w is so small 
that a 8 is negligible. 

23. Prove that oh x < }{, if I® | < 1. 

rt/J* 

24. Prove that sh ® < , if 0 < ® < 1. 

o 

26. Prove that 2 (ch ® - 1 ) < ® sh x, 

26. Show that ® = l-9 is an approximate solution of ®=2th®, 
and find a closer approximation, 

27. If tan ®= thy, prove that 2tan -1 {sin2®) =tan -1 (sh 4y). 

28. Prove that sh -i (oot 0) =log (cot 0 + 1 cosec 0 |). 

29. (i) Express th~ 1 ®+th“ 1 y in the form th -1 p ; 

(ii) Prove that if ®, y are the coordinates of a point P and 
th” 1 ® + th -1 y =o, a constant, then P lies on a hyperbola 
with asymptotes parallel to the axes. 

30. If P, Q, are the points (aohfl, 6sh0), (ach <f>, b sh </>) on tlio 
hyperbola ^ -p = 1, prove that 

(i) the area of the segment cut off by PQ is lab {sh (0 - <f>) - 0 + f />) f 

(ii) the tangent at (a ch ^ - * 6 ah —Tjr-') > 9 parallel to PQ,. 

(iii) the pole of PQ is (a ch sech ^ , b sh secli — g— ) « 

31. By expressing chfl, shfl in termB of th^{=0> find from 

®=och0, y sh 0, rational algebraio parametric equations to tliO 

hyperbola, = Show that two points of the ourvo on 

opposite branches cannot bo represented by one set of parametric 
equations in terms of 0, but can be represented by one sot of para* 
metric equations in terms of an arbitrary parameter t. 



HYPERBOLIC FUNCTIONS 116 

32, Use tho formula, 3 — ( a/{ 1 +($() \ dx to show that y 3 ~ s* = 1 
for tho catenary, y =oh$. 1 Y *• ' ax/ J 

33. What curve is represented by the parametric equation a, 

a? = a sh a 0, y s= 2a sh 0 1 Apply the formula, 8— j ^ J +(^) j dO, 

to show that tho length of the ara of this curve, measured from the 
origin, is a(0 +sh 0 ch 0). 

HARDER MISCELLANEOUS EXAMPLES. 

EXERCISE VI. e. 

1. If — = ch 2x 4- cos 2y, find th 2x and tan 2 y in terms 

ct o 

of a and b. 

2. If tan x — tan A th ji and tan y =cot A th y, prove that 

tan (a? + t/) =sh 2/a ooseo 2A. 

3. Prove that tan {2 tan -1 (tan a th B)) — — ^ , 

' 1 -h cos 2a ch 2 [3 

4. If ch«=soo 0, where - ir < 0 <ir, and if ttO is positive, prove 

'll 0 

that sh u = tan 0, u — log (see 0 4- tan 0), and th ^ = tan = . IIow are 
the results aiToctod if «0 ia negative ? " " 

5. Evaluate £ th-S ± A(g±*i> ±» , whoro 

dx yy 1 

y - i/( ax 2 + 2 bx -f- c) and y : — ^{ax^ 4- 2bx 1 -f- c). 

6 - Evaluat ° \ (x-x 1 )yw + Mx+c) ,bl b y m6anB ot No ' 6 - 

7. If « > 1, provo that { V’(* a + 1) -x) n dx = ^ a ^-j • 

8. Provo that a; (2 -I- oh *) > 3 sh x, for x > 0. 

9. Find whothor or is tho groator whon x is small. 

a; all x ° 

m rcr\- n , 1 . , cosec 0 + cosoch 0 2 7 

10. If 0 is small, provo that fl - s 0-*“ 180* 

11. Solve tho equation ch (log a*) = sh (log 4- 

12. Show that $ = log 2 -hja is an approximate solution of 

26*811$ = 3 4-« 

whoro a is small, and find a closor approximation. 
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13. Provo that sin a: =thm8 where m is positive, has an infinity 
of roots, and that the large positive ones occur in pairs near(2n J)*r, 
and that oloser approximations are 

(2n + i) 7r± a - nia 2 where a =seoh (2n + £) mir. \ 

14. Prove that (eh 0 +sh Q) n =oh nO + sh nO, 

15. Prove that 2 oh no. =(eha + sha) n + (oh a - sh a) n . 

16. Express ch 5a: in terms of aha;. 

17. Express sh 5x in terms of sh x. 

18. Express ^ in terms of sh x. 

cii x 

19. Prove that 84 oh 7 8 = ch 7® + 7 eh 5a? +21 ohSaj-pSCcha!, ami 
express sh 7 « in terms of hyperbolic sines of multiples of 8. 

20. Express sh 8 ® in terms of hyperbolic cosines of multiples of 8. 

21. Prove that 

(1 +ch 0 +sh 0) n = 2” oh» ~(oh ~ + sh 7 -^) . 

22. Find an expression for (eh 0 +sh 0 - 1}” similar to that In 
No. 21, 

23. Prove that 


^tan^foot 0 cotli <£), 


f ( tan 20 + th 2(/)\ . . . /tan 0-th <b\ 

U^T2Q~th2|j +tan H tang + thW 

24. Sum the series sh a + sh 2a +sh 3a + . . . to n terms. 

25. Sum the series oha + oh (a -b/3) +ch(a +2(3) +... to n tonne. 

26. Sum the series oh 8 + 2 ch 20 + 3 ch 30 + ... to n terms. 

27. If n is a positive integer, prove that 
ch®+noh28 + ^Lzil 0 h38 + ... to (« + 1) terms 


= (2 oh ch g 


(n -f2) 8 


28. Prove that the sum to infinity of 

1 + ch 0 + ich 20 + -^oh 30 +• ... is e che oh (sh 0), 

29. Find the sum to infinity of 

sh0 + iah 20+I s h30 + .... 

30. If 0 < a < show that the sum to infinity of 

8ha_sh 2a sh 3a . e a +et 



HYPERBOLIC FUNCTIONS 


31, If -/3<a< /?, show that tho sum to infinity of 

• i x , / sh a ' 

.si tan ^gr 


sh a 


sh 3a sh 6a _ 
e p 3e aft 6e 5 ^ 
32, Find the sum to infinity of 


ohO + s >?oh2(H-5!2l“oh3» + .... 


33. If |®|<e- a , prove that if a>0 


00 

[a,*" sh (n + 1) a] == 


aha 

1 - 2x oh a + x 1 * 
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CHAPTER VII 


N, N a 

Fia, 45. 


PROJECTION AND FINITE SERIES 

Projection. The projection of a point on a straight line is the foot 
of the perpendicular from the point to tho lino. 

If, in Fig. 46, N 3 , N 2 are the projections of Aj» A a on Ox, then N t Nj 
ia called the projection of A|A a on Ore. 

If 0 is the origin, Ort* tho re-axis and (x v y x ), 

A (x v y 2 ) the coordinates of A P A a , then 

•'V 1 Projection of A^j on Ox =N!N a =x a ~ x i' ••**•>(*) 

l I This relation is true for all positions of A 4 and 

A a , provided that the usual sign-convontions of 
coordinate geometry are observed. 

The coordinates of a point are directed (i.o. 
positive or negative) numbers ; NjNj represents the displacement 
from N t to N a and is measured by a positive number if Nj-^Na and 
O-m; have the same sense, and by a negative number if they have 
opposite senses. (See also M.O., p. 37.) 

If A,, A 2 , A 3 are any three points in a plane and if all the projections 
are taken on the same line O.-c, then 

projection of AjAg = projection of AiA a -{-projection of A a A s (2) 

If Np N a , N 3 are tho projections, and (rv 1( y x ), {x t , i/ a ), (* 3 , y s ) aro 
the coordinates, of Aj, A 2 , A 3 , then 

projection of AjA 3 =N 1 N S =x a -x 1 =(x a -x t ) + (a a -x 2 ) 

=N,Nj +N 2 N 3 

=sum of projections of AjA a and A a A 3 . 

A similar argument shows that, for any number of points in tt 
plane, the projection of AC is the sum of 
the projections of AB lf BjBj, B 4 B 3 , ... , 

B n _,B n , B n C. _ (See M.O. Ch. V.) .A, 

The following results are evident from 
Fig. 46. 

(i) If O'x' is parallel to and in the same 0 

sense as Os, the projections of A X A 2 on Ox ; } j ! I v 

and O'x' are equal. Flfl< 40< 

(ii) If two lines AjAa, BjB a are equal and 

parallel and in the same sense, their projections on any lino Ox 
are equal. 
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(iii) The projection of AjAj on any line Ox ia equal in magnitude 
and opposite in sign to that of A 2 A, on Ox, For, if A l is (® 1( y x ) and 
A a is (a a , i/ a ), the projections are x t — and aq ~x a respectively. 

Measurement of Angles. An angle from a directed lino Oa to a 
directed lino A t A a is defined as follows, (see Fig. 47). Through Aj draw 
AjiCj parallel to O® and in the same sense ; then if a 
rotation through an angle 0 in the anti-clockwise y 

dirootion will bring A 1 a: 1 into the position A,A a , the '°\. 
angle 0 is called an angle from Oa to A 1 A 3 . This is *a 2 

sometimes written 

L(^ t Ox)=6 ; (3) °"" Fio47 * 

The following faots deserve notice : 

(i) If 0 is an angle from 0® to A^j, then 0 + 2mr is also an angle 
from Oa to A I A a , n being any positive or negative integer. 

(ii) The angles from Oa to A a Aj are not the same as those from 
Oa to AjA a . If one value of L (AiA a , Oa) is 0, then one value of 
A (A a A,, Oa) is 0 +7T. 

(iii) With the notation of (ii), one value of L (Oa, A t A a ) is - 0, and 
the general value is 2n?r - 0, 

The equality sign in equation (3) is in fact the sign of congruence 
(mod 2 tt ) • and the order of the elements in the symbol, L (AjAj, Oa), 
is relevant. 

Evaluation of Projections. If the length of AjP is l units, and if 

L (A,P, Oa) = 0, the projection of AjP on Oa =1 cos 0 (4) 

This is a direct consequence of the definition 
of the cosine of the general angle ( E.T , , Ch. VII, 
p. 99). For, if AjiCj is parallel to and in the same 
sense as Oa, /L(A,P, Ai®j) =4(AiP, O®)=0 ; 

projection of AjP on Oa 

=projoction of A a P on A^, 

—l cos 0. 

Hero, l is a signless number and the statement is true for all values 
of 0 ; l cos 0 may, of course, bo either positive or negative. 

Position of a point on a directed line. On a directed lino AjAj, 
there are two positions of P such that the length of AjP is l units, 
see Fig. 49 (a) and Fig. 40 ( b ). 

This ambiguity can be removed by a natural use of a sign-conven- 
tion. 
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If the sense of AjP is the same as that of AjA 2 , we write A t P » 4 U 
and if it is opposite to the sense of A t A a wo write A t P = -l. _ By moans 
of this convention, the position of a point P on a directed line is fixed 



Fia. 40 (n). Fia. 49 (J>). 


uniquely by the directed ( positive or negative) number wliioh is the 
measure of AjP, It is often convenient to represent this cl 1 rooted 
number by A t P. 

Wo can now replace equation (4) by the following : 

7/ the directed line A,A a makes an angle 0 with Ox, and if the position 
of P on AjA a is given by the directed number A,P, then 

the projection of A,P on Ox =A,P . cos 0 (0) 

For, in Fig. 49(a), L (A^, O®) = L (A,A 2 , O®) ~ 0 and AjP^-M. 
where l units is the length of AjP ; 

by (4), projection of A,P on Ox=l cos 0=A,P . cos 0. 

In Figs. 49 (a), 49 (6), the projections of A X P on 0® aro oqiml in 
magnitude and opposite in sign ; 

in Fig. 49 (6), the projection of AjP on 0® = -l cos 0 j 
but in Fig. 49 (6), A,P = - 1 ; 

the projection is A,P cos 0, as before. 

Projection on the axis of y. The axis of y is the dirootoil line 
throvigh 0, which makes with Ox, and the y-ooordinato of liny 

point P is the projection of OP on Qy. 

It follows, by the same argument as bofore, from the definition 
of the sine of the general angle, that if Z.(AjA s , O®) ~0, and if P is nny 
point on the directed line A^g, given by the directed number AjP, 
fchen the projection of A t P on Oy =A,P , sin 0 (0) 

Example 1. Find, with the data of Fig. 60, the projections of 
OB on 0® and Oy. 

Z.(OA, 0®)=a ; but the directed line AB is ^ ahead of OA j 

2 
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the projections of OA, AB on Ok are l cos cr, m cos ^ a ! 
projection of OB on Ok —l cos a + m cos (^a + 






01 X 

FIQ. 60 . 


= 1 cos a +m sin a. 

Similarly, projection of OB on 0 y=l sin a +m sin 

—l sin a-m cos a. 

Note, It saves timo in working examples to adjust the signs of 
the terms by inspection of the figure j a glance at Fig. 50 shows that 
the projection of OB on OY is l sin a -m cos a, nob l sin a +m cos a. 


EXERCISE VII. a. 

1. In Fig. 61, ABC is equilateral and z.(AB, Ok)= 0; find 
expressions for (i) z.(BC, Ok); (ii) Z.(CA, Ok); (iii) L (BA, Ok); 
(iv) L (Ok, AC). 




2. In Fig. 62, PCJRS is a square and Z.(PQ, Ok) ==<£; find ex- 
pressions for (i) Z.(PS, Ok); (ii) 4(RS, Ok); (iii) Z.(SQ, Ok); 
(iv) z.(RP, Ok). 

3. With the data of No. 1, name a directed line suoh that the 
angle from Ok to it equals (i) g + 0 ; (ii) 0 - -g~ . 
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4. With the data of No. 2, name a directed line auoh that the 
angle from Oa: to it equals (i) 0 ^ ; (ii) 0 + if . 

« A 

^* ie data of Fig. 63, find the projections of the direotod 
lines AB, CD, EF, (i) on Ox, (ii) on Oy. 



O x 

Fia. 63. 


6. With the data of No. 2, if the length of PQ. is c units, find the 
projections of the directed lines RQ, QP, QS, (i) on Os, (ii) on O y. 

7. In Fig. 64, ABCDEF is a regular hexagon ; the length of AB is 
a units; find the projections on AK of the directed lines AB, BC, AC, 

HU, OF, 




on O^ 1 66, fc ^ e P r °j ect i° n3 of AC, (i) on Otf, 

9. With the data of Fig. 60, find the coordinates of C and D. 



OA^-r/ff 6 ' 6 ->?;nT+i Sei u ta - ra ^' us 1 f fc - on an inclined plnno j 

A 6 ft. Fmd the height of its centre above the horizontal Oas. 

making an° ancrle fl°wi a ° f I 011 ? 4,11 r is drawn in a direction 
extremity ? 8 ° th ° X> what are tho coordinates of its other 



PROJECTION AND FINITE SERIES 123 

12. If the directed lino AB is of length s, and if L (AB, Ob) = (f>, and 
if B ia the point (h, A), what aro the coordinates of A ? 

13. If AB, BC are of lengths r v r t and make anglos 0 V 0 2 with Ob, 
what is the length of AC ? 

14. In Fig. 58, OD and PR are perpendiculars to AB, the longth 
of OD is p, and the coordinates of P are (h, k) \ find the length of RP 
by taking the projections of RD, DO, ON, NP on OD, 



Addition Theorems. To provo that 

(i) cos (A +B) = cos A cos B -sin A sin B j 

(ii) sin (A +B) =sin A cos B -(-cos A sin B j 
tor angles of any magnitude. 

Lot the dirocted linos 0£, OP, Ot/ make anglos A, A +B, A with 

A 

Ob j and let the projections of P on 0£, Or/ bo N, M. Suppose that 
OP contains l units of length. 

The positions of N, M on tho dirocted linos 0£, Or/ aro given by the 
directed numbers which moasuro ON, OM, and those are, by the 
definitions of tho cosine and sino of tho general angle, l cos B, l sin B. 
by equation (6), p. 120, 




Projection of ON on 0 x=l cos B . cos A. 
Projection of OM on Ob =1 sin B . cos ^A 
Also tho projection of OP on Ob =1 cos (A -i-B). 



m 
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But the projection of OP on Ox is equal to the sum of the pro* 
jeotions of ON, NP, i.o, to tho sum of the projections of ON, OM, on 0®, 

I cos (A +B) =Z cos B cos A +1 sin B cos ^A +^. 

But cos (a + ^ = -sin A, see E.T., pp. 10D, 200; 

cos (A + B) =cos A cos B - sin A sin B (7) 

Further, if tho directed line 0 y makes + - with O.v, tho projections 
of ON, OM, OP on Oy are 2 

l cos B sin A, l sin B sin ^A + ^, l sin (A +B). 

as before, 

l sin (A +B) =1 cos B sin A +1 sin B sin ^A +^* 

But sin ^A +^j = cos A, see E.T., pp. 199, 200 ; 

sin (A + B) =sin A cos B + cos A sin B <8) 

Tins proof holds good for values of A and B of any magnitude, 
positive or negative. Figs. G9, 00 show two possible cases ; the 


i 


Fro. 60. fio. on< 

r° a< ler should draw other figures (e.g. A = 100°, B=G0° or A =220°, 
B = 1G0 ) and satisfy himself that tho proof applies to them, without 
any modification. 

Since the results of this chapter and their proofs hold for nogntivo 
angles (see Ch. XIV, p. 198), wo may write -B for B in (7) 
and (8). This gives 


cos (A - B) — cos A cos ( - B) - sin A sin { - B) ; 

.*. cos (A - B) =cos A cos B +sin A sin B (9) 

sin (A - B) = sin A cos ( - B) + cos A sin ( - B) ; 

.'. sin (A - B) =sin A cos B - cos A sin B (10) 
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Application of Projection to the Summation of Certain Series, 

Sum to n terms the series 

(i) cos a +cos ( a +(3) +cos (a + 2/3) + ... j 

(ii) sin a + sin (a + (3) + sin (a + 2(3) -h . .. . 

In Fig. 01, OA lt Ap^, .... A n _!A n are equal chords of a circle of 
radius R, forming an open polygon with exterior angles (3, 



Each ohord subtends an angle \(3 at' the circumference and 

from the formula R = r— its length is 2R sin ~ ; also OA„ 
n Q 2 am A e 2 V 

su btonds an angle at the circumference, therefore OA„ = 2R sin . 

Draw 0» so that L (OA,,, Ok) =a. 

Then A(A,Aa, Ok) =a +(3 ; A(A 2 A 3 , Ox) = a + 2(3 ; ... 

A(A n _jA„, 0») = a + (n ~1)/1. Also £(OA„, Ox) =a + J{n - 1)/3, 

Now the projection of OA„ on Ok is the sum of the projections on 
Ok of OA,, A[A 2 , ... , A fl-1 A n { 

2R sin ~ cos +~2~ ft'j 

= 2R sin ~ {cos a -t-cos (a +(3) +cas(a+n - 1 

It 

*, cosa + cos(a+^)+cos(a + 2/3) + ... +cos(a+»- \ (3) 
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Similarly, taking the projections on O y, 
sin a +sin (a + £) +sin (a + 2/3) + +sin (a + n^lfi) 



Relation (12) may be deduced from relation (11) by writing 

a - - for a. 

2 

EXERCISE VII. b. 

1. Examine the proof on pp. 123, 124 for the expansion of 
cos (A +8), drawing appropriate figures, in the following cases : 

(i)ir<A<~, (ii)~<A<27r, tt < B < ; 

(iii)0<A<|, -|<B<0{ (iv)|<A<7T, -^<B<-7T. 

2. If in Fig, 59 'the coordinates of P roferrod to Ox and the lino 
Oy which makes + ^ with Oa as axes, are a; and y, what are the co* 
ordinates of P referred to 0£ and Oy 1 

3. Answer the same question as in No. 2 for Fig. 00. 

4. Write out in full the proof by the method of pp. 123, 124, that 

cos (A -B) =cosA cosB +sin A sin B. 

A 

B 


FIO. 82. 

5. In Fig. 62, OA=OB, AM =MB, LxOA^O, Lx OB = j oxproes 
the projections of OA, OB in terms of those of OM, MA, MB, and, by 
adding, prove that * 

(i) cos 0 +cos </> =2 cos cos ; 

(ii) ain0+ain^ = 2sin^i^cos^-^. 

40 2 
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ft. _Wibh the data of No. 6, by subtracting, prove the corre- 
sponding formulae for cos 0 -cos</> and sinfl -sin</>. 

7, By projecting the sides of a regular pentagon on suitable lines, 
prove that 

(i) cos 6® + cos 77°+ cos 149° + cos 221° + cos 203° =0 5 

(ii) sin 6° + sin 77° + sin 149° + sin 221° + sin 293° =0. 

8, Prove the results of No. 7 by formulae (11) and (12), 

9, Prove by projection that 

cob 0 + cos (0 + cos [0 + — •) + to n terms =0. 

Is a similar result true for sines ? 

10, Use formulae (11) and (12) to verify the results of No. 9. 

11, By means of the identity 

2 sin 0 cos kO = sin (ft + 1 )0 - sin (k - 1)0, 
provo that 2 sin 0 (cob 0 + cos 30 + ... + cos(2n-l)0 }=sin2n0. 

Prove this also by formula (11) 

12, By means of the identity 

2 sin0 sinfcO = cos(fc - 1)0 -cob(/c + 1)0, 
find the sum of the series sin 0 + sin 30 + sin60 + ... to n terms. 
Chock your result by formula (12). 

Series. The formulae (11), (12) give the sums of series of sines 
or cosines of angles which are in a.p. Their utility justifies the 
addition of an analytical proof, which also illustrates an important 
method of summation. 

Sum to n terms the series 

cos a 4* cos (a +(3)+coa (a +2/3) + ... . 

Multiply each term by 2 sin J/3. 

2 cos a . sin bfi =sin (a + - sin (a - £/?)» 

2 cos (a +/3) . sin J/3 =sin (a +f/3) -sin (a + J/3), 

2 cos (a + n - 1 /3) . sin£/3 =sin (a +n - sin (a +n- f/3). 

By addition, 

2 sin J/3 . (sum of scries) =sin (a +n -\fi) - sin (a-J/3) 

= 2 cos (a +i» -1/3) sin $n/3» 
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This gives for the sum of the series the same expression as was 
obtained in relation (11), p, 126. 

The sum can be expressed in words as follows ; 


cos (average angle) , sin(n times semi- difference) 
sin (semi-difference) 

and it is best to remember it in this form. 

The reader should show that the series 

sin a+sin (a+(3) +sin (a +2(3) + ... +sin (a + n - 1 (3) 

can be summed by multiplying each term by the same factor as 

bofore, 2 sin and that the sum may be written 
2 


sin (a verage angle) ■ ain(n times semi-difference) ^ ^ 
sin (semi-difference) 

The fact that the second series can be deduced from the first by 

writing a - Jtt for a shows that the multiplier 2 sin ~ required for the 

first must equally suit the second series. 

If n +(3 is written for (3 in the two series, we obtain 

(i) cos a -cos (a +/3) +cos(a +2(3) - ... . 

(ii) sin a -sin {a+(3) +sin (a + 2(3) -... . 

These could bo summed directly by using the multiplier, 

2 sin = 2 cos^-. 


The sums of the sine and cosine series are deduoiblo from ono 
another by differentiation with respect to a. 

The application of differentiation or integration to deduce the sum 
of ono series from that of another is frequently useful. 

It is justified by the identities : 


du dv d(u+v) ( 6 , f 6 , f 6 , . , 

Tx + dx- *r-’ <**=);« +«■>*>• 


But this argument does not apply to an infinite series, because tho 
sum of an infinite series is not the sum of its terms, and term-by- 
term differentiation or integration of an infinite series need not in 
fact give the differential coefficient or integral of the sum to infinity, 
unless special conditions are satisfied. 
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Example 2. Sum to n terms 

cos a 0 +oos s 20 + eos a 30 + ... ? 

The series =^{1 +cos 20) + 4(1 +cob 40) + +4(1 + oos 2n0) 

=4n + 4(oos 20 +008 40 + .,. +cos 2n0) 
cob (n + 1) 0 sin nO 


=4n + 


2 sin 0 


1 


_n 

— 2 "** 4 sin 0 


(sin 2n + 10 - sin 0) 


=i(2n _ 1)+ !!5^±M£, 

4 ' 4 Bin 0 

Ifcram'pte 3. Sum to n terms j 

sin a a +sin 8 (a +/3) + sin 3 (a + 2/2) +.., » 

sin 30 =3 sin 0 - 4 sin 9 0 j sin 8 0 =4 (3 sin 0 - sin 30) ; 

the series =f {sin a +sin (a +/?) + .,. +sin(a+«.-l jS)} 

-4{sin3a+sin 3(a+/3) + ... +sin 3(a+n - 1 /?)] 

0 . / ,n-l Q \ . nfi , /„ ,3n-3„\ . 3»)3 
3 sin (a H — g— /3 j sin ~ mnf3a+— g — pjsm-£- 


. . £ 
4 sin — 
2 


. . 3/1 

4sm f 


EXERCISE VII. e, 

0 30 

1. Sum ton terms: oos2+oos0+eos-g- + ... j 

2, Prove that cos ^~+oos^ + cos ~4* 

3. Prove that cos ^ +oos ^ +cosyj + cos +003 

4, If n - 1 is a positive integer, prove that 

2 sin — - and 2 00 s , for r = 1 to n, are both zero. 

7% tl 


5. Prove that 2 00 s 


2 nr 
2n + 1 


, for r = l to ii, is - 4 . 


„ ,, * sm0+sin20 + ... +sm(n- 1)0 n0 

u. Prove that „ „ 7 ~-=tan-g-< 

oos0+cos20 + ... +cos(n-l)0 2 


129 
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7. Sumi cos a -cos(a+/3) + cos(a+2/?) -cos (a +3/?) + ,,. 

(i) to 2 n terms ; (ii) to (2« + 1) terms ; (iii) to in terms, 
Sum to n terms the series in Nos. 8-17. 

8. sina ~gin(a +/3) + sin(a + 2/3} -... . 

9. cos 0 ~ cos 2 0 + cos 30 - ... . 

10. sin 2 0 +sm 2 20 + sin 2 30 + ... . 

11. cos(2n -1)0 + cos(2n -3)0 +cos (2 n - 5)0 + ... . 

12. cos 0sin 20 +cos20sin 30 +cos 30sin 40 + ... . 

13. cos0 -sin 20 - cos 30 + sin40 + cos 60 -sin 00 - ... . 

14. cos 2 0 + cos 2 (0 + <£) +cos 2 (0 +2</>) + ... . 

16. sin 2 0sin 20 + sin 2 20sin 30 -|-8in 2 30sin 40 + .,. . 

16. cos s 0 +cos 3 20 + cos 3 30 + ... . 

17. cos 4 0+cos 4 20 +cos 4 30 + ... . 

18. Find the sum to n terms of sin 0 +sin 20 -f-sin 30 + ... and 
deduce the sum to n terms of cos 0 + 2 cos 20 + 3 cos 30 + . . . . 

19. Prove that sin 0 + 3 sin 30 + 6 sin 60 + ... to n terms 

^ cos 0 sin 2n0 - 2nsin 0 oos 2n0 
" 28in*0 ’ 

20. If C =2 rcos(a + r — ■ 1/3), for r» 1 to n, prove that 

2(1- cos)3)C =(n + 1) cos (a +n -l/j) - cos (a -/?) - ncos (a + ?i/3). 


21. If -^<0<|. prove that (i) the sum of any number of torms of 

the series cos0 -cos30+cos50 -cos70 + ... is positive or zero and 
less than \/2 ; and that (ii) the sum of n terms of the series 

sin0 -Jem 30 + £sin60 -... is £sec£{l +(- l)' 1 " 1 cos 2n.r) da* 


The Difference Method. The series on p. 127 were summod by 
expressing each term as a difference. No rulo can bo given whioh 
shows exactly when or how to apply the method. Considerable 
experience and ingenuity are sometimes required. 

The essence of the method consists in expressing the general (rfch) 
term, u f , in the form f(r + 1) -/(r). 

Then w, +«, +u 3 + ... +«„ = 2{/{r + 1) -/(r)}, for r = 1 ton, 

=/(» + !)-/( 1). 

The difficulty disappears if the roader is asked to prove that the 
sum to any number of terms, say r terms, is <£(?•), that is to say, if 
lie knows what the answer is to be. 
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For «“(«! + r Mj + ... +« r ) “(Mi+« I + ...+«i f _ 1 ) 

and the known form of the answer therefore supplies the form of the 
difference which ho must obtain. In such cases, the work is sub* 
stantially equivalent to the method of induction. 


Example 4. Prove that the sum to n terms of 

tan 0+2 tan 20+4 tan 40+8 tan 80 + ... is cot 0 -2 n cot (2 n G). 

If this form for the sum is correct, the 1st term, tan 0, must equal 
cot 0-2 cot 20 ; we therefore start by proving that this is so, 

cos 0 sin 0 cos® 0 -sin 3 0 


Now 


cot 0 - tan 0 = 


sin 0 cos 0 
cos 20 


sin 0 cos 0 
= 2 cot 20; 


^ sin 20 
tan 0 = cot 0-2 cot 20 ; 
writing 20 for 0 and multiplying by 2, 

2 tan 20 =2 (cot 20 ~ 2 cot 40) =2 cot 20 - 2 2 cot 40, 
Similarly, 2 2 tan 40 = 2 a cot 40 - 2 3 cot 80. 


2'*" 1 tan (2 , ‘~ 1 0) = 2 n "» cot (2"-*0) - 2" cot (2"0) ; 
by addition, the sum to « torma of the given series is 
cot 0-2" cot (2"0). 

Example 5. Sum to n terms ; 

(i) cosoo 20 +C 080 C 40 + cosoc 80 + ... ; 

(ii) 2 coseo 20 cot 20 + 4 cosco 40 cot 40 + 8 cosoo 80 cot 80 + ... , 

1 2 cos 2 0 -cos 20 

(i) Wo have cosoo 20 =- — ^ l 

' sin 20 sm 20 


cosoc 20 = 


2 oos 2 0 


cos 20 


2 sin 0 cob 0 sin 20 


= cot 0 -cot 20, 


Similarly, writing 20 for 0, 

cosec 40 =cot 20 - cot 40, 
cosoc 80 =cot 40 - cot 80, 

4 

cosoo (2 n 0) =cot (2 ,, ~ 1 0) - cot (2”0) | 
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,\ by addition, the sum to n terms of the given series is 
cot 0 — oot (2 n 0), 

(ii) Since ^ (coseo n0) = -n oosee nO cot nO, it follows at once 
that the sum of the second series is 

foot 0 - cot (2 n 0)] =eosec a 0 -2° cosoo a (2 n 0}. 

If a series such as (ii) occurred apart from the series (i) which has 
here served as a guide, the method would become apparent by using 
integration. Thus 

[2 coseo 20 oot 2 8 = = - coseo 20, 

J J sm a 20 


EXERCISE VII. d. 

1, Prove that tan 0 sec 20 =tan 20 - tan 0 5 honce find the sum 
to n terms of tan 6 see 20 + tan 20 see 40 + tan 40 see 80 + ... . 

2, Prove that tan 0 =cot 0 -2 cot 20 ; honce find the sum to 

0 0 0 

n terms of tan 0 +£ tan ^+1 tan ^ + £ tan g +.., . 

3, Prove that tan (a +r0) tan (a +r - 1 0) 

=cot 0 {tan ( a +r0) - tan (a + r - 1 0)} - I | 
use this result to sum to n terms a certain series. 

4, Prove that tan 20-2 tan 0=tan a 0 tan 20 ; use this result to 
sum to n terms a certain series. 

0 Q 

6 . Prove that sin a 0 - 2 sin 3 ^ =2 cos 0 sin a „ j use this result to 

& & 

sum to n terms a certain series. 

6 . (i) Prove that cotr0 - cot (r + l)0=-r — - 8 | - 7i . 

' ' sm rO sin (r + 1)0 

(ii) Sum to n terms, cosec 0 coseo 20 +cosoc 20 coseo 30 + ... > 

7. Prove that the sum to n terms of 

tan s see 0 + tan - sec | + tan ~ see ~ + ... 

6 4 .4 6 4 

equals tan 0 - tan 

At* 

8 . Prove that the sum to n terms of 

sin 3 0 sin 3 30 sin 8 90 
cos 36 + 3 cos 90 + 9 cos 270 + *** 
equals g {3-** tan (3 n 0) - tan 0). 



PROJECTION AND FINITE SERIES 


133 


Sum to n terras the series in N 03 . 9-16. 

9 soo 0 seo 20 +seo 20 seo 30 -l-soo 30 see 40 + ... . 

10. tan 0 tan 20 -t-tan 20 tan 30 +tan 30 tan 40 + ... . 

11. oot 0 oot 20 -l-cot 20 cot 30 + cot 30 cot 40 + ... . 

12 1 , 1 , 1 , 

' oos 0 +cos 30^cos 0 +C08 60 T cos 0 + oos 70 ' 

13. sin 0 soo 30 +sin 30 seo 90+sin 90 seo 270 + ... « 

14. seo 2 0 +jp sec 2 g + p seo 2 ~ . 

16. tan*0 +gj tan 2 ~ + p tan* | + ... , 

16. Prove that tan -1 (n + 1) - tan -1 n s=cot“ J ( 1 + n +n*). Hence 
sum the series, cot -1 3 +cot -1 7 + ootr 1 13 +... -foot -1 (1 +n +«*). 

Sura to n terms the following series : 

17. tan- (yAts) + ton '‘ (tti ) +tan ' 1 (urn ) + • 

18. tan -1 ^ + tan -1 ^§0 ’^ an ""* ( 3 s) • 

19. eoir 1 ^) 4-cot- 1 + cot- x Q-) +... . 

20. cot- 1 (2 . 1 2 ) + oot -1 (2 . 2 2 ) +cot -1 (2 . 3 s ) + ... i 

EASY MISCELLANEOUS EXAMPLES. 

EXERCISE VII. 0 . 

1. In Fig. 03, AB, BC aro of unit length ; prove by projection that 
cos a - sin a = V2 . cosset -I- ^ J . 

What is the maximum valuo of cos a - sin a ? 



Via . «. 


x 
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2. Use the method of No. 1 to find tho maximum value of 
7 cos a + 24 sin a. 

3 AD is an altitude of A ABO, and Z is the middle point of AB. 
Prove that the projection of ZC on AD is £csinB. 

4. If a and b are given numbers, express a cos 0 sin 0 in the 
form rain (0+ a). Give geometrical interpretations of v and a. 
What are the maximum and minimum values of a cos 0 +iisin0i 
and for what values of 0 do they occur ? 

5. Prove that 2 f sin — cos — ) , for r — 1 to n, is zero, 

\ n n i 

6. Prove that 2 cos 2 ^ 0 + , for r = 1 to n, is g . 

7. Find 2 (cos rO cos r + 1 0), for r = 1 to n. 

8. Find 2 {sin (a+rfi) sin (a +r + 1 /3)}, for r = 1 to n. 

9. Sum to n terms : 

0(1 

sin 20 sin 3 0 + sin 30 sin* — + sin 40 sin 3 20 + . .. . 

z 

10. Prove that 

cos na cos {n + 1) /3 -oos ( n + 1) a cos n/3 
cos /3 - cos a 

11. Prove that 2{rsinrfl), for r = l to n, is 

(n + l)sinnfl -nsin(n + l) 0 
2(1- cos 9) 

12. Evaluate 2(r 2 eosr0), for r = l to n. 

13. Prove that sin 0+ sin ^ =2" eos-| cos <p 2 ... cos , and deduco 
the values of 2 log cos ^ and 2 2~ r ton , for r = 1 to n. 

14. Sum the series log cos 0 + log cos 20 + log cos 40 + log cos 80 + ... 
to n terms. 

15. Evaluate lim 1 *— a - 2 when s„ is equal to tho sum to 

It-HO W 

n terms of 1 -1 + 1-1+1-1+.... 

16. If s n =2sin rO, for r = l to n, and if Of- 2nr, prove that 

lim ±fr - t : ±* b = | cot 10. 

n — n 

Also find the same limit for 2 cos (2r - 1 ) 0, for r = 1 to n, when 0 f kir, 

17. Sum to n terms tan 0+2 tan 20+4 tan 40 - 1 - ... , 


n 

1+2 ^ {cos ra cos rft) = 
r = l 
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L8. Sum to n torms tan 8 0 +2* tan* 2 0 +4 a tan s iO + ... , 

19. Prove that 42-|3 f “ 1 sm 3 ^^J , forr = l to n, is equal to 
3 n gin — - sin 0, Deduce another result by differentiation. 

20. In attempting to draw a regular polygon A,A 8 ... A„ a person 
draws the sides AiA a , A a A 3 , ... in order each of length o, but makes 
each interior angle of the figure too great by a. Prove that the final 

vortex, A n+1 , will be at distance csin^coseo^- from Aj. 

21. If 0 is the oircumcentre of the regular polygon AjA a ... A„, 
prove that the sum of the projections of OAj, OA a , . . . OA n on any line 
is zero. 

22. In No. 21, if P is any point, and R is the ciroumradnis, prove 
that PA 1 2 + PA a 2 + ... +PA n *=n(R 8 +OP 3 ). 

23. If P is any point on the minor are A]A Jrl+1 of the circumcirclo 
of a regular polygon AjA a ... A an+1 , prove that 

PAj ~PA a +PA* - ... =0. 

24. If 0 is the centre of the in-circle, radius a, of a regular polygon 
AjA a ... A n and if P is any point, prove that tho sum of the squares of 
the porpondioulars from P to A^, A 2 A 3 , ... , A B _jA n , A b Aj is 

n(a 2 +iOP 8 ). 


HARDER MISCELLANEOUS EXAMPLES 
EXERCISE VII. f. 

1. ABC is a triangle, whose side BC is divided at K in tho ratio 
of p : g. If tho projections of AB, AC, AK_on any given lino Ox are 
denoted by AB, AC, AK, prove that (p +$r)AK =?. AB +p . AC. 

Obtain a special result by taking Ox to be tho side BC ; and deduce 
that (p+q) cot AKC =g , cotB -f>cot C. 

2. OA, OB, OC are concurrent edges and OD is a diagonal of a 
rootangular box. If OP makes angles a, /3, y and 0 with OA, OB, OC 
and OD, prove that 

(i) OD cos 0 =OA cos a +OB cos /3 +OC cos y j 

(ii) cos 2 a-l-cos 2 /3+cos 2 y = l. 

3. In any quadrilateral ABCD, prove that 

a 2 -h b 3 + c 3 - cl 3 — 2 ab cos B + 2 be cos C - 2ac cos (A + D ). 

4. In any pentagon ABODE, where AB —a, BC = b , etc., prove that 
a 2 + (,2 _c 2 - d 2 -e 2 =2abcosB -2cdcosD -2decosE-t-2cecos(D + E). 
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Sum to n terms the series whose rfch terms are : 

6. sin rx sin ry sin rz. 6. cosVO sinVO. 

7. coB B r0. 8, (n -r + 1) cos(r - 1)0. 

9. r cos (n~r)0, 10. (n -r + l)cos 2 (r - 1)0. 

11. Prove that 

n + 2(n-l)cos0+2(n-2)cos20 + ... + 2cos(n-l)0 = \~L C Q ^ g 

12. Evaluate (n~ l)sin0+(n -2)sin20 + ... +sin(tt - 1)0. 

13. What is the product of 

1 + rccos 0 +a; 2 cos20 + ,.. +8 n cosn0 and 1 - 2:coos 0 +#* ? 

14. What is the product of 

aisin 0 +a: a sin 20 + ... + a” sin n0 and 1 -2#oos 0 +3> 9 ? 

16. Prove that 

COS 0COS 0 +003*0008 20 +... + cos’ 1 0 coa nO = - - - — -* 

sin v 

16. Prove that 

1 + cos ^ sec $ + cos 2<£ seo*<£ + . . . + oos «</> seo rt r/> = . 

Sum to n terms the series whose rth terms are : 

17. 2 1-r sin a (2 r-1 0) cos (2 r-1 0). 18. sin(2r + l)0seo 2r0seo<2r +2)0, 

19. sin 4r0 cosec rO. 20. cos(3 r_1 0) coseo(3 r 0). 

21. Sura to infinity the series : 

22. AiA, ... A n is a regular polygon, prove that 
AjAg* +A 1 A 1 * + ... + A 1 A*_, =iAjA a B ^ncoseo 2 ^ -4^. 

23. AjAg... A n is a regular polygon inscribed in a circle oontro 0, 
radius R ; P is a point near 0. Provo that 

PA J + PA a + ...+PA n ^n(R+^ 3 ). 

24. A regular polygon of n sidos is inscribed in a circle centre 0, 
radius R ; P is a point at distance c from O. Perpendiculars are 
drawn from P to the sides of the polygon. Provo that the sum of tho 
squares of the sides of the new polygon formed by the feet of fchoso 

2 t 

perpendiculars is n (R* + c 2 ) sin 2 ~ . 

26. AB is a diameter of a circle centre O ; Q 0 is any point on tho 
circumference} Q,, Q 2 , Q, 3 , ... Q„ are the middle points of the arcs 
AQo, AQj, ... AQ, t _j respectively. Prove that 



CHAPTER VIII 
COMPLEX NUMBERS 

The Idea of Number. In elementary algebra it is found that 
certain equations have solutions, whereas otlier3, almost of the same 
form, have none. The idea of number is gradually generalised, and 
the possibility of the solution of a particular equation may depend 
on tho point to which the process of generalisation lias been pushed. 
Consider the equations ; 

(i) 2a? =4 5 (ii)2»=5j (iii) 2x + 3 =0 j 

(iv)a: a =4; (v)aj 2 =2j (vi) x 2 = - 1. 

In tho algebra of natural numbers (i) and (iv) are satisfied by x =2 
and the others have no solutions. In the algobra of fractions (i) 
and (iv) are satisfied by y and (ii) by f. In. the algebra of directed 

(positive and negative) numbers of the type each of tho first 

three has a solution and (iv) has the two solutions and -f, but 
(v) and (vi) cannot be satisfied. 

Tho most difficult step in the process of generalisation is the 
introduction of the real (rational and irrational) numbers } this will 
be discussed in the companion volume on Analysis. In real algebra 
•v/2 is available for the solution of equation (v). For many purposes 
it is enough to have a number which approximately satisfies an 
equation, and this is tho reason why the introduction of irrationals 
is not urgent. 

The rational real numbers have properties exactly analogous to 

j} 

those of tho directed numbers ±-» hi much tho same way as tho 

Q 

positive dirootod numbers have properties like tho signless fractions. 
No real numbor satisfies the equation re 2 = - 1, evon approximately. 

In tho pi-osont Chaptor, by introducing tho complex numbers, wo 
shall oarry out a further generalisation of tho notion of number, and 
by suitable now definitions of tho meanings of addition, multiplica- 
tion, etc., shall show that equations like a 2 = - 1 (in which - 1, as 
well as x, is a complex numbor) are satisfied by numbers of the new 
typo. 

Definition of a Complex Numbor. Consider a plane and in it two 
rectangular axes Ox, 0 y, The position of a point P in this plane, 
or tho displacement mado in moving from the origin 0 to the point 

137 
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P, requires for its determination two real numbers, o.g, the coord h 
nates of P referred to Ox, Qy. 

An ordered pair of real numbers is called a complex number j and 
if a and b, in that- order, are the real numbers, the complex number 
is denoted by the symbol [a, 6], 


y 
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Thus there is a unique complex number corresponding to every 
point P of the plane, viz. the number [a, b] corresponds to the point 
P whose coordinates are (a, 6). Conversely, given a complex number 
[a, 6], there is a unique corresponding point P, with coordinates 
(a, b), or a unique corresponding displacement, whoso components 
along the axes are a and 6. 

The statement that the pair of numbers which constitute a complex 
number is “ ordered ” means that [a, b] and [6, a] are distinot 
complex numbers (unless a ~b). But for this, the one-to-one corre- 
spondence between complex numbers and points in a plane would 
not hold ; just as the points (2, 5) and (6, 2) are distinct, so too 
are the complex numbers [2, 6] and [6, 2], 

Definitions of Fundamental Operations. In a logical introduction 
to the theory of fractions or negative numbers, it is necessary to 
begin by defining the meanings of the elementary operations rvs 
applied to these numbers. In the same way, wo must start boro by 
making definitions of equality, addition, etc., for complex numbers. 

These definitions simply state what meanings are to bo given to 
the signs =, +, x, and -h, in this new kind of algebra, which 
might be called the * algebra of ordered number -pairs ’, but is 
actually called the ‘algebra of complex numbers’. 

(i) Equality. The two complex numbers [a, 6] and [c, d] aro 
called equal if and only if a-c and b In this case, we writ© 
[a, b] = [c, d]. 

This definition secures that the points (and displacements), which 
correspond to two complex numbers, are the same points (and fclio 
same displacements) if and only if the complex numbers aro “ equal,” 

(ii) Addition. The complex number [a+c, b+d] is called til© 
sum of the two complex numbers [a, b] and [c, d] ; and we write 

[a, b] + [c, d] = [a + Q, b H- d]. 


(1) 
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If P and Q are the points corresponding to [a, 6] and [c, d], see 
Fig. 65, and if Q,OPR is a parallelogram, the point R corresponds to 
[a +c, b +d], for the projection of OR on Ox is 
equal to the sum of the projections of OP, PR 
or OP, OQ, on Ox j and similarly for projections 
on 0 y. 

In vector notation, OR =OP +OQ,, so the dis- 
placement corresponding to the sum of two 
complex numbers is the vector sum of the dis- 
placements corresponding to the numbers. 

(iii) Subtraction is defined by the relation, 

[a, b] ~[c, d] = [a-c, b -d], (2) 
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This is chosen because, by equation (1), 

[a - c, 6 - d] + [c, d] = [a - c + c, b - d +dj = [a, 6]. 

(iv) Multiplication is defined by the relation, 

[a, b] x [c, d]=[ae-bd, ad+bc] ......(3) 

The reason for this (at first sight peculiar) definition will become 
apparent in the next few pages, see especially Note 2, p. 142 A 
complete discussion will be given in the companion volume on 
Analysis. Any definition is legitimate, if not self- contradictory, and 
this one happens to ho the most convenient and useful one to make. 

(v) Division, [a, i] ~ [c, d] is defined as the complex number 
[#, 1 /] given by [», y] x [c, d] — [a, 6], provided that such a number 
exists. 

By (3), this gives [xc - yd, xd +yc ] = [a, b ] j 

xe-yd—a and xd+yc^b", 

, . . ac-i-fed be -ad , , . 

.. solving, *=- 35 —^ 1 /=^^, unless c=d = 0; 


[a, b]-r[o, d] = jj^ 


ac + bd 
Td 2 ' 


be - ad' 
C 2 +d 2 


(*) 


This definition of division excludes the divisor [0, 0]. The number 
[0, 0] plays a part in the theory of complex numbers, analogous 
to that played by 0 in the theory of real numbers. Division by 
[0, 0] is not defined. 


EXERCISE VIII. a. 

[The beginner should work through all the examples in this 
Exorcise.] 

1. What are the values of [1, 6] + [2, 3] and [2, 3] + [1, 6] T 
What general law does this illustrate 1 
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2. What are the values of [2, 5] x [3, 4] and [3, 4] x [2, 6] ? 

What general law does this illustrate ? 

3. Verify by a numerical example, or show algebraically, that 

[a+o, Ii+d] x[s,jf] =[a, &] x [«,/] + [o, d] x [>,/]. 

4. What are the values of : 

(i) [2* 0] + [3, 0] ; (ii) [a, 0] + [o, 0] { 

(iii) [2, 0] x [3, 0] ; (iv) [a, 0] x [c, 0] ; 

(v) [a, 6] + [a, 6] + [a, 6] + [a, 6] + [a, &] and [a, 6] x [6, 0] ? 

6. What are a, b if [3, 6] + [a, 6] = [7, 8] ? 

6, What are the values of : . 

(i) [3, 6] + [ - 2, 8] j (ii) [ - 0, 2] + [ - 7, - 1 ] ; 

(iii) [-6, -4] -[2,-0]; (iv) [-6,-4]+ [-2, 0] J 

(V) [6, 1] x [3, 0] ; (vi) [6, 1] x [0, 3] ; 

(vii) [4, 6) x [ - 8, 2] t (viii) [3, 11]+ [2, 3]. 

7. Simplify (i) [a, 0] + [0, 6] ; 

(ii) [o, 0] x [1, 0] + [b, 0] x [0, 1]. 

8, Write down tho square of [a, &], i.e. [a, 6] x [a, &]. What 
are the squares of [1, 0], [ - 1, 0], [0, 1], [0, - 1] ? 

9. Simplify [cos 0, sin 6] x [cos <f>, sin </>]. 

10, If [a, 61 x [o, d] as [0, 0], prove that (a* +6 a )(o* +d a ) =0, and 
hence that either [a, 6] or else [c, d] must be [0, 0], 

Notation. It appears from results such as those of Ex. VIII. a, 
No. 4, that complex numbers of the special type [a, 0] behave 
rather like real numbers. It is therefore convenient to denote [a, 0] 
by the symbol a, and in particular [0, 0] by 0. There is a precedent 
for this in elementary algebra, where, for example, the symbol 2 is 
used with several different meanings : sometimes it moans tho 
natural number 2, sometimes tho fraction sometimes tho dirootod 
number +•$., and later ' the real number 2 ’ ; now it is given a furthor 
possible meaning, the complex number [2, 0]. Complex numbers of 
the form [o, 0] correspond to points on the re-axis. 

It is also convenient to use an abbreviated notation for complex 
numbers which correspond to points on the j/-axis. The number 
[0, a] is denoted by ia or ai, and in particular [0, 1] by i. 

Further, since [a, 6] = [a, 0] + [0, 6] and since [a, 0] and [0, 6] are 
denoted by a and bi or ib, the general complex number [a, 6] is denoted 
by a + bi or a+ib. 

Just as in real algebra a; xre x® x ... ton factors is denoted by a", 
so, if z is any complex number a+ib and n is a positive integer, 



COMPLEX NUMBERS 


141 


the product z x z x z x ... to n factors is denoted by z n . Also — is 

written z~ n and, in particular, - is written z -1 . 

z 

Mechanical Application of Algebraic Processes. If a, b, c, d, i 
Btand for ordinary real numbors, wo have : 

(i) (a+bi)+(o+di)=(a+c)+(b+d)t; 

(ii) (a + &i) x (o + di) = (ac + bdi 3 ) + {ad + &c)i. 

If, on the other hand, a+bi and o+di stand for the complex 
numbers [a, b] and [o, d]), wo have 

(i) (a + bi) + (o + di) = [a, 6] + [o, d] - [a + c, 6 + d] = (a + o) + (6 + d)i ; 

(ii) (a + bi) x (c + di) - [a, 6] x [c, d] = [ac -bd, ad +bc] 

=; (ao - bd) + {ad + bc)i. 

The two relations (i) are identical in form, as they stand ; the two 
relations (ii) become identical in form, if - 1 is written for i J . 

Thus, the correct results of both addition and multiplication are 
given by a mechanical application of the ordinary processes of algebra 
to the symbols in their abbreviated form, provided that - 1 is written 
for »*, wherever it occurs. 

The reader may have anticipated this faot from the result obtained 
in Ex. VIII. a, No. 8, where ho found that 

[0, 1]* = [0, 1] x [0, 1] = [- 1, 0] 

or, using the abbreviated notation, i 3 = - 1. 

Other operations, subtraction, division, etc., can always be 
reduced so as ultimately to depend upon addition and multiplication 
[see the definitions on pp. 138, 130]. The statement in italics 
therefore holds for all the fundamental processes of algobra. 

Note 1. The oquation, t* =» - 1, does not moan that there exists 
a number i whoso square is the negative number -1. In this 
equation, i is simply an abbreviation for [0, 1], and - 1 is not the 
negative number - 1, but an abbreviation for [- 1, 0]. 

Nor does the equation imply that [0, 1) is the only complex 
number whose square is [- 1, 0], and in faot, as was found in Ex. 
VIII. a, No. 8, [0, - 1] is another complox number whoso square ia 
[- 1, 0]. The equation, x 3 = -1, has two roots if it is an equation 
in oomplex algebra, i.e. if x and - 1 denote ordered number-pairs. 
In real algebra, it has no roots. More generally, it will appear 
later that the oquation of the nth degree in complex algebra always 
has n roots (subject only to the usual conventions of language with 
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respect to “ equal ” roots). In real algebra it may have n roots or 
fewer. 

Note 2, The advantages of the definitions on p. 139 can now be 
partly appreciated : 

(i) It appears that oomplex numbers of the form [n, 0] have pro- 
perties much like those of the real number n. From the law of 
addition, [a, 6] + [a, 6] + ... to n terms, equals [na, nb], and from the 
law of multiplication [a, 6] x [n, 0] also equals [na, nb]. 

Therefore, [a, 6] + [a, 6] -f- , . . to n terms * [a, &] x [n, 0] . 

This would not be true if multiplication was, for example, defined 
by the relation [a, 6] x [c, d] = [ao, bd). 

(ii) It ia desirable that fundamental laws should be the same for 
complex as for real algebra. The reader who has worked Ex. VIII. a. 
Nos. 1-3, has verified this in some cases and should be able to do so 
in general. 

(iii) The result of Ex. VIII. a, No. 10, shows that the fundamental 
factor theorem, that if the product of two numbers is zero then on© 
of the numbers is zero, also holds in complex algebra. 

We give now some examples of the manipulation of complex 
numbers. 


Example 1. Calculate [®, y] 3 . 

By the principle established on p. lil, wo have 
(x + yi ) 3 =a; 3 + + 3a: yH 2 + yH 3 ; 

writing - 1 for t* and -i for i 3 ( =i 2 . i), we have 

(* + y£) 3 =(a 3 - 3#y a ) + (3 x*y - y 8 ) t } 

[*» y] 3 = E* a - 3ay a , Zxhj - y 3 ]. 

The reader should show that the same result is obtained by two 
applications of the law of multiplication for complex numbers. 


Example 2. Divide [a, 6] by [c, d) when [c, d] i= [0, 0]. 
a + bi _ (a+bi)(c~di) __(ae+bd) +(6c ~ad)i t 
c+di { c+di)(c~di ) c a +d a 


as on p. 139, 


[a.6]-Hc,d]=jj£ 


ao + bd 

7 d 3 ’ 


bo - ad 

c»+d s J* 


Example 3. Expand [a, y]”, where n is a positive integer, 
(s +yi) n ^x n + (”) x n ~'(yi) + (”} a>«-*(y»)a + ... + (yi) n 

=<*” - (2) z n ~V + ...) + ((?) x n ~ l y - (2) *»-V + 
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Nomenclature. Complex numbers of the form [x, 0] are some- 
times oalled ‘‘real,” and those of the form [0, y] are called, in 
contrast, " pure imaginary.” This language, -which is a legacy from 
tho time when the theory of complex numbers was imperfectly 
understood, is most unfortunate and should be avoided. In 
the same way, when a function' of [a, y] has been expressed in 
the form [a, 6], e.g. [x, y] s = [a; 3 - 3 ej/ 2 , 3a 2 i/-y s ], in Example 1 
above, the expressions a and b are often called the real and 
imaginary parts of the funotion ; this is an equally misleading 
form of words. They may be called the “first and second parts” 
of tho funotion. 

Complex numbers of the form [a, b], [a, -b] or o+bt, a-bi are 
called conjugate. This name is due to Cauchy. 

If, as in Examples 1-3 above, a function of a complex number 
1ms been reduced to the standard form [a, b] of a complex number, 
wo have an equation of the form 

<ji(x +yi) =X + Y i. 

In this case, it also follows that 

$(« -yt)=X ~Yi, 

for tho only property of i that is used in the work is t 1 = - 1, that is 
[0, lja = [ - 1, 0], and this remains true if i is replaced everywhere 
by since [0, -l] a =[-l»0]. 

Consequently (f>(x +yi) . <f>(x -yi) = [X 2 + Y J , 0]=X 3 + Y s (6) 


Historical Note. The idea of the possibility of dealing with the 
square root of a negative number is certainly as old as the time of 
Diophantua (o. 246-330) and arose from attempts to solve special equations. 
Probably Cardan (1601-1670) was the first to assume the application of 
algebraic processes to symbols of the form, o+nT-S. He discussed the 
problem : divide 10 into two parts whose product is 40, and gave as the 
answer 6+s/^l6 and 5 -\T^T5, (not however in this form) ; he then 
showed that his answers satisfied the given conditions, if the ordinary rules 
of Qlcebra were applied. . . .. 

Complex numbers were used freely by Euler (1707-1788), to w 
symbol i for sT=l is due, and by many of his contemporaries (John 
Bernouilli, Cotea , De Moivre, etc.). Their real nature was first “}“. 6 
by Weasel (1707) and Argand (1800), who introduced the 777 18M1 
pretation. The name “ complex number ’ is due to Gauss (1777 865), 
who developed in far greater detail than Weasel or Argand ,\ >ut on t umdar 
lines, the fundamental principles of the theory and also used 1 them m h» 
investigations of the properties of natural numbers. The others 

prepared the way for the discoveries of Cauchy, Rietnann and ? 
whioh form the foundation of modern Analysis and play a large part in 
modern mathematical Physics. 
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EXERCISE VIII. b. 

1. Express the following complex numbers in on alternative formj 

[3, 5] 5 [ 6 , 0] ; [0, 7] ; [0, 0] j [0, - 1] ; [a, -#}. 

2. Express the following complex numbers in the bracket form | 

1 +24 ; 5j 3 -24 ; 74; -24; -4- 2; ai + ft. 


3. Simplify the following ; 
(i) [3, 2] +[1,-5] 
(iii) [1, 2] x [3, 4] 

(v) (2 + 34) -{3 -44) 
(vii) 34 x 4 4 
(ix) [a, ft] + [ 0, 0] 

(xi) [a, ft] x [1, 0] 


(ii) [4, 6] - [0, 8] 
(iv) [2,0] + [3,0] 
(vi) (1 +4) +(1 -i) 
(viii) 3 i + 4 4 
(x) [a, ft] x [0, 0] 
(xii) (7 -94) +(1+4). 


\ / I.”* U-F ' ' ' ' 

Express the following, Nos. 4-30, in the form X + Yt : 

4. (1 + 24) x 3. 5. 64 x (1 -4). 8. (1 + 4) x (1 - 4). 

7. (2 +4)(3 - 24). 8. (4 +3») # . 9. (a+bi)\ 

10. 4(a+6i). 11. ai x64. 12. a+*. 

13. (cos 0 + 4 sin 0)(co9 $ +4 sin <£). 

14. (cos 0 + » sin 0)(cos 0 - 4 sin 0). 

16. (cos 0 + 4 sin 0)(cos cf> - » sin (£). 

16. (cos 0 + 4 sin 0)*. 

17. [r cos 0, r sin 0] x [s cos <£, s Bin <£]. 

18. [cos 0, Bin 0] + [cos </), sin <f>], 

19. (a: -cos 0 -4 sin 0)(a: -cos 0 +4 sin 0). 

20. (a; +sin $ +4 cos </»)( tf+sin -4 cos <£). 

21. (l+4) a . 22. (1 -4) 3 , 

2-34 


24. 


1+21 

1-4* 


27. ( x-iy)\ 

1 +z 


26. 

28. 


1 + 24 * 

1 

%~yi' 


23. 

26. 

29. 


1+4 

(H~4) a 
1 -4 ‘ 

x+iy. 
x -iy' 


30. 


1 -z 


, where z = [x, y]. 


31. Simplify (i) (1 +»)“*+ (1 -»)->; (ii) (1 +4)"*+(l -4)' 4 . 

32. If (2 +34) (3 -44) =a +64, find the value of a a +6 9 . 

33. Show that the cubes of \{ - 1 ±i\/3) are oaoh 1. 

34. Simplify (x +yi){x - yi) and factorise (a: - l) a + (2/ ~ 2)“« 
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SB. If [x +yi) n -a +bi, express a* +6 a in terms of x, y. 

36. What ig the series whoso nth term is (1 +i 2n )(l +i n ) ? 

37. Find real numbers a; and y such that 

(2 -i)a;+(l +3% +2 = 0 . 

38. Prove that [3, 4] is one root of the equation z 3 - 6z + 26 =0, and 
find the other root ? 

39. If \/{x+yi) =A +Bf, where A> 0, prove that A 2 ~B a =a; and 
2AB Hence express V{5 + 12i) in the form A +Bi. 

Similarly express y'i in the form A +Bi. 

40. What is the condition that one root of the equation 

z 3 +2(a +ib)z +* +id * =0 is of the form [fc, 0] T 


The Argand Diagram. The figure, referred to on pp. 137, 138, 
in which the point P, or the displacement OP, corresponding to a 
complex number [a, y], ~x+yi, is considered, is 
called the Argand Diagram. 

Modulus and Amplitude, If the length of OP 
is r units, and if L (OP, Ox) = 0, then we have 

x = r cos 0 ; y=rsin0; (6) 

also r= + V(x a +y a ), (7) 

and cosOi sin0 : 1 =x: y: + y(x a + y a ) (8) 



r ia called the modulus, or sometimes the absolute, value, of the 
oomplex number x +yi, and is denoted by jo: +yi| or by mod (a; -t-yi). 

0 ia called the amplitude of the complex number x+yi, and is 
denoted by am (a; +yi). 

A complex number is expressed in terms of its modulus and 
amplitude by the relation 

jc+yi=rcos0+trsin0, or x +yi=r (cos 0 +i sin 0) 


or sometimes, if there is no danger of ambiguity, by x +yi =(r, 0). 

It ia customary to denote the complex number x+yi by z and to 
write r —\z\ , 0 =am{z). If this is done, z is called the argument of 
the point P in the Argand Diagram. The symbol |z| for modz is 
due to Weierstrass ; its use in connection with real numbers has 
been explained on p. 78. 


The Modulus- Amplitude Form. It is frequently necessary to 
express a complex number, given in the form x +yi, in terms of its 
modulus and amplitude. 

A.T, 


K 
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By definition, r is essentially positive and its value is obtainod 
uniquely from r = + V(* Q +y 2 )- 

Equation ( 8 ) shows that there is also a uniquo value of 0 in the 
range - ir < 0 ^ + v ; but any value of 0 which differs from this value 
by a multiple of 2tt would load t'o the same representative point P 
and is therefore a possible value for am (a +yi). The unique value 
of 0 in the range -?r< 0 ^+ 7 ris callod the principal value of the 
amplitude. 

V 

Since ®=rcosfl, w=rsin0, it follows that tnn0 = -; but this 

x 

equation is not sufficient to determine the amplitude, since it givos 
two values of 0 between ~tt and +tt. Of those two values, it is 


necessary to select that one for which cos 0 = r-. 

+ vt^+r) 

therefore also sin 0 = 77 -r , 

+ V(^+y 3 ) 


and 


Example 4. Find the modulus and amplitude of -2 + 3 i. 

From Fig. 67, »• cos 0= x~ ~ 2, 
rsin 0 =y ~ + 3 ; 
r « + + 2 / 2 ) = + -y/i 3. 



And 0 is the angle ^between - and 7 rj given by 

sin 0 : cos 0 : 1 =3 : - 2 : + •v/lS, 

As is pointed out above, it is not sufficient to 
say that 0 is the angle given by tan 0 = - §, 


Example 5. Express 1 -cosfl -i sin 0 in the modulus-amplitude 
form. 

1 - cos 0 - i sin 0=2 sin 2 ^ - 2 i sin 5 cos ^ 

& £i 

„ . Of . 0 . 0\ 

- 2 “ n 2{ Bm 2~ %C ° a 2j 

= 2 sin jj (cos a sin a), 

It 


where a is chosen so that cos a =sin ^ and sin a = - cos ^ . 

2t Lt 


These conditions are satisfied by a = 


0 - 7T 


The result now obtained is of the required form only if sin „ is 
positive, i.e. if 4 » 7 t < 0 < (in + 2 ) ir. * 
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0 . 


Tf sin ^ is negative, i.e. if (4« -2)7 r < 0< 4 «tt, wo write 
1 - cos 0 -ism 0 = -2ain^ ( - cos a -t sin a) 

0 


= - 2 sin - (cos a -f- n -f- i sin a + tt), 

whore a = — ^ , as boforo, 

It is instructive to consider this examplo geometrically. Wo 
shall talco the special case, 0 < 0 <tt. In Eig. 68, tho points A and P 
represent tho oomplox numbers 1 and 
cos 0 +isin 0. 

To find tho point corresponding to p 
1 - (cos 0 -t-tsin 0), wo tako tho displace- 
ment OA - OP, and this is PA. Now 
LAOP =0, and OA, OP are each of unit 

longth j tho longth of PA is 2 sin ^ , fio. 68. 

and tho principal valuo of tho amplitudo of PA is moasurod by the 
anglo from 0.r to PA, which is - 1 ~~ — ~~ . 

2t 2 

,\ as boforo, 

l -cos 0 -ism 0 =2sin^ ( cos— — -l-i sm— ■— ) . 

Note. In numorical oxntnplos, tho modulus and amplitudo can 
ofton bo writton down by roforonco to a figuvo. 



EXERCISE VIII. o. 


Draw flguros and givo tho modulus and tho principal valuo of tho 
amplitudo of tho complex numbers in Nos. 1-10. 


1. 1. 

2. -1. 

3. i. 

4. 


5. l-|-i\/3. 

6. 1-i \/3. 

7. -1-HV3. 

8. 

-1 -iV3- 

9. i - V3. 

10. 1+t. 

11. - 1 +i. 

12. 

-1-4. 

13. 1-i. 

14. i - 1. 

15. V3 -i. 

10. 

CO 

> 

1 

1 

Express in tho mod ulus -amplitude form : 



17, 3 -l- ii. 

'r* 

1 

“r 

> 

co 

tH 

19. -3H-4i. 

20. 

-3-4S. 


21, y3~2 -i. 22. cos a -tsin a. 

23. sin a -i cos a. 24. Bin a • \-i cos a. 
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25. What are the modulus and the principal value of the amplitude 
of cos 2 a + i sin a cos a if 

(i) -|<a< 0; (ii)|<a<7r; (iii) -t r<a<-|? 

Express in the modulus-amplitude form : 

26, 1 +i tan a. 27. 1 cot a. 

28. tan/3~t. 29. -sin ft -i cos ft. 

30, 1 +cos 0 +i sin 0. 31. 1 + cos 0 - i sin 0, 

32. 1 +sin 0 +i cos 0. 33. cos a +t sin a +cos ft +» sin (3. 

34. cos a -t sin ft -t-f(sin a +i cos ft). 

35. 1 +r cob <j> +irBm<ji, 

36. Interpret geometrically the relation 

1 +^cos ^ +i sin + ^cos +i sin =0, 

and generalise the result. 

37. Interpret geometrically the relation 

1 +(cos 0+tsin f?)=2cos|^cos|+isin|^. 

38. By using geometrical considerations, find r a and r 2l if 
r^cosOi +isin<?j) +r a (cos 0,+tsin 0 2 ) =sin 0 a - 0j [cos^+i sin^, 

where 0< 0 t <|< 0 2 <ir. 


Applications of the Argand Diagram. It was shown on p. 130 that 
if P and Q. are the points of the Argand Diagram corresponding to 
the complex numbers, a +bi=Z! and o+di— ss a , 
y^. r then the point R whioh corresponds to their sum, 

g £r i +3 2 +z a , is found by completing the parallelo- 

gram QOPR. 

, Since the length of OR is not greater than tho 

sum of the lengths of OP and OQ, we have, boo 
* Fig. 69, 

82 iZi+z*U |*, | +|**| 

J ‘ a vio an The reader should show in a similar way, or 

deduce from (9) (see Ex. VIII. d, No. 6) that 

|2j+z 2 1> \h\ “i z al <10) 

and [zj ~ 2 j| ^ [Zj] — |z a | (11) 
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Suppose A and P are the points of tlie Argand Diagram corre- 
sponding to the fixed complex number z l and the variable complex 
number z, see Fig. 70. 

Then z - z t corresponds to the displacement AP, 
and \z -zft is the length of AP. 

If \z -z t \ =constant=o, say, then P moves on a 
circle, centre A, radius c. 

If am (z -zft = constant —a, say, thon P moves on 
the half-lino AP, such that /.(AP, Ox) = a. 

If z —}cz lt whoro h is a positive or nogative number, P is a point on 
OP 

the lino OA suoh that — = k. 

OA 



Fia. 70. 


Example 0. Two points P and Q in tho Argand Diagram roprosonfc 
oomplox numbors z and 2z -i- 3 H- i. If P moves round the circle, 
centre tho origin and radius k, how does Q move ? 

If z's2z + 3+t, \z ' -3 ~i| =|2z| =2|z| =2k ; 


Q, moves on tho circle of radius 2k whoso contro represents the 
complex number 3 +i, i.o. tho point whose coordinates are (3, 1). 

Olhcrwiae : the point roprosonting 2z is at R 
? 1 q in OP produced so that OR =20P, see Fig. 71, 

R |r and tho displacement from R to Q, consists of 

yS ^ 3 units parallel to 0® and 1 unit parallel to 

Oy. As P dosoribos tho given circle, R dosoribos 
Fiu. 7 i. * tll ° ooncontrio cirolo of radius 2k, and thus Q, 

dosoribos tho oirolo found by displacing this 
cirolo a distanco 3 units parallel to 0® and 1 unit parallel to Oy. 


EXERCISE VIII. d. 

1. Givon two points A, B in (ho Argand Diagram, representing the 
complex numbers a and ft, construct tho points which roprosont 
(>) a -fti (ii) Ka-I'/G); (iii) a -I- 2ft ; (iv)a-3£. 

2. A, B, C arc oollinoar points, such that AB =BC. If A and B 
roprosont complox numbors a and ft, what doos C represent ? 

3. A, B, C are collinear points, suoh that AB— 2BC. If A, B, C 
roprosont complox numbers a, ft, y, wlmt is tho relation botwoon 
a. ft, y 1 

4. A givon point P ropresouts tho complox numbor z. Construct 
tho points which reprosont (i) 2z ; (ii) -3 z ; (iii) z +3 ; (iv) z - 7 i 
(v 4z + 9 j (vi) 8 - 3z, 
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5. Show geometrically that 

(i) 5 

(ii) |*, -« 8 |^|*i| -| z «l* (See Fig. 69 on p. 148.) 

6. If P and Q, represent the complox numbers z, and z 8 , state the 
geometrical condition for the equality signs in No. 6. 

7. If | z I = 1 , what is the locus of P, when it represents the complox 
numbers (i) 3z ; (ii) z + 3 ; (iii) 4z + 9 ? 

8. If P represents the complex number z, what facts about the 
position of P are expressed by 

(i) |z| =5 ; (ii)|z-l|=2; (iii) |z + 2| =3 ; 

(iv) |2z - lj = 3 ; (v) |z-2-3t|=4 j (vi)am(z)=0. 

9. Use the modulus notation to express that the point P which 
represents the complex number z lios 

(i) inside the oirole, centre (8, 9), radius 7 ; 

(ii) on the circle, centre (a, b), radius o j 

(iii) outside the oirole, centre ( - 1, 0), radius 1. 

10. What are the greatest and least values of |z -3| if jz| ^ 1 t 

11. What are the greatest and least values of |z + 2| if |z| ^ 1 ? 

12. What are the greatest and least values of |z| if Jz - G| ^ 2 ? 

13. What are the greatest and least values of (z -f- 1 | if |z - 4( ^ 3 ? 

14. What are the greatest and least values of |z - 4) if )z + 3i| ^ 1 ? 

16. A variable point P represents z ; what can bo said about tha 
position of P if 1 < |z + 2 - 3t| < 2 ? 

16. If |z| < 1, what can bo said about the possible positions of tho 
point which represents 1 +z ? 

17. If 1 3 .| < 1, prove that the principal value of am(l H-z) lios 
between and + 

18. If |z|=s$, find the range of principal values of am(l +z). 

19. If P t and P 2 represent the complox numbers z 1 and z a and if 
f»i and m t are any positive or negative numbers, (m t -Mn a 0), 

explain the significance of the point — 1 - ——~ — a - . 

v m, +m a 

20. Generalise No. 19. 

Products. Let the numbers corresponding t-o P and Q, expressed 
in the modulus-amplitude form, be r(co9 0+isin 0) and 
s(cos </> + » Bin </>) ; then the polar coordinates of P, Q aro (r, 0 ) and 
(*, </>)• 
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The product of the numbers is [ r cos 0, r sin 0 ] x [« cos 0, a sin 0], 

By definition, this equals 

[rs (cos 0 cos 0 - sin 0 sin </>), rs (sin 0 cos 0 + coa 0 sin </»)] 

= [rs cos (0 +</>), rs sin (0+0)] 

= rs (cos (0 +cp) +i sin (0 +cp)} (12) 

This result may be expressed in tho form 

|z! . z 2 | = | z j| . |Zj| ; am(Zj . z a ) =am z, +amz, (13) 

But tho socond result in (13) is not necessarily true of the principal 
values. 

From (12) we see that tho produot is roprosontod by tho point K 
whose polar coordinates are ( rs , 0+0), which is found by taking 
tho point A ( 1, 0) and making tho trianglo QOK 
directly similar to tho trianglo AOP. For, 

OK : OQ = OP : OA, OK=rs; also y 

L xOK = L a-OQ + L QOK = L aOQ, + L AOP 

= 0 + 0 . 

Ropoatod applications of formula (12) givb 


r,(oos Oj +» sin OJ . r a (oaa 0 a +t sin 0 a ) ..... Fro, 72. 

r„(cos 0„ +i sin 0 U ) »»y t ... r„{cos (20) +< ain (20)}. 

In particular, if r, =r, = ... =r n = 1 and 0i =0 2 =... =0„ =0, 

wo havo (cosQ+isin 0) D =oos nO +i sin nO (1-1) 

whoro n is any positive intogor. 


This is a spocial caso of an important thoorem which will bo 
discussed in Chaptor IX. 

Quotients. An oxprossion for tho result obtained whon one 
complex numhor is divided by another may bo doducod from formula 
(12) as follows ; 

- (cos 0 - 0 + i sin 0 - <f>) x s(cos 0 + i sin 0) 

8 

= - .4 (cos 0-0+' fj) +*8in 0 -0 +0) -=r (cos 0 +t sin 0 ) ; 
s 

{ r(cos 0 +i sin 0)}~(s(cos tp +i sin cp)} 

= - (cos 0 - cp +i sin 0 - cp). 

8 



(IG) 
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This result may be expressed in the form 

|z J -f-z 3 |=]z 1 |-H|z 8 j{ am(z I -T-z 2 )=amz 1 -amz a . •••...(16) 

But the second result in (16) is not necessarily true of principal 
values. 

In particular, putting 6=0, r =5 = 1, we have 

— — —4; — T — =oos (- <b) +i sin (- <f>) =cos <p — i sin cp. ...(17) 
cos <p +i sin «p 

If P, Q, represent the complex numbers 

r (cos 0 +i sin 6), a (cos + i sin <f>), 

the point H which represents (r(cos 0 +i sin 0)} -~{a(oos <f> + 1 sin f />) } 
is obtained by making P in Fig. 73 play the part of K in Fig. 72. 

Thus, if A is the point (1, 0), construct the tri- 
angle AOH directly similar to the triangle QOP j 
then H represents 

- (cos 0 - 4> +i sin 0 - « f> ). 

£ 

Notation. The expression cos 0 +i sin 0 is often 
denoted by cis 6, and (cob 0 + i sin 0) n is denoted 
by eis n 0. Equation (14) may then bo written, 
ois n 0 = cisn0. And since, from (17), 

cos (~ 0} sin ( - 0) =cos 0 -i sin 0 = (cos 0 +* sin 0) S 
we may denote cob 0 -i sin 0 either by cis ( - 0) or by (ois 0)~ l < 



Example 7. The points B, P, Q in the Argand Diagram roprosont 
the complex numbers 2, z, z ! . If P describes the circle on OB os 
diameter, find the locus of Q. 

In Fig. 74, A is the centre of the given 
circle ; the triangles AOP, POQ are similar ; 
therefore, if ( r , 0) are the polar coordinates 
of Q, 

OP=v'(OA.Oa) = V»’ and £»OP=i0. 


Also OB = 2 ; 


Vr = 2 cos — ; 

i 


r = 4 cos a - =2(1 +eos0). 

Tills is the polar equation of a cardioid. 
sketch the locus. 



The reader should 
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Example 8. The points B, P, R in the Argand Diagram represent 

the complex numbers 2, z, i. If P describes the cirolo on OB as 
diameter, find the locus of R. 2 

In Pig. 76, A is the centre of the givon circle ; the triangles ROA, 
AOP aro similar, by the construction givon above (see Fig, 73). But 
OA = AP ; OR = RA ; the locus of R is the 
perpendicular bisector of OA, namely the line 

Otherwise i if K is the imago of R in the 
a-axis, OP . OK =OP . OR =OA 2 = 1 ; P, K are 
invorso points w.r.t. tho circle, | z\ =1. the 
locus of K is tho straight line, But R 

is tho image of K in 03 } the locus of 
R is also tho straight line, aj=|. This applica- 
tion of inversion is important. 

It should bo noticod that as P moves in an anti-olookwise 
direction round tho circlo from B towards O along tho upper semi- 
circle, K movos from tho 3-axis upwards towards + °o , and therefore 
R movos from tho 3-axis downwards towards - oo . Also when P 
oontinuos from O to B along tho lower somi-oirclo, K movos upwards 
from - co to tho 3- axis, and so R moves downwards from + oo to the 
3- axis. 



EXERCISE VIII, e. 


Simplify tho following : (Noa. 1-24). 


1. 

cos 2 a+i sin 
cos a +i sin 

2a 

a 

2. 

cos ft -l-i sin ft 
cos ft - i sin ft' 

3 

1 


A 

cos c/> - i sin <f> 


cos 20 +i sin 

2 O' 


cos 2 </> + i sin 2c/> ' 

fj 

cos 3« +i sin 

3a 


cos 40 -i sin 40 


cos a - i sin 

a 


cos 20-i sin 20' 

7 

(cos a +4 sin a)(eos ft -l-i sin ft) 


(cos 0 -l-i sin 0) 2 


cos y 

•1-4 siny 


cos (/> - i sin </) 

a. 

(cos 0 -i sin 

Of 

10. 

(cos 20 -hi sin 20)*. 

n. 

(cos 0 —4 sin 
(cos 0 -1-4 sin 

oy 

Of 

12. 

(cos 20 -i sin 20) 8 
(cos 30 -l-t sin SO) 4 ' 

13. 

(cos g -i-4 sill 

7 r\ 6 

6 r 

14. 

/ 3tt , . . 3ttV 

^oos-^+isin 

16. 

(sin 0 - 1 - i cos 

O) 8 . 

10. 

(sin 0 - ♦ cos 0) 5 . 
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17, 

(1 +oos 0 +i sin 0) 3 . 

18. 

( 1 + i sin 0 - cos 0 )*. 

19. 

1 +cos 20 sin 20 
cos 20 -i-i sin 20 

20. 

1 - cos 20 +i sin 20 

1 +cos 20 -i sin 20 

21. 

(1 4-sin 20 +i cos 20) 4 

22. 

1 

(1 +sin 20 - i cos 20) 4 ’ 

(1 - sin 0 -i cos 0)* 

23. 

cis 3 50 (cis 0) -3 

24. 

(1 - cis 0) 3 

cis® 20 cls a 30 

{1 +ois( — 0)} 3 ‘ 


25, Write down the cubes of cis cis ois . What 

inference can be drawn from the results ? 

26, Write down the values of 

ci9 4 a, cis 4 ^a + gj, cis 4 (a -H tt), ois 4 ^a-t-^^- 

What inference can bo drawn ? 

27, Simplify ois A cis B cis C, if A +B +C =tt,. 

28, Simplify (cis 0)" +(cis 0)~ n . 

29, If z =cos 0 + 4 sin 0, express in terms of 0 

(i ) z +\i (i*)* — ! (*K) *" +is f (>v) 


30. If u =ois 0, v =cis </>, express ~ + - in terms of 0 , </>. 


31, If n is a positive integer, prove that 

•1 +sin 0 +i<x» 0Y =oia (»* . n0 ). 
sin Q - % cos 0) \ 2 / 


(sin 0 +t cos 0)*' =^|-i 


32, If the complex number z is represented by the given point P t 
and if |z| = 1, show how to construot the points which represent 


(i) 2z a ; (ii) z 3 ; (iii) *-». 

33. Given the point P which represents any complex numhor z, 
construct the points which represent 

(i)z a ; (ii) z 3 + 3 ; (iii)(z + l) a ; (iv) -Z” 1 . 

34. If the point P which represents the complex number z moves 
along the z-axis from a; = - 1 to x= + 1, describe the corresponding 
motions of the points which represent z+a +bi, az, iz, and (a + bi)z. 

35. If the point P in No. 34 moves with uniform speed, describe 
the corresponding motions of the points representing z 3 and 1/z. 

36. If z,=l/z, z* = l/(l-z,), z 3 = 1/(1 -z 3 ), and the point which 
represents z moves along the .r-axis from x= - 1 to x — + 1, find 
the corresponding motions of the points representing z v z a , z». 
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37. If the point which represents tho complex numb or z moves 
round tho circlo \z\ = 1 in tho anti- clockwise direobion starting from 
the point (1, 0), doscribo the motions of tho points which represent 
the complex numbers 

(i) 2 z 2 ; (ii) l ; (iii) . {i v ) ( 2 _ ija. 


38. Answer the same quostion as in No. 37 for 


( 1 ) * - 1 5 




(iv) 


z + l 
z - 1 


39. Answor the same quostion as in No. 37 for 

<“> iTJ 1 MtTZ’ <-» 

where a, b, c, d aro real numbers. 

40. Answor tho samo question ns in No . 37 for 

(i) & ; (>0 <(* -1- 1) 5 (iii) i (iv) 


41. If z,=( 1 -iz)l(z-i) and tho point roprosonbing z moves from 
- 1 to +1 along tho a-axis, how does tho point which reprosents 
z t mo vo 1 


42 With tho notation of No. 41, if 

z„=(l -«!)/(«! -i), z 3 = (l ~iz 3 )l(z t -i), eto., 
doscribo tho motions of tho points which roprosont z v z v 

43. If P is a given point on the oirole | z - 1 1 = 1 , stato a construction 
for tho point Q,, such that the complox number represented by P 
is tho square of that roprosontod by Q. Find tho locus of Q, when 
P movos round tho oirolo. 


Principal Values. Whon a function, /(it), such as sin” 1 *, tan" 1 as, 
or am(a; + 3f) has moro than one real value for a given value, asj, of 
x, tho numerically loast of those values is callod tho principal valve 
otf(x) corresponding toaj=as, ; and if thoroarotwo numerically equal 
loast values, the positive one is callod tho principal value. 

Thus tan -1 ( - 1) has values — , ... , - — , ... and of those 

w 4 4 4 4 ^ 

wo call -- tho principal valuo. Again cos -1 J has values 2mr ± - , 

which includo both +5 and - ~ ; of tlioso, wo call + ^ tho principal 
value. 3 3 

Tho aggregato of tlioso soloctod principal values of J{x) is called 
tho rango of principal values of J(x). 

Thoi’o is no recognised standard notation for distinguishing 
principal valuos from gonoral valuos. Wo shall henceforward usually 
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mean by gin -1 # the principal value of the function, and, if we wish 
fco call special attention to the fact that the general value ig intended 
we shall write Sin -1 # ; similarly we shall use Tan -1 #, Am z, etc., to 
denote general values. But, if the context is such as to remove any 
possibility of ambiguity, sin -1 #, cog -1 #, oto., may bo used to represent 
general values. 

The beginner is advised not to omit any of the examples which 
are marked with an asterisk in Ex. VIII. f. No. 8 is particularly 
important. 


. EXERCISE VIII. f. 

Verify the results of Nos. 1-4. 

2.* 0 ^ cos -3 # ^ ir. 


3 * ~\< tan -1 # < |, 4 .* - 7r < am (# + iy) ^ i r, 

5. * Draw rough graphs of sin -1 #, cos -1 #, and tan -1 #. 

6. Find the values of (i) ein -1 # +cos -1 # ; (ii) tan -1 # + aot -1 #. 

7. For what values of # is sin -1 # equal to 

(i)cos -1 V(l -®*){ (ii)oo 8 -*{- V(l-a; a )}i (iii) - cos -1 V(l -**) * 

8. * From the definition -ttc am (# + iy) ^ tt, prove that 

(i) if # > 0, am (# -f ty) =tan -1 - ; 

X 

(ii) if # < 0 < y, am(# +iy) «=tt +tan -1 ^ ; 

(iii) if # < 0 and y < 0, am (# +iy) = - ?r + tan -1 

a' ftre , t ^ 10 va * ue3 of am (#+yt), (i) when y~0, (ii) when 
* — 0 ? Draw the graphs of am# and a mi®, 

10. Draw the graphs of (i) am(#+t #) ; (ii) am(# -ix). 

11. If mis positive, for what values of n is tan —1 w +tfln -1 n > ? f 
Answer the same question when m is nogativo. 

Can tan -1 m +tan -1 n be < - ~ ? 

A 

12. * Prove that the value of k in the formula 


ton *m+tan -1 n=ftjr +fcan -1 ^~- 


+n \ 


mn 


; 

is zero unless mn > 1, and that if mn > I, ft ia + 1 or 
as m and n are positive or negative. 


~ 1» according 
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13. * If fj, 0 l and r 2 , On are the moduli, and principal values of the 
amplitudes, of two complex numbers, and r, 0 of their product, prove 

(i) if Oj +0 2 ^ -tt, 0=0, +0 a -f-2ir ; 

(H) if -7T< 0, +0 2 ^ 7T, 0 = Oj + 0j • 

(iii) if 7r < 0, +0 a , 0=0, +0 a -2jr. 

14. Draw the graph of 2 tan- 1 ® - tan -1 y~a* 

16. Draw tho graph of 2 cos -1 ® - oos -1 (2® a - 1). 

16.* What moanings must be assigned to the many valued 
functions Sin" 1 ®, Cos -1 ®, Tan -1 ® in order that tho following relations 
may be true ? 

(iii) for all values of x, ~(Tan~ 1 * x)=~ 


EASY MISCELLANEOUS EXAMPLES 


EXERCISE VIII. g. 

1. Express in the modulus- amplitude form (i) ; (ii) (1 +t) n , 

2. Evaluate (1 + iV3) 8 +(l -»V3) 8 . 

2 0 

3. If z = cis 0, provo that -r — — = 1-1 tan s , and that 

1 ~rZ & 


1 + 2 ! . . 0 

r^ =tcofc 2- 

^-4r^ff n is a positive intogor, provo that 

^ (!+<)"+(! -*)"= 2 ?+l . 008 ?f . 


6. If A, B, C aro the vorticos of a fcrianglo in tho Argand Diagram 
representing tho complex numbors a, (3, y, what are tho points which 
represent (i) {{(3 + y) j (ii) J(a + $+y) ; (iii) ka +(1 ~k)j3, whore k 
is a real numbor T 


6. ABCD is a quadrilateral in tho Argand Diagram ; E, F, G, H, 

P, Q, aro tho middle points of AB, BC, CD, DA, AC, BD. If A, B, C, D 
represent tho complox numbors a. {3, y, S, what numbors are repre- 
sented by E, G and tho middle points of EG, FH, PQ, ? What con- 

clusion can bo drawn from these results ? 
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7. Four points represent the complex numbers a, ft, y, 8. Inter- 
pret geometrically the condition a+y =ft + 8. 

8. Two fixed points A, B and a variable point P represent the 
complex numbers a, ft, z. Find the loous of P if 

(i) \z -a| =|$|j (ii) |*-a|»|*-/3 | } (iii) \z -a) =3|z -ft\. 

9. Verify that £\/2 . (± Iii) are four fourth roots of -1, and 
deduce two quadratio factors of a ,4 + 1. 

10. If a=cis2a, 6= oie2ft, o=eis2y, and d — cis 2S, expross in 
tho modulus-amplitudo form 

(i)o+6j (ii) a — 6 ; (iii) (a - o)(b +d). 

11. If a =ois 0 and b =cis <}>, prove that cos ( 0 +</>) =£ (^ab * 

12. Interpret geometrically the rolation z^a +t(ft ~a), whore a 
and ft are fixed complex numbers and l is a real variable. 

13. If |*| *1 and amz=0, find the values of 

(i)|r~i|i (»l“ (phO- 

where amta denotes tho prinoipal value of tho amplitude of w. 

14. If -* a | =(*i +*,[, prove that am*! and am* 8 differ by 

n- 3n- 

2° r T * 

16. Two fixed points, A and B, and a variable point P, represent the 
complex numbers a, ft, and *. Find the loous of P if 

(i) am(z - a) =am ft ; (ii ) am (* - a) - am (z -ft)" q- 

16. In No. 16, if ft becomes variable and P desoribes a {given cuvvo 
2, what is the locus of the point that represents ft, if (i) ft—a-YX, 
(ii) ft = az, and (iii) /i = |a| -4-z. 

17. The transformations z 1 , «a =— t—?- 1 give z t in tonns 

C T (*Z 0 "r (i'Z | 

of z. Find a, b, c, d so that tho resulting single transformation may 

be * a = l -- . 

* 

18. The transformation z — when repeated a second fcimo 

1 2 +* 1 a+bZ 

leads to -. Do any other transformations of the form * = 2T+dZ * mv0 

this property ? 

19. What is the condition that the equations Sx +4 y =p, x a y 2 
can only be solved in the algebra of complex numbers T 
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20. If (u 3 = 1, but w is not 1, prove that 

(i) 1 +<i> + to, 2 =0 ; 

(ii) <u 2 is a root of z s = 1 and of z a -hz + 1 =0 } 

(iii) a 2 ~ab +b 2 s (aja -f co 2 &)(w 2 a + wl»). 

21. With the notation of No. 20, find the values of 

(i) (1 +tu) 3 ; 

(ii) (1 + 2w + 3 oj 2 ) (1 + 3u» + 2u> 4 ) j 

(iii) 1 +«i) +w a +<o a + ... ton terms. 

22. With tho notation of No. 20, expand 

(i) (a -bw)(a -6w 2 )(a-&) ; 

(ii) (a +b +c)(a -f b<o +cw 2 7 )(a + bio s + cw). 

HARDER MISCELLANEOUS EXAMPLES. 

EXERCISE VIII. h. 

t. Simplify 

{(cosa — cos ft) +<(sina ~sin/?)) n +{(cosa -coa/3) -t(sina -sin ft))" 
(i) for n ovon j (ii) for « odd. 

2. Prove that {cis20 +cis(-2^»)} cis</>=2cis0cos(fl + «/>). 

g 

3. Express =— „ r — r in the form x+yi, and provo that 

B , 2 ‘ 0 2 + cos0 + isin0 J 1 

9;® + 2 / 8 9 =ix -3. 

4. If p +iq =acisacis 0 +i/ois/?ois 0, obtain a relation indepen- 
dent of 0. 

(b z - a a )i 

5. If cisa =a and ois ft =b, provo that sin (a - ft) = - — • 

6. If a=ois2a, b=o\e2ft, c = cis2y, and d=cis28, oxpross in tho 
modulus-amplitude form 

(i) a 2 -6 2 ; (ii)afc-cd; (iii) abed . 

7. If (1 +ois 0)(1 +cig 20) ~u +iv, prove that 

(i) v—u tan^ ; (ii) u* +u 2 = 10 cos 2 0cos 2 ^ . 

Id A 

8. If (1 + ia:,)(l +-n - 2 )(l +ia: s ) = A -l-Bi, provo that 

A tan (2 tan -1 *) = B. 

9. The complex numbers a, z, z - a are represented by points 
A, P, Q. If A is fixed and P describes a given curve, what is the 
loans of Q ? 
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10. If tho point p, which represents the complex number z„ 
describes the oircle centre (1,0) and radius 1, what locus is described 

by tho point representing — -4— — where a, b, o are real t 

C12 -p 0 *t C't 


11, If \z* - 1 J =2, prove that the point P, which represents a, movos 
so that PA . PB is constant, where A and B are certain fixed points. 


12, If the point which represents z moves on the unit circle, 
centre 0, what curve is described by the point representing 2 z +z a ? 


13, If z +yi, where y is positive, prove that 


z -i 
z +i 


< 1 . 


14. If z=x +yi, z prove that |Zj < L 

15. Tho fixed points A, B and the variable point P represent tho 
complex numbers a, ft, z. What is the locus of P, if 



mi amf^V 

■l^aj 3’ 



(iii) am 



2 jr 

~3 




16. If z,(a a -a 3 ) +z 2 (a« ~a t ) +z 3 (a l -a a ) =0, and a u a 2 , a s arc ronh 
prove that the points which represent the complex numbers Z u 
are collinear. 


17. If A, B, C are points which represent oomplox numbers a, fi, y, 

and if a=> - y\> 6 = | y - a |, o = [ a — >0 1» prove that tho in-oentro of 

ABO represents . What numbers do tho e-contros 

represent? a-tb+o 

18. Interpret the relation =ois ^ between tho oomplox 

numbers a, ft, y, and prove that a 3 + /3 a + y 2 =/3y + ya + a/3 follows 
from it. ' 

19. Interpret the relation botweon tho six oomplox 

a - /j A — fi 

numbers a, ft, y, A, p., v, and show that it can be writton 


a p y 

A p v 
1 1 1 


= 0 . 


20. If a and b are real, prove geometrically that 

cos ~ - b sin + i(a sin ~ +6 cos j —(a +»&)". 

21. An ellipse in the Argand Diagram has foci (±d f 0) and Z\ 
are complex numbers which correspond to the ends of conjugate 
semi- diameters, prove that z, a +z a 2 =d 3 . 

22. Draw the graphs of (i) cosoo -1 #; (ii) sec” 1 # j (iii) cot“*a; j for 
principal values only. 
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23. Draw the graph of sec a- +seoy +2 =0. 

24. Provo that, unless ®=(2n + l)7r, 

»-am(ciaa;) raJ+7r“I /Cl , . . Jrt . 

2tt i = L~^7rJ* ^® oe ^ 0 °fc n0t0 « P- 40.) 

25. Prove that the relation z = (l + Zt)/(Z +i) transforms the part 
of the axis of a between the points z = - 1 and a = + 1 into a semi- 
circle passing through the points Z = 1 and Z = - 1. Find all the 
figures that can bo found from the originally selected part of the axis 
of x by successive applications of this transformation. 

26. If (o 8 = l, but 1, prove that w n +« Bn =2 or - 1, where n is ft 
positivo integer. 

27. Prove that a; 2 -fay + y a is a factor of {x +y) n -x n -y n , whoro n 
is odd and not divisible by 3. 

28. Provo that .r B +y* +z 3 -yz -zx -xy is a factor of 

(y -z) n -l - {z —!u) n + (x -y)", if n is not divisible by 3. 

29. Provo that (a; 2 +y 2 + a 2 -yz -zx -xy) 2 is a factor of 

(y - z) n + (z - ®) n + (* - y) n , if n = 1 (mod. 3). 

30. Write down the product of .-r+yw+zcu 2 , x +yw 8 +zw whoro 
a>=ois-g-; lionco express a; 3 +y* -)-z 3 - Zxyz and 

(a: 2 -yz) 3 +(y a -zz) 3 + (* a - xy) 3 - 3(a; 2 -yz)(y 2 -za;)(z a - xy), 

each as the product of three factors. Provo that the first oxprossion 
is the square root of the second. 

31. Tf/ (1 {a;) is tho sum to n terms of the series whoso rth term is 
( i r x r , what do the expressions, 

(i) /»{*) +f»(xx) +f n {u) 2 x), (ii) f n (x) + wf u (toX) + w 2 / n (a> 2 a:), 
represent when u 3 = 1 but w =£ 1 ? 



CHAPTER IX 

DE MOIVRE’S THEOREM AND APPLICATIONS 


Definition of a n , where a is complex and n is a rational number. For 
integral values of n, tho definition has beon given on pp. 140, 141. If 

ft] 

n is fractional, it is equal to — , where p and q are integers, and fchore 

is no loss of generality in supposing that q is positive ; and then any 
value of z which satisfies the equation, z Q =a p , is called a value of 
a n . We reserve the notation, %ja?, for the principal value of a", 
as defined on p. IG6. 


De Moivre's Theorem. If n is any rational number, 

cos n0 +t sin n6 is a value of (cos Q +i sin 0) n . (1) 

(i) First, suppose that n is a positive integer. 

We have proved on p. 151, by actual multiplication, that 
(cos -Main 0,)(cob 0 a +isin 0 3 ) ... (cos 0 n q i sin 0 n ) 

-cob (20) + tsm(20). 

Putting 0j = 0 2 = . . . —6 n s=0, we have 

(cos 0 + t sin 0) n =eos nO +t sin nQ. 


(ii) Next, suppose that n is a negative integer. Put n— ~m. 
Then (cos 9 +i sin 0) n =(cos 0 +i sin 0)~ m , and this, by definition, 

(cos 0 sin 0) m cos m0 +t sin mO’ ^ 

But (cos mO +t sin mO) (cos tnQ — i sin mO) =cos a ?»0 — * s ain*?n0 = 1 j 


h 

cos mO +i sin t»0 


=cos mO -i sin mO 


=cos ( - mO) + i sin ( - mO) \ 

(cos 0 + t sin 0) n =eos nO + 1 sin nQ. 

Therefore, if n is a positive or negative integer, there is only one 
value of (cos 0 +i sin 0) n , and this value is cos nO +i sin nO, 


(iii) Next, suppose that n is a fraction. Put n =— , whore p, q are 
integers and q is positive. ? 

In this case (cos 0+f sin 0) n is many-valued, and we shall prove 
presently that it has q values. At tho moment, we merely wish to 
show that cos nQ + i sin nQ is one value of (cos 0 + i sin 0) n , 
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/ pO v0\* A . . 

3y (i), ^oos^- -h 1 sm =oos pO -ft am p0. 

Also by (i) or (ii), cos pO -hi sin pO = (cos 0 -hi sin 0) p ; 

( vO pO\^ 

cos— -hi sin— ) =(cos 0 -hi sin 0) p j 

q q ) 

by tho definition of a n , givon above, it follows that 


r>d pO p ~ 

cos — -hi Bin — is a value of (cos 0 -hi Bin 0)v . 

q q 

Tho thoorom is therefore proved for all rational values of n. 

Writing -0 for 0, wo see that cos nO-i sin nO is a value ol 
(cos 0 -i sin 0)'*, for all rational values of n. 


Tho values of (cos 0 -hi sin 0)^, whero p, q are intogors and q is 
positive 


, pO . . pO . 

Do Moivro’s Theorem states that cos — H - 1 sin — is one 


value of (cos 0 -hi sin 0) r/ . Suppose that s (cos 0 -hi sin 0) represents 
■P 

any value of (cos 0 -hi sin 0)*. 

Thou, by definition, 

i 5 (cos 0 -hi sin 0)* =(cos 0 h i sin 0) p ; 
s a (cos 90 -l-i Bill 90) =cos pQ -hi sin pO ; 

= 1 ; cos 90 =cos pO ■, sin 90 a sin pO. 


But s is positive, sinoo it is tho modulus of a complex numbor ; 

= 1 requires that a = 1 ; siuco, if a > 1, a° > 1 and if 0 ^ s < 1, 

B«<1, 

Also tho other equations require that 90 =j>0 -I- 2 nr, whore r is an 
intogor or zero. 

Taking, in succession, r = 0, 1, 2 (9 - 1 ), wo obtain tho 9 valuos, 


. pO . 

OIS , CIS 

q 


2jt\ . (pO 4tt\ . pO 2(9-1 )tt\ 

*h ■ — • ) » cia ( ^ — I ), ...cis I— + )* 

9/ \ V 9 / \q 7/ 


These q values arc all distinct, because tho angles givon by r=r lt 
r - r t differ by — , which is loss than 27 t, sinco | -r,| < 9. 

Also, no further values arc yiven by other values of r, because any 
othor value of r must differ from one of tho numbers 0, 1, 2, ... , (9 - 1) 
by a multi plo of 9. 



. ptO + 2(q-lW 

CIS — ' 

Q 
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If p, q are prime to one another, the same results may be written, 

but in a different order, as 

pO , p(0 + 2tt) p(0 + 4tt) 

cis—, cis , ois - , 

q ? l i 

because the numbers 0, p, 2 p, 3 p, 1 ) P wo congruent (mod. q) 

to 0, 1, 2, ... , (g-1). in some order. £ 

If p is not prime to g, the function (coa 0 + i sin 0)4 is taken to 
moan ((cos 0 +i sin 6)*} q and has therefore q distinct values, vi*., 
the g values of (cos pO +t sin pOf } these may be written, 


ohfPf + fcrVr-o.I, * Cs-Dl 

\S ff / 


but in this case, the expression ois whore a la any In* 

teger, does not assume q distinct values and therefore does not 

P 

represent all the values of (cos 0 +* sin. 0)9, Thus, the function 
(cos 6 +i sin 0)^ has the 8 values given by (oos <k0 +i sin 40)^, mid is 
distinct from the two-valued function (cos 0 +t sin 0)^ ; its 8 valuos 
are represented by 

/40 2rtr\ . . f4(0H-2s7r)l 

ci S (-g- + — J, r = 0, l,2,...,7j but the expression cis -j g )j 

where a is any integer, has only 2 distinct valuos. Cf. Ex. IX. ft. 
No. 8. 

p 

Principal Value of (cos 0 +i sin 0)*, Tho principal valuo of 
- pO 

(cos 6+t Bin 0)8 is taken to be cis — , only if -it < 0 < jr. 

_ 5 

Otherwise, if h is the (positive or negative) intogor such that 

£ 

- jt < 0+2A7T ^ it, the principal value of (oos 0 -(••£ sin 0)4 is taUon 

{f («+»,} -d. (^ + ^> 

For any given value of k, this can of course be roducod to (ho 
. . /pO 2rrr\ 

torm, cis +-_j } where r is some integer less than q. 

This definition of principal value holds whether p is prime to q 
or not. 
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v 

Tho reader should notice that the principal value of (cos 0+i sin 0)®, 
whore - tt < 0 ^ tt, is not the same as the principal value of 
i 

(cospO +t sin p0)®, unloss also 

Further, the principal value of the <yth root of (cos 0 +t sin 0)* or 
the principal gth root of (cos 0 +i sin 0) 9 is tahon to mean the 

E 

principal value of (cos 0 +i sin 0)®, as defined above. Thus the 
principal value of the 8th root of (cos 0 +i sin 0) 4 means the prinoipal 
value of (cob 0 +» sin 0)^, and this is defined above as 
ois {|(0 +2kir)} =cis {£(0 + 2fc*r)}, 

where k is the integer given by - tt < 0 + 2 lev ^ tt. The prinoipal 
value of (cos 0 + i sin 0)^ is therefore the same as the principal value 
of (cos 0 +i sin 0)^, but it is not the same os the principal value of 
(oos 40 +i sin 40)^, unless, with the same notation as before, 
-fl-i;4(0+2*r)<jr. Cf. Ex. IX. a, No. 10. 


p 

Values of z*. Definition, If r is any real positive number, and if 
p and q are integers, q being positive, the symbol fj(r p ) donotos the 
(unique) positive 2 th root of r p . 

Every complex number, z, can be written in the form, 


r(cos 0 +i sin 0), 


whore r = |z| and -*7r<0^*". 

P 

the values of z q may be writton 


i/(r' 


pO 2sw 
5 <7 


whore a = 0, 1, 2, ... , (2 - 1). 

Thus thoro are q values, whether p is prime to 
thoso, sinco -7r<0^7r, tho principal value is 

Sj{r p ) ois^. 

Geometrical Representation of Powers and 
Roots. Fig. 70 ropresonts tho circlo |z|=l in 
tho Argand Diagram. Tho point Pj which ropre- 
Honts tho complox number (cos 0 +i sin 0) lies on 
the circlo, and tho arc AP lt moasurod from the 
point A, (1, 0), is of longth 0. 


2 or not j and of 
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To apply the geometrical method of construction, given on p. 151* 
for the points representing the numbers 

(cos 0 +t sin 0) 2 , (cos 0 +i sin 0)*, ... , (cos 9 +V sin 0) n , 

we construct in succession the triangles PjOPa, P 2 OP 3 , * P n ~iOP n » 
each similar to AAOP r The points P 2 , P 3 , ... , P„, being on the olrolo 
at arcual distances 20, 30, ... , nO from A, ropresont tho numbors 
(cos 20 +i sin 20), (cos 30 +4 sin 30), ... , (cos nO -ft sin. «0). 

This illustrates part (i) of de Moivre’a Theorem. 

Suppose now, see Fig. 77, that Q, is the point on the oirolo whioli 
represents cos a +i sin a, and that we want to ropresont goomotrl* 
cally an nth root of that numbor. Wo shall 

JL- have to find a point P on tho oirolo suoh that 

n /\ ^\p the arc AQ, —n . arc AP ; but ns tho arouftl 

d distance of Q, from A can bo regarded as a 

H 7a x or a + 2T or a + 47r or ... or a + 2nr, whor© r 

\ / y/ is any integer, tho aro AP may bo takon as 

o a + 2 iir 

4 , where r is any integer. This gives n 

Flfl. 77. n 

points P, say P v P a , ... P,„ representing the n 
nth roots of cos a +t sin a. P,P S ... P n is a regular polygon insoribod 
in the oirole. 

p 

Note. The q values of (cos a +4 sin a) 0 can also be represented in 
a similar way ; similarly the nth roots of c (cos a +4 sin a) can bo 
represented by the corners of a regular n-sided polygon insoribod ill 
the circle, centre the origin, radius n Jc. 

Example 1. What is the principal value of (1 -t)^ and what are 
its other values 7 

1 1/2 (72 ~ 72) V2 { 008 (- 1) +is ' m ( -?)}> 

t,ie Principal value of ( 1 - i)* i a 

( »{e„ s (4;) +jain (.|r)} 

= , y8{™sg- ia ing|. 

Also any value of (1 -i)$ can be expressed in the form, 

where r=o, 1, 2, 3 , 4. V 5 ' J 
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Example 2. Solve (z - 1 )»» -x n . 

Take the nth root of each side ; 

, . f 2rir . . 2?‘7r\ , 

- 1 =3 (cos— +tsm— L where r- 0, 1, 2, ... , (n - 1) j 

, /. 2 nr . . 2rr\ 

. . all- cos 1 sin — 1=1; 

\ n n / 

. (a - * rir _ . , rir nr\ 

• . a 2 sin* 2i sin — cos — ) = 1 ; 

V n n nj * 


, 0 . nr/ rir , rn\ , 

» \ n n / 

Multiplying each side by ain^ +i cos ~ , 

„ . rv , rv , rrr 

2a sm — =sin — + \ cos — j 
n n n * 

a =1^1 +tcofc^, 

whore r=l, 2 (n- 1). 


Example 3. Points P and Q in tho Argand Diagram represent the 
complox numbers z and w. If |z| = l and if amz steadily increases 
from -7T to +7T, dosoribo tho corresponding motion of Q if 

{ i ) w=z^ ; (ii )w = */z. 


T . . n 1 • 0 . 0+2tt , 0-2tt 

If z = cis 0, z 5 =cis - or oi8 — - — or ois — - — , 
u J 3 


(i) For each position of P, tlioro are 3 positions of Q, say Q 1( Q 3 , 

whicli move continuously along the cirolo |z|=»l, anti-olockwise. 

Qi moves from 0 — to 0 = ; and at tho same time, Q 2 moves 

o o 

from 0 = to 9 =ir, and Q a moves from 0=-7rto0=-^, 

u 0 

(ii) ^/z=cis^ for -jt< 0<ir; there is only one position of Q 

O 

for each position of P, and Q, moves from 0 - - ~ to 0 = + ^ t 

0 u 
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EXERCISE IX. ft. 

1. Write down the square roots of 

(i) cos 20 +i Bin 20; (ii) cos 30 -iain 30 | 

(iii) sind +i cos 0; (iv) f } ( v > 

2. Write clown the oube roots of (i) oos30+»flin 30 j (») ‘I 
(Hi)*; (iv) -ii (v) oosO-isinO; (vi) funO -tcosu. 

3. Write down the values of (i) ( - (») ( " 

(iv) (1 -i-v/3)*; (v) 128*. 

4. Write down all the roots of (i) X* = 3 | (ii) x* + 1= 0. 

6. Represent in the Argand Diagram (i) thooubo rootsof-lj 
(ii) the fourth roots of i\ (iii) tho fifth roots of 32; (iv) ( - 0 - . 

6. Simplify (cosg+isin~) -r (oos ^ - f sin~) . 

7. Simplify -^/(cos g -tain ■— ^/(oos^ + isin^ . 

8. Give (*) the two values of (cos ^ sin j (ii) the eight 
values of (cos^+t sin state whioh aro tho prinoipal value*. 


9. Give tho principal values of 

(i) (cos -g+* sin ~ j ^ ; (ii) ^eos^+iain^^ • 

10. Give (i) the prinoipal 8th root of cos^ +f sin f 

(ii) the principal square root of ooa g +tsm g . 

11. Find (i) the produot, (ii) the sum, of tho fivo values of 
(costt + f8in7r)^. Of what equation are thoso fivo values tho roots 1 

12. Use the result of No. 4 (i) to write down factors of a? 5 ~ 1, nut! 
deduce that a 6 - 1 =(x - l)(a; a + $( y6 + l)x +l}{.u a - £( ^5 -l)as -J- 1)- 

13. Solve x n =1. What is the sum of tho roots? If a iff a root 
other than unity, prove that 1 +a +a a + ... + a”- 1 =0. 

14. Find the roots of a 8 = 1 which do not satisfy a* +a> + 1=0, 

15. Solve (a; +()•+(« -*) 8 = 0. 

16. Solve (1 +a:) n =(l -a;) n . 

17. Solve x**-2x n cosna + 1=0. 

18. Solve a^+a^-je 4 ^!. 
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19, If z =cis 0 , express a/~~ in the form A + Bi, (i) for 0 < 0 < tt, 

(ii) for tt< 0< 2?r. VI 2 

20. How many values are there of (i) i^ + ( - i)^ ; (ii) x ( - »)^ ? 

21, Find the principal value of (1 + co3 0-hisin0)^ 

(i) if - tt < 0 < tt ; (ii) if 7r < 0 < 37 t. 

22. A regular hexagon is inscribed in the oircle [zj = 1 in the 
Argand Diagram, and one vortex represents cosa+tsina. What 
do the others represent ? 

23. Two points P and Q, in the Argand Diagram represent complex 
numbers z and to, the modulus of z boing unity. P moves so that 
am z steadily inoreases from -tt to +7T. 

Describe the corresponding motion of Q, when 

(i)ta = 2z + 3; (ii)u>=iz+2; (iii) tt> = 3z*. 

24, Answer the same question as in No, 23 for 

(i)w=z s j (ii) w=z 2 3 + 1 ; (iii)w=z*. 

26. Answer the same question as in No. 23 for 

(i) tv=~} (ii) w=(z + 1) 8 ; (iii) u>=z a +2z. 

26. Answer the same question as in No, 23 for 

(i)ta = •/(* + !); (ii) w = '• (i«) «>=(* + 1)*. 

27. By using substitutions of the form a=cis 2a in the identity, 

(«i -«»)(a 3 -« 4 ) + (<*a -a a )(«i “».i) + (0| ~®i)(«a -»«) =0. 
prove that sin(0! - 0 a )sin(0, -0 4 ) +... +... =0. 

Expression of Powers of cos 0 and sin 0 in terms of Multiple Angles. 
The student no doubt roalisos already the great importance of 
formulae, such as sin a 0 = |(1 - cos 20), cos 8 0 =J(3 cos 0 -hcoB 30), eto. 
Besides boing essential for dealing with all kinds of identities, they 
are wan tod, for examplo, for the integration of powers of sin 0 and 
cos 0, and for the summation of serios Iiko2(ain*n0), 2cos a (0 +ne/»), 
eto. We shall now investigate expressions for 
cos^O, sin n 0, cos p 0 sin'O. 

If cos 0 -l-t sin 0 =z, then cos 0 -i sin 0 =- ; 

2cos0=z-|--; 2isin0=z-~; .....(2) 

z z 

also cos nO +i sin nO =z n and cos nO -i sin nO =4- ; 

z n 

2 cos nO —z n +— i 2i sin nO —z n -4*. 

z n z n 


( 3 ) 
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By means of (2) and the binomial fchoorom for a poaifcivo integral 
index, the functions cos fl 0, sin n 0, cos 1 *# sin*#, oto,, can bo expressed 
in terms of z and expanded in powers of z and 1/z. 

By means of (3), the expression in powers of z and I/* can bo 
replaced by cosines or sines of multiple angles. 

Example 4. Express cos 1 0 in terms of multiple anglofl. 

From (2), (2 cos 0) 1 = (z +~^ =z s + 6z s + lOz + •— + p 

=( z * +?) + 6 (*’ +^) + 10 (* +;) 
s=2 cos 50 + 5(2 cos 30) + 10(2 cos 0), from (BJ i 
cos 1 Q- (cos 60+6 cos 30 + 10 cos 0), 

Check by putting 0=0. 


Example 6. Express sin 8 0 in terms of multiple angles, 

From (2), (2f sin 0) 1 = (z -~Y=z* - + 10s -|- 4 - \ 

=( 2 .-^)- s (,.- z 4 ) + io (*- 2 ) 

=2* sin 60 -6(2tsin 30) + J0(2t sin 0), from (3) r 
sin* 0=^-(sin 60 - 6 sin 30 + 10 sin 0). 

Check by putting 0 =-. 

2 


Example 0. Express cos a 0 sin 1 © in terms of mnltiplo angles. 
From (2), 


(2 cos (2. sin *.(. + !)■(. -i)‘= (,. -1)’ (. -i) 

=2 cos 70 -2 cos 60 — 3(2cos30) + 3(2oo« 0)f 
cos*0 sin‘0 =^(co S 70 - cos GO ~ 3 cos 30 + 3 cos 0 ). 

Clieck by putting 0 = ^, 

4 



DE MOIVRE’S THEOREM AND APPLICATIONS 171 

Note. It ia instructive to consider the form of the expansion in 
fcli© general case. It is evident that eos n 0 can always be expressed 
as a sum of cosines of multiples of 0, since it depends on the binomial 

expansion of (z . But ein n 0 depends on the expansion of 

/ IV 1 

( z — ) , wliioh involves terms like z r +— if n is even, and terms like 
\ */ z 

z f - — if n is odd. Therefore sb n 0 can be expanded in terms of 
% 

cosines or sines of multiples of 0 according as n is even or odd. 
For the details, see Ex. IX. b, Nos. 15-18. 

EXERCISE IX. b. 

1. If z — cos 0 + i sin 0, write down the values of z* + -j and 
1 . 

2 * — 2 b terms of 0. 
z* 

2. Express oos 70 and sb 00 b terms of oos0 +isin0. 

Use the general method to express the following in terms of cosines 
or sines of mull iples of 0. 

3. cos'0. 4. eos‘0. 5. cos 7 0. 6. sin 4 0. 

7. sin 7 0, 8. sin a 0 cos 0. 9. cos 4 0 sin 3 0. 10, eos 6 0 sin 4 0. 

11. Prove that 16 cos 6 0 -cos 50=6 cos 0(1 +2 cos 20). 

12. Evaluate (i) jsb 5 0d0 ; (ii) Jcos’OdO ; (iii) jcoa B 0 sin 4 0d0; 
by moans of expansions in terms of multiples of 0, 

13. Evaluate jsin 4 0 cos 5 0d0. 

14. Explain how to find the value of 

sin 4 A cos 5 A +8in 4 2Acos°2A + ... to n terms. 

15. Prove that, if n is even, 2 n “ 1 cos fl 0 =cos nO -t-n cos (n - 2)0 + ... 
and that there are ^ + 1 torms, of which the last is 2~({ Jnjip ' 

that the others after the first are the values of 

(?) cos (n-2r)0, for r = l, 2, 3, ... , i(n - 2). 

16. Prove that, if n is odd, 

2 ,,_ * qob m 0 =cos nO + ii (?) oos [n -2r)0, for r = 1, 2, ... , J(n - 1). 
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17. Prove that 2“" l ( - 1)” sin a "tf 

=003 2n0 - 2n cos (2 n —2)0 + ... + 2?n 11* '* 


and give the general term. 

18. Prove that 2*"( - l) n sin 2 '^ 0 

( -l) rt (2»+l)l «in0 

=sin (2n + 1)6 - (2 n + 1) ain (2 n -1)0 + ...+ - ] (,‘f + TjF * 

and give the general term. 


19. If cos 8 0 sin 4 0 is expressed in tho form 

Ai cos 0 +A, cos 30 +A S oos 60 + A 7 oos 70, 

deduce by differentiation that A t + 0A 3 + 25A a + 49A 7 — 0, and Hufl tho 
value of Aj +3 4 A 3 + 6 4 A s + 7 4 A 7 . Verify tho result by monns ol 
Example 6, p. 170. 


Expansions of cos nO, sin n8, and tan nO, whoro n is any positive 
integer. We have 

cos nO + i sin nO ==(cos 0 + i sin 0) n m (c + is)’*, any, 

*=c" +{3) + (3) o n “ , *V + (g) c ,, “ a i 3 a s -i- (J) c n ~*i* a* + ... 

= {c n - (2) -...}+*{ (») - (1|) c»'- 3 a 3 + , 

and eo, by equating the first and second parts of tho two complex 


numbers, 

cosnO = c n -(“) c n ~ s s 9 + ^ 3 ) c a ~*s 4 - ....(4) 

»inn9 = ( 3 ) c n_1 s -( 3 ) c n_a s* + .(ft) 


Also cosnA+tsinnfl =cos n 0(l -f-jfcan 0) H soos n 0 (1 +«'<)", say, 
which gives the same results as before in the form 

oos nO =cos "0 { 1 - (”) t 2 + ( 4 ) i A - . .. }, 

sin nO = cos«0 {(*)<-($)** + ...}. 

By division, 

ta n ne=-Jlhdl)il±^_ 

l-fflP+fflf-...- 


( 6 ) 
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Expansion of tan (6, + 0 2 + ... + G n ). 

Similarly, oos^ + 0 2 + .«. + 0„) + iBin(0i + 0 a + ... + 0„) 

=(cos 0 X +tsin 0 x )(cos 0 2 + tsin 0 a ) ... (cos 0 n +isin 0„) 
=cos0ioos0 a ... oos 0„(1 +it a ) ... (1 +it n ), whoro * r stan0 f 

=cos 0j cos 0 2 ... cos 0„(1 + 1 ^! +i 2 2 2 +i 8 2 3 + ...), 

where 2 r denotes the sum of the products of tan 0 V tan 0 a , ... takon r 
at a time. 

Equating the first and second parts of the complex numbers, 
cos(0 1 + 0j + ... + 0 n ) =003 0! cos 0 2 ... cos 0 rt (l -2 a +2 4 - ...) ; 
Bin(0! +0 4 + ... +O n ) =cos 0 t cos 0 2 ... oos 0 n (2 t -2 S + ...) ; 


tan (0j + 0 2 + ... + 0„) 


2,-2 ,+S ,-... 

1 — 2 a + 2 4 — 2a + ... 


(7) 


formula (7) is easily remembered; it inoludes (0) as the special 
case when 0!, 0 2 , ... 0„ are equal. 

Formula (0) expresses tan nO in terms of tan 0. Formulae (4), 
(6) can be transformed by means of the identity sin a 0 + cos 2 0 = 1, so 
that, for example, cos n0 can be expressed entirely in terms of cos 0 
as in the example below. The general results will be discussed 
on p. 178. 


Example 7. Express cos 00 in terms of cos 0. 

We have 

cos 00 =c e - (S) c 4 s a + ($) cV -3* 

=c e - 16c 4 (l -c 2 ) + 15o 2 (l -c 2 ) 2 -(l -c J )» 
= 32 cos°0 -48cos 4 0 + 18 cos 2 0 - 1. 


EXERCISE IX. c. 

From formulae (4) and (6) find expressions for 
1, sin 60 in terms of sin 0. 2. cos 60 in terms of cos 0. 

3. in terms of cos 0. 4. cos 00 in terms of sin 0. 

sin u 

6. Give the formulae for tan 40 and tan 60 in terms of tan 0. 

6. Wlmt equation is satisfied by tan 0 if tan 00 = 0 T 

7. What equation is satisfied by tan 0 if 70=^ ? 

8. Give the expansion of tan(0, + 0 2 - 0 t ). 
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9, Give the relations holding between fcho tangents if 
(i) 0, +0 2 + 0 s =iir} (ii) 0 1 -\-0 s +0 a + 8 i = 2n ; (iii) 0, + 0 a + 0, = 

10. What results can bo deduced from 

(sind +tcos 0) n =s{cos ^ -d'j +tsin - 6^ j = ois (j'g -nO^J, 
whore n is a positive integer ? 

11. Give the last terms in the formulae (4) and (6), (i) if n is even, 
(ii) if n is odd. 

12. Give the last terms of the numerator and denominator of the 
formula for tann0, (i) if n is even, (ii) if n is odd. 

13. Show that the coefficient of c n in 

c n -ft)c"-’(l -c»)+('‘)c"- 4 (l -«■)■-... is 2»-h 

14. Prove that 2’coa —■ = 1 - (g) + ('J) - ... , and give the last term. 

16. Provo that soo 0 cosfiO = 1 - 12sin a 0 + 16ein*0. 

16. In any triangle ABC, prove that 

c* =a* cos 3B + 3a 2 d cos (A - 2B) + 3a6* cos (2 A - B) + b a cos 3A. 

17. Find the equation whoso roots are ± tan ? , ± tan ^ , £ tan . 

18. If tan 0 V tan0 8 , tan0 3 , tnn0 4 are tlio roots of the equation 
t 1 +bt* + ct* +ct +/~ 0, find the value of tan (0, +0 a + 0 # + 0J. 

Summation of Series. Sum the series 

Os 1 +x cos Q -t# 3 cos 20 + ... +a! n_1 cos (n - 1)0, 

Ss- a sin 0 + x 9 sin 20 + ... +x ,t ~ 1 sin (n - 1)0. 

Put cos 0 + i sin 0 =z. 

Then C +t‘S = 1 + +x 3 z 3 + ... ££ ,,-1 2 ! n ~ I 

1 — “ o — <1 -3 . 

I _ - _ xH n +a; fl+1 2 n-1 
z 

~ — — — — ■ » 

1 + s a 
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But - =coa 0 ~i sin 0 and % +- =2 cos 0 : 
2 z 


l - ®(cos 0 - i sin 0 ) - ic n (cc>3 nO + i sin nO) 


0 + tS = - 


+» n+J (cos n - 10 + i sin n - 10) 


1 - 2x cos 0 + it’ 8 


1 — tc cob 0 -x n cos nO +® ,1+1 cos n - 10 


+i{x sin 6 ~x n sin nO +x n+1 sin n - 10} 

1 - 2x cos 0 +!B 2 ' 


and 


by equating the first and second parts, we have 
0 = 

x sin 0 -x n sin nO +{c n+1 sin (n - 1}0 


1 - x cos 0 - x n cos nO + a-’ n+1 cos (n - 1 ) 0 
l ~2x cos 0 +a a 


8 ss 


1 -2x cos 0 + £t' s 


•( 8 ) 

. 0 ) 


These results may also bo obtained by multiplying the given series 
by 1 -2a: cos &+x* and showing that in the produot all the terms 
disappear except a few at the beginning and end. 

Note . If ]:c| <1, since lim x r = 0, we see that 
r-*» 

— X -- Q ^ is the sum to infinity of 1 -J-jccos 0 + * a cos 20 +... (10) 

1 — 2a; cos 0 -l- as* * ' ' 


and 


x Bin 0 


~ 2x cos 0 + s 2 


is the sum to infinity of x sin 0 + x’ a sin 20 + (11) 


Example 8. Sum the series 

cos a + (”) cos (a + ft) + (”) 008 ( 0 + 2 /?) + ..,+ cos (a + nft). 

Put cos a + t sin a =a, cos ft +i sin ft =6, 

Then the given series is the first part of the complex number 

a + («) ab + (y a6 2 + . . . + (») ab» *=«(!+ 6)" ; 

£ 

2 


1+6 = 1+ cos ft + i sin ft = 2 cos 2 ~ + 2 i sin ~ cos ~ 


a ft/ ft . . ft\ 
=2 cos - (cos ~ +» sm ^ J : 


but 
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. /« £ . j8\" /_ /3\" , . n/3 

a(I+6) n =cisa(2oos^ci8^J s=f2cos~J oiaaois-- 

= ( 2 °° s f)"° is ( a+! f) ! 


the given series 



EXERCISE IX. d. 

1. Sum to n terms, 

cos 0 £ cos 20 + J (sos 30 + J cob 40 + ... , 

Deduce the sum to infinity. 

2. (i) Sum to n terms, 

cos 0 cos 0 + cos a 0 cos 20 +cos 5 6 7 8 0 cos 30 + ... « 

. (ii) Deduce the sum to infinity if 0 is not a multiple of t, 

3. (i) Sum to n terms, 

sin 0 sin 0 +sin 3 0 sin 20 +sin 3 0 sin 30 + ... . 

7f 

(ii) Deduce the sum to infinity if 0 is not an odd multiple of 

4. If n is a positive integer, express in the form A +Bi 

when n=cis a, £=ois /?. 

What results can be deduced from the identity, 

^ — ^ssa+a&+a& a + .,. +ab n-1 T 
l—o 

5. If n is odd, prove that 

n-l 

1 - (") oos20 +(g)cos40 -... -oos2n0 =( - 1) 2 sinn0 (2 sin 0) n . 

6. If n is even, sum the sories 

(”) sin 20 - ( 2 ) sin 40 + ... -sin 2n0. 

7 . Sum to n + 1 terms, 

(2 cos 0) n - (”) (2 cos Q) n ~ l cos 0 + (g) (2 cos 0) H ~ 2 cos 20 - ... » 

8. Sum to n + 1 terms, 

sin ft <£ cosnS +{\ l ) sin n '~ 1 <£ cos (n - 1)0 sin (0 -<£) 

+ ( 2 ) sin n “*<£ cos (n - 2)0 sin 3 (0 - <f>) + ... . 
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9. Prove that, in any triangle ABC, if b < c, the sum to infinity of 

sin A + - sin 2A sin 3A + ... is C - S ^ n Q . 
o c 3 a 

10. Use tho identity, 

sin 0(sinf/) -icos i/»)==cos (0 -$) -oasc/>(cos 0 +zsin 0), 
to obtain an expansion for sin fl 0 cos (n<l> 

11. Provo that, in any triangle ABC, c n =a n cos nB + 

ft) a M i cob {( n - 1)B - A) 4- ft) a»~ 2 & a cos {{n - 2)B - 2A} + ... 
to n + 1 terras. 

12. If |a;| <1, find tho coefficients of x n in the expansions in powers 

of « of „ . , 

... cos 0 ~ x ' .... 1 - a; 3 

1 1 - 2a; cos 0 +a; a ’ ' u ' 1 - 2.r cos 0 +a; 2 ’ 

13. If 0 is not a multiple of w, find the sum to infinity of 

sin a +cos 0 sin (a -f 0) + eos 2 0 sin (a + 20) 

+cos 3 0 sin (a + 30) + . .. . 

14. Sum to n + 1 torms, 

1 + nx cos 0 + ft) a: 2 cos 20 + ft) ft:* cos 30 + ... , 

15. Sum to n + 1 terms, 

cos nO +nx B cos (n -2)0 +(”) x 1 cos (n -4)0 + ... . 

16. What results can bo deduced by writing cis 0 for z in 

1 + 2z + 3z a +... + 

17. Sum to n torms, 

♦ ( 2 f) cos 0 + ( 2 g‘) cos 30 + ( 2 jf) cos C0 + ... . 

18. Prove that, if |ft-’| < 1, 

(1 -a;) cos 0 ■sr-' „ . 

T"^o — ~~ o/n — 2 = / j xn cos (2n + 1)0, 

1 - 2a; cos 20 -ha; 3 ^ ' 7 

r> i , , .. ... . (n +r)l ( - 4 sin a 0) r 

Deduce that cos (2» + 1)0 sec 0 = 2j (n -r) 1 — (2r)l ’ 

for r = 0 to n, whore 0! is taken to mean unity. 

A.T. U 
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19. If ac>b* and |a?^|<l, prove that omi b6 

expanded in powers of x and that the coefficient of x' 1 ' is 
\ 1»+1 

sin (n + 1)0 oosec 0, 


whore 

20. Prove that 


cos 0 VC 610 ) *=&• 
sin a; 2 sin 2x 


(n ~ 1)!(« + 1)1 + (n -2)1 (n + 2)1 
&n-a 


■v... +■ 


n sin n# 
(2n)l 


"(2n- 1)1 


(1 +oos a?)"- 1 sin x. 


Expansions of cos n&, sin n0 in terms of cos 0, sin 0 separately • 
\Vo suppose that « is a positive integer, and wo write cos 0 —< 3 » 
sin0=s. 

Forms of the Expansions. 

(i) From cos nO =c n - (£) G n ~*s* + (”) c w_4 « 4 - » 

potting s* = l-c a , s*=(l -c 8 ) 8 , ... 

we see that cosnd is a polynomial in cos 0 of degree n, 

vix. oos 

the last term being a L <3 if n is odd, and o 0 if n is even. 

(ii) Differentiation w.r.t. ‘0 gives (cf. foot of p. 128) 
n sin nO 

=ain 0{«a„c"- 1 +(»t -2)a n _,c n “ 8 + ... + (n - %>-)a n „ ir c n - tT ~' 1 + . . . } f 
is a polynomial in cos 0 of degree n - 1, 

vix. + +V 2r -|C ,1 " zr ~ 1 + 

the last term being b 0 if n is odd, and b x c if n is even. 

(iii) Changing 0 to ^ - 0, we get 

if n is even, ( - 1) J cos nO =a H s n +a n _ t s n- * + ... + c* 0 , .........(14) 


and 


( - 1 = Vr*"" 1 -1- K-sS"- + ... + 6,s 5 (16) 
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and, if n is odd, ( - 1) 2 sin nO —a n a n +c„_ 2 s ,,-, + -|-ff|S, 


and 


( “ 1) " 2l ^F =6 "- lSn '“ l+b »- aan ' , + - +b °' 


,..(16) 

..(17) 


The forma of the results are easily recalled by means of the special oases 
when » = 2, 3, ... ; thus 


oos 20 , 


cos 3 6, 


si n 20 
sin 0 


sin 30 
sin 0 


can bo expressed ns polynomials in cos 0 ; and 


cos 20, 


cos 3 0 
cos 0 ’ 


sin 30, 


sin 20 
cos 0 


can bo expressed as polynomials in sin 0, 


Relation betwoon Consecutive Coefficients, 


From cos nO —a n c n + a n _ a c n ~ 4 + . . . s 2n r c r , 
by differentiating twice with rospoofc to 0, (of. foot of p. 128), wo got 

n a cos nO {2ra f o r_1 a} =2 (m r c r -r(r ~ l)a r c r_a (l — a*) } ; 

.\ n , L f t , s2{r !l o r c r -r(r- l)« r c r-B }. 

Equate coefficients of c f ; 

n z a r =r 2 a r - (r + 2) (r + l)a r+3 ; 


,3 _ r 2 


‘r+a 


a_. 


(r + l)(r + 2) r 


.(18) 


A similar rosult to (18) can bo found, by the sumo procoss, for eiloh 
of tho expansions. Such rosults onablo us to calculate all tho 
coefficients, if ono coefficient is known. In applying this method wo 
bogin by finding tho first or tho Inst eoofiiciont of tho oxpnnsion 
(12-17), according as wo wish to lmvo tlio rosult arranged in 
dosconding or nsconding powors. 

When ono oxpnnsion has boon obtained, any other expansion can 
bo doducod rapidly from it by ono of tho methods given on p. 178, 


- The First and Last Coefficients. 

(i) From cos nO=c" -(£) c M_a (l -c a ) -h (’]) c ,,-4 (l -c a ) a - ... , 
it follows that 

«„ = 1 + (8 + ($) h... -i{(l + 1 )»*+(! - 1)"} =2«-». 
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Also, if n fa even, putting 6 in (I2 ), we have 


nir n 

o 4 =coa — =( ~i)2 

And < odd, a, = lira 221!^ _ ] im 

•cose 


eos 


-M 




008 


— lira 


. nir , 
sin — sin ruf) 


a-*) 


n— l 

=n(-I) 2 . 


4-+Q sin ^ 

(ii) For the expansion of — — hv diffe -• .• 

^irT?' by dlff ®rentiating as on p, 178, 

we see th ^t, in (13), i„_i = 3 „ 

Also, if n is even, 6, = Hm 


And, if n is odd, 


-lim : B ' mn0 lim 

sin n(|-^ 

Sine eos 0 ™ 0 

/«■ A 

2 

°° S \ 2 ~ 

nir . 

-cos — sin tuf> 
— lim ^ 


♦-+-0 sin <f> 

. tw- 
ain — . 




Bin 


= (-l) 2 . 


aanbeobtatoedfatte"^™”™^ the expansions (14) to (17 
- W and (ii, by writing = _ , for ” " ^ dedU ° 6d *"* 

degree 'is to every"™ 2»-“ 6 ° f the term of hi 8 hesl 

tbis can be e • . ' As r 6 8 ards «*> sign to be attached, 

and “ £r0 “ ^ — ■ Thus. -»«,*, ’ 

cos 0 -8 am *0 + 4 Bin 6 suggest that the l i ™ 8 

sin nO fc fche l eQdm 8 coefficient 

° cos 0 * when n ia even, is ( _ I)*" - 1 2 n-i 

™rio™ expansions are given in 
method which should be followed ^anvr^- * 1 °* t0 iUustrate the 

m an y required special case. 
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We have assumed that n is a positive integer. It is natural to 
enquire whether the expansions in Ex. IX. e, Nos. 14-17, 22-25 can 
be interpreted if n is fractional, when the series involved are 
evidently no longer finite. This involves a discussion which is beyond 
the range of this book ; see Bromwich, Infinite Series, 1st ed., 
Ch. IX. § 08. 

sin tiO 

Example 9. Discuss, ab initio, the expansion of — , where n 

is oven, in ascending powers of sin 0. l> 

Prom 

cos nO -ft sin n0=(c+w)”={c n -(2) c n "V i + ...} +i{(“) c n-1 a-...} 
it follows that 


sin nO — (^) 

. 8in n0 ~(n\ 
" cos 0 w 


C n-1 5 

G n-t 3 


- (”) c»- 3 s 3 + ... 

-(3) c n_ *e a + ... 


Since n is evon, by using e a = 1 -s a , wo can express c n ~ a , c n ~ 4 , etc., 
as polynomials in s. 

Therefore can expressed as a polynomial of degree n - 1 

in sin 0. [It cannot be expressed as a polynomial in cos 0.] 

We may tlioroforo write, for n oven, 

sin nO £2 c{k n ^8"-' + fc n _ 3 a rt ~ a + .. . + k r s r + .. . + fcp?)- 
Differentiating, n cos nO&'Z(rk f s r ~ l c' 2 -k r s rH ) 

3 2 {j7f r « r-1 - (r + 1 ) I* r 3 r+I } . 

Differentiating again, 

-n 2 sin 7103 2{r(r - l)ft r s r-8 o -(r + l) 2 A r s r c} ; 

-n* 2(V r ) 3 2 {r(r - 1) V' 2 - (r + l)*V r } . 

Equating coefficients of s r , 

- 7i a /c r =<r + 2)(r -1- 1 )£ r+a ~ fr + l)*b r ; 


.. n*-(7-H)* 

I. 1 1,0 V * 1 ” 


(r + l)(r-h2) 


But k { — lim 


sin n0 


sin 0 cos 0 


~n i 


k.~ - 


7l a -2 a 
2 . 3 


*1 


7 ^ (n a -4 2 )(n a -2 2 ) ii: 


2 . 3 . 4 . 6 
,» - G a ) (n a - 4 a ) (?i a - 2 a ) 


. n ; etc. ; 




71 
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,\ i! n is even, 


sin nO 
coa 0 


— n sin 


* - + «t -*i<e zoi „!„■» - , 

o! 5! 


EXERCISE IX, e. 

Which of the functions in Nos. 1-6 can bo expressed as polynomials 
in Bin 0, and which of them as polynomials in cos 0 ? 

In each case, use the methods of pp. 170, 180 to obtain (a) the terra 
of lowest degree, ( b ) the term of highest degree. 

1. sin nO, if n is odd. 2. cosnd, if n is even. 


0 sin nO . . 

— — n, if n is even. 

COS0’ 

. sin nO ... , , 

6 ‘ ImfP * n 13 oddl 


. cosn0 .. . , , 

4. K-, if n is odd. 


cos 0 
sinn0 
sin 0 cos 0 


, if n is oven. 


7. Assuming that cosn8~a a +o a sin a 0 + ... +a n sin B 0, where n is 
even, find the value of a Q , Then find by differentiation the other 
coefficients. 


8. Assuming that sinn0 =a t sm 0 +a t aia*0 + ... +a ft sin"0 
n is odd, find the value of a x . Then find by differentiation tl 


coefficients. 


where 
the other 


9- Prove by differentiation that the constants in equation (13), 
p. 178, are connected by the relation, 

n a -(r + l) a , 

. r+a ~ FhW+2) V 

1°. Prove that +y*-2y-l, where y =2 cos 20. 

11. Prove that = (a: a - 1)(® S - 6a; 1 + 9# a ~ 1), where x =2 cos 0. 

12. 2 COSK0 =(2c) n -?i(2c) n -» +- & (2c) n ~* 

2 1 

«{n - 4) (n - 5). 


31 


'-(2c)' 


+ ... 


13, 1KJ =(2c)B ~ 1 ,- (» " 2)(2e) n -» + ( ~ n ~ ~ - ^ W ~ 4 - } (2c) n ~ 5 


21 

(n-4)(n-S)(»-6) 

31 


14. n even, cos n0=( - 1)2^1 -|* f « , n *( n * - 2*) ^ 


_ n«(n»-2>)(n»-4«) .. . 
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H-i 


15. n odd, cosnO =( - 1} 2 \tio 0 * 


n(n a - l a )(» a -3 2 ) 


sin n6 , ,.s+i f n(?i a -2 a ) . 

16 - nevon * ^CT =( " 1)2 V“~Sl * 


n(n* “2*)(n* -4 2 } 


61 


17. n odd, 


sin n0 
sin 0 


n- 1 


-...} 


e‘ 


= 1 - 1 ) 2 {l- 


n a - l a 
21 ' 


)( »«-!■)(»■ - 3 *) ^ y 

18. n oven, 2 cos nO = ( - l) 5 {{2s)’' -ti(2s)"- a 

+%- 3 > ( 2 s)-* ( 2 s)«-« + ...}. 

1 9. n odd, 2 sin nO = ( - 1 pT {(2s)« - n (2s)— 2 + ( 2s) "~ 4 

^ n ( n _4)(n _ -6) +...}. 

20. » ovon, ~~jj = ( - l)2" 1 {(2a)«-» -{» - 2)(2s)”- s 

+ (n- 3 )(n - 4 ) {23)n - 6 _ 

21. n odd, =( - l)V{ (2 ,)-i - ( n - 2)(2s)— s 

22. n even, oos nO = 1 - ^ *« + ^ s* 1)* . 2-*a«. 

, , cosjiO , n* - 1* . 

• Modd > - 0 W =1 '“2T- S 


23. 


»-l 


+ {?}* jj) s 4 _ . „ + ( _ 1 ) 2 . 2'*- J s"- J . 

4 ! 


. sin nfl ?j(n 9 -2 a ) a 

24, « ovon, - ns — 7 t — J s* 

cos 0 3! 


«(n a -2 a )(«* -4 a ) . . , ,.S+ 1 
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25. n odd, ein nO =m fi3 

^ n(?i 2 -l s )(?i 2 "3 a ) 3 s _ ti _ .f.( _ i)~T' . 2 n_1 . a n , 

26. What are tlie coefficients of o” -8 and c n ~ 10 in the expansion ot 
cos n0 in powers of cos 0 ? 

27. What result can be deduced from No. 24 by writing 2p for n 

and ^ for 0 ? 

4 

28. Prove that 

on _/ n _ i) 2>»-i - j)( n ~ ^) o.i-a _ zl) 2"-» + ... 

21 31 

equals 2~2~ sin 


29. Prove that + 

i\ 41 1)1 


mr 
cos T . 

30. Prove that 1 - — ^ sin ~ coseo Z ■ 

o! 51 n o »> 

31. By writing x ~ cos 0 + i sin 0, show how to express x n +^j a* a 

1 ^ 
polynomial of degree n in x +-, 

X 

32. Express x 9 +— 5 in terms of x +- . 

ar x 


33. Express ^<c 7 as a cubio in ^a; 

34. Verify that the coefficient of c* r+1 in the expansion in No. 16 
is the same as the coefficient of c 8r+1 in the expansion of cos nO in 
No. 12, if n is odd, 

35. Verify that the coefficient of c 2r in the expansion in No. 14 
is the same as the coefficient of c 8r in the expansion of cosntf in 
No. 12, if n is even. 

36. If y =sin«0 and 0 =sin~ 1 x, show that 

c °s0^|=n co sn0 and (1 -a 2 )-^ -a:^ -fnfy =0. 

Differentiate this k times by Leibnitz* Theorem and deduce that 

y*+j={k a “tt a )2/*> where y f is the value for re =0 of . Wliat are 

ax r 

the values of y 0 , y v i/ a , y k t Obtain the result of No. 26 by assuming 
Maolaurin's Theorem. 

37. If y s=cos nO and 0 =sin~ 1 x, show that 

Hence obtain the result of No. 22 by the method of No. 36. 
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EASY MISCELLANEOUS EXAMPLES 
EXERCISE IX. f. 

1. Solve ®°+a 5 +a 4 +a 8 +a a +a + 1 = 0. 

2. Solve a ia -a: 9 + I =0. 

3. Solve [ax - 6) n —{a -6a) n . 

4. Solve (I ~xi) n +t(l +ai) n =0. 

5. Find which roots of a; 10 = 1 make a 4 +a 8 +a 8 +x + 1 — 0. 

6. If x s = 1, prove that a 4 +a -a* -a* =0 or ± V5. 

7. Given that tan a —2, find tan 3a. Use the result to find the 
cube roots of 88 + l&i. 

8. Expand J (1 —€){(! -#£)" +i(l -i-xi)’ 1 } in powors of x . 

9. If &>=cis-|^, expand in powors of a; 

(i) (I +&) ln + (1 +oja) 3, ‘ + (1 +u a a) sn j 

(ii) {1 +a)* n + «{1 +ioa) 8n +u 9 (l + co 8 a) 3n j 

(iii) (1 +a) ,n + w 8 (l + (oa) 3n +tu(l + o) 2 a) 3 ». 

10. If a 1 * = 1, a^l, and if y x ~x +a 3 +a B , i/ s =a a +a 5 +a fl , 
y, — a 4 + a 10 + a 13 , y 4 = a 7 + a 8 + a 11 , prove that 

(i) Vi =2/a + 2 y„ ; (ii) y,y a *=y x +</ a +y 4 ; (iii) y x y 4 +y a = - 1. 

11. Solve oia rO =cis sO whore r, s are unoqual positive integers. 

12. Show that the roots of (1 -z) n =z n are of the form £ + Bi, 

13. Provo that tho points which represent the roots of z n —(z + I) n 
in the Argand Diagram are collinoar. 

V I +z 
f— - lie 

U U dl U1UUU6 V1U» A ~~ z 

16. Prove that tho points representing 1, -1, a+bi, and 
are conoyolio. a -i-ui 

Ifi. If tho point which represents z moves on tho oirclo \z\ = 1, 
find tho loci of the points which roprosonb 

(i) V(2z - 3 ) ; (ii) (z + 1)®. 

17. If a, j3 are the roots of J a - 2t +2 =0, prove that 

(iC 'f* (jV* W- -L. * 

a (3 — ~ e * n n */ ) 00800,1 0» where cot </* =a + 1 . 

18. Sum to n + 1 torms, 1 +( ”) °os 0 + (§) cos 20 +... , 
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19. Prove that 

cos 4 «0 + (*») C03 _ 4 ) Q + cos ( 4 n - 8) 0 + .„ 

+ (sn^z) cos 40 + * (In) = 2 4 n_ 3 (oos 1 ' 1 0 -f- sin 4n 0). 

20 . (i) Prove that (*«*» -^) -(* -I) can bo expressed as a 

polynomial in (x -I) 0 f degree «. Find the ooeffloient of L - 2Y" 
«nd the constant term. ' X 

(i>) Also show that sin* 0 is a factor of ( 2 „ + l) sin 0 - s i n(2 „ + ], 0 , 

«* flnd the ™>“ «* - 

n{^- P ™XTZ e l r r lly that> “ 2= ° is5 ’ Snd -<»<-. then 

that' ^ MS ' (,sm ‘ (,B A 1 ooa0 + A ! oos3<>+A,cos50+A,oos70, prove 

*4. Use the identity, 

1 1 _ 1 

^ show t to 0,) ' a,r (o ' - 0l)( * ~ " C^^iF^D ’ 

sin(Qj i -a l )oo 8 ( 20 +a I +a a ) 

Us^he identity,'^ + ^ ^ ~ ^ ^ 

to .how th.t‘° ^ +C)(0 +0)( ° +6 ) B t“ + 6 ^ *«)<&> +c« +«*) 
co»(Sa).{l + 8 eo 8 ^ 1 ' 0 O 8 l^f! OO8 ^| 

28 . Prove that •*— ■*«» +r)-2-a..S- n (fl +y ^ 

w "*"n (*■)•■ - < 2 ^>‘ + _ 

where in 0 and n ia a positive 

HARDER MISCELLANEOUS EXAMPLES 
EXERCISE IX. g. 

•-P-^'astheprodnetotlonrtaoto™. 

Express z'+xi + x* + , _ , , 

”* +I M the Product of four factors. 
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3. If a=oia anti if r and p or© prime to n, prove that 

1 + a v + a zp + . . . + al ,, - llP = 0. 

4. If p, q ore real and («+p) 9 +5 a 3(a;-pa)(a;+/2), prove that 

( ? = g"" 1 sin nO coseo’ 1 6, where tan 0 - -3—- . 

a - /3 x +p 

6. If x =2 coa 0, prove that q ^(x 4 -x* - 3x ,a -|- 2® + l) a . 

6. If u n - 2n„ +1 coa 0 -hu n .j. a =0, and also u x =psin 0 +q cos 0 and 
u a -psin 20 +£ cos 20, prove that « n =p sin nO -tqao&nO, 

7. Deduce trigonometrical identitio3 from the rotation 

2 (b - c) 4 s 22 {{a - 6J 8 (a - c) 3 } . 

8. If (1 +#) H sa 0 + 2a r a r , where n is a positivo integer, prove that 

a 0 + a i + < a a + • . * = 2 n-3 + 2* n_1 ooa Z1ZT , 

9. If r 5 = a 2 + b 3 -f- c a and z— , prove that 

#., e+ia J(1 -z). myO+lb 1 +iz 

W r + b~~ 1 -l-z • r +o ~ l^Tz * 

10. If 2eos0 r = 0 = 2 si n 0 r , prove that 

(i) 2 cos 40, = 222 cos 2(0, + 0 a ); 

(ii) 2sin40 r =222sin2{0, + 0,){ 
where r and s are 1, 2, 3, 4, 5 and are unequal. 

11. PrOvo that, if 2 (ad -hbc) = (a+d)(& -f-e), the four points repre- 
senting the coinplox numbers a, b, o, d are conoyclio and form a 
harmonic rango on the circlo. 

12. If a, b, c, A, B, C are real and ao > b 3 , AC > B 2 , prove that tho 
points representing tho roots of az 3 +26z + c=0, A z 3 -i-‘2Bz |-C =0 are 
concyclio with tho origin if 6C =cB. 

13. If iv, z are complex numbers Buch that |z| = 1 and ~ = 1 ~z+z s , 

and if they are represented by the points P, 0; prove tlint PQ passes 
through tho point (1,0) and that tho at-uxis bisoots an angle between 
OP and OQ. 

14. If a lt a 3 , a 3 , a 4 , a 6 are the fifth roots of unity, prove that 
I'tan -1 — -j, for r = l to 5, equals tan" 1 jj +«?r, where n is an integer 
or zoro. 

15. Use tho relation -r 7 ~v — s f • — to provo that 

x 2 -h 1 2\af + » x~%) L 

~ 1}n • nl sin ( n + l )Q 8|, »" +1 °> 

whore at— cot 0 , 
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16. Prove that (^) =( - I!" ."I ™(n + l)eainW8, where 

£==COt0. 

17. Provo that 

* , „.(n-2)(»-3) (n - 3 ) (n -■*)(«:• 

1 -(»-!) + 2j— 3j 


, . 2 (n + 1) 7r 

={ - l}"sm 1 g--~ 


COSQO 


2jr 

3 * 


18. Provo thafc 

n „ , (3n-l){3«-2) (3»-2){3n-3)(3»-4) 

19. Prove that 

1 =2cosf . 

20. Prove that s 

cos* no = HI + ( - 1)”} - H - 1 > B {fl < 2 ^ “ (2c)i + • • ■ } ' 

21. Find the coefficient of 3 n in (1 +2:rcos 0 +<r a ) n and deduce 
that 1 + V cos 20 + ... +c„ 2 oosSnd equals 

, n f (2 cos Q) n , (2 cos 0)»~ a , (2 cos 0) n ~* , 1 „ «f*\. 

n 1 oos «0 + 1 ^ 7^471 + • . . ^ ~ W ; 

22. If c r is tlie coefficient of % r in (x~ n + ... + 2 " 1 + 1 +» f ... +af B ) i » 
prove that 

( \* = Cfl + 2Cj cos 29 +2c a cos 40 + ... + 2c 4n cos 8n0, 

V sin. y j 

and deduce that ' 

W 

f * sin 1 (2 n + 1)0 cosec 4 0 d$ ~~(2n + 1) (8«* + 8n + 3). 

jo a 

23. Prove that 2coseoa 2 {sin ra cos (n ~r) /S}, for r~l ton -l, is 
equal to 

cos na -coanfi sin na 
cos a ~ cos ft sin a 

24. If p, g, r are any positive integers or zero, subject to p + q + r - », 
prove that 

S +r»)-i s 



CHAPTER X 

ONE -VALUED FUNCTIONS OF A COMPLEX VARIABLE 


The meaning of the word “ convergent ” as applied to series of 
real numbers has beon given in Ch. V., p. 77, A general dis- 
cussion of the principles of convergence is reserved for the companion 
volumo on Analysis, Wo give hero only what ia necessary for the 
extension of the idea to series of complex numbers. 


Absolutely Convergent Series. If the series, of positive real 

numbers K| + |%[ +J*,| +... +|*„| +... 

is convergent, we say that the series, 2fl? n , of real numbers 

+® a + ... +x % 

is absolutely convergent. 


Thus the series. 


1 


_! J_„I 

2* + 3 a 4 a+, ’‘ 


ia absolutely convergent, because it is shown on p, 210 that the series, 

11,11 

f* + 2”a + 33 + Ja + ••< » 10 convergent. 

If a sorios is absolutely convergent, it is necessarily convergent. 
This may be soon by expressing it as the “ difference ” between two 
convergent sorios ; thus, 

*1 + a? a + . . - + »« s {»i + 1 *1 | + 0 * + |tf 8 | + . . . + * n + 1 v % \ } 

-{l*il+l*«l+». +!*»!}• 

Sinco 2f ar„ f is convergent, the second bracket tends to a limit, 
say V, whon n-> co j also 0 ^ {#„ + )#„]) < 2 ]x „] ; /. the first bracket 
never decreases os n increases and is always less than 2V ; it there- 
fore tends to a limit ^ 2 V, whon n-> 00 ; Xx t) is convergent. 

Thus the convergence of 2 ^ implies the convergence of 

v (-i) w 
* ' 


But obviously a series may be convergont without being absolutely 
convergent ; for example, 1 +y + ... is convergent, with sum 

180 
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to infinity log 2 ; but the series, l+-j+-jj+T'l*<'' is divergent, see 
p. 69. A series which is convergent, but not absolutely convergent, 
is called conditionally convergent or sometimes semi- convergent. 


Series of Complex Terms. Consider the series, 2 z„, of complex 


numbers 


Zl +Zg +Z3 +•>> + z n +•*« » 


where z n 3x n + iy n , and x n , y n are real numbers. 

This series is called convergent if the series 2re„ and 2 y n are both 
convergent. If X and Y are the sums to infinity of these series, 
so that 


X= lim (*! +K a + ... +*„)■ and Y = lim (y, +y a +... +y„), 

B-+00 n~ 

X +»’Y is called the sum to infinity of the series 2z„. 

For example, since 

„l”G4 + - + r») =1 ond Ji(i+i+- + r-)" 4, 


we say that the series 

ft +#)+( t+t*) +(!■+*¥)+••• 

is convergent, with sum to infinity 1 -\-\i. 

More shortly, we may say that 2z„ is convergent if 
<r„{sz,+z a + ... + z n ) 

tends to a limit Z when n-> 00 , for this only means that 
(»!+», + .., +s n ) and {y x +y 2 + .'.+y n ) 
tend to limits X and Y and that X + iY is denoted by Z. 


Absolute Convergence of Series of Complex Terms. If ’ 

l*J s + V&n+Vn) 

and if the series, 2|z„|, of positive real numbers 

l*il+l*il+W+...+|*.I+... 

ia convergent, we say that the series, 2 z„, of oomplox numbers 
Z 1 +Zj + Zj + ... +z n + ... 

is absolutely convergent, and it is ensy to see that it is then neces- 
sarily ** convergent,” in the sense defined above. 

£-or ja; n | + \/(x n * +y rt s ) = | z n j and similarly \y n \ \z n \ ; therefore 
and 2y„ are absolutely convergent ; they are convergent ,■ 
2z a is convergent. 
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Tho Geometric Progression Consider the Rories 
I +*+**+*• + ... +z n + ... 

where zar (oos 0 H-tsin 0). 

If </> n (z)3 1 +z+z a + ... + z n_1 , wo have, as for the G.P. of real 
1 z n 

numbers, </>„(z) r , provided z=f=\. 

I — Z I — 2 

Hence this series is convergent, and has — ^ — for sum to infinity, 
z n 

if lim ~ — =0, i,e. if lim z n =0, since z >/> 1, 
n » * — * n — > » 

Now =sr fl (cos nO -f» sin nO) and r is positive. Also if r< 1, 
limr”=0, see p. 78 j but |r n cosn0| ^ r n and |r n sin n0\ < r n , 
if r<], lim (r n cos?ifl) =0 and lim (r rt sin nO) =0 } .*. limz n = 0. 

Thus the geomotrio progression of complex numbers is convergent 
when \z \ < 1, that is, if it is absolutely convergent. 

Tho values of </>„(z) and in terms of r and 0 were virtually 

obtained in Ch. IX., p. 174, where a; was used instead of r. 


The Exponential Series. Conaidor the series 


1+ Ii + 2! + 3i + "* + ^ + -' 


• (1) 


where ztax +ii/=r ( cos 0+i sin 0) and r > 0. 

It 1ms boon proved in Ch. V that tho series of positive numbers 


r r‘ r 
+ f! + 2! + 3J 


•t 4-n 


n\ 


.(2) 


is convergent for all valuos of r, Thus the series (1) is absolutely con- 
vergent and therefore it is convergent. 

In other words, if 


2 2^ 

EeW-l+jR + gj + ••■+*, 


(3) 


then lim (E, t {z)} exists, for all values of z. This limit may be 
n — *■» 

denoted by E(z), thus 

E(z) = lim {E„(*)} (4,) 

n->oo 

If zmx-f-Oi, the function E(z) corresponds to the function 
oxp ( x ) of tho real variable x, see Ch, V., p. 90, in just the same way 
that the complex number x + Oi corresponds to the real number x. 
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For this reason, the function E(z) is usually written exp (z), but it 
should be understood that exp ( z ), so used, acquires its meaning by 
definition as a function of complex algebra. In fact, the definition 
of equation (4j) is replaced by the following definition : 

exp(z) = lim {£ n (z)} (4*) 

n~*oo 

Proofs of the properties of exp ( z ) must be based on this definition ; 
it is not permissible to assume that the properties established for 
exp (*) hold also for exp ( z ). 


Functional Law for exp (sr). If zsO +yt, the exponential series ia 

••• 

where the series in brackets are finite. 

But, by pp. 80, 81, when n~> oo , the expressions in these two 
brackets tend to cosy and siny; 

exp (yi) a lim E n (yi) =cos y + i sin y ; 
n~*<° 

exp (yp) exp (y a i) 

=(cos y x +* sin y x ) (cos y x +i sin y a ) =cos (y x +y a ) + i sin (y, +y a ) 
=exp {f(y!+y s )}. 

If then Zj, z a are each of the form 0 +ty, the exponential fimotion, 
exp (z), satisfies the functional law, 

exp (zj) exp (z 2 ) =exp (z, +z a ). 

We proceed to prove that this result is true for all complex values 
of z. 

Let Zjsa:, +fy ll z a sa? 8 +ty 8l and Izjsr,, [z a | =r a . 

e„(%) . E„M ={l +]n +ti +«• I 1 +fj + tr + - + $r } 

z, Z. a Z, n 

5=1 -f.~ij.-i_ 4 . J.-L- 

z 2 ZjZjj z,*z a z x H x 

+ l| 4 'l!ll + 2!li + ** ,+ n! II 

21 11 2! ^ 2121 '%12l 


z 2 n z t z a " g t y 
nf llni 21n! nlnl 
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Add up by diagonals ; the terms of ordor s, whore s < n, give 


s! 




-'Zv 




(a -1)1 1! ' (s-2)l2! + ‘” + a! 


_ ^ f J, I I 3 „ »-l_ | ( s ‘ 0 *-2, 2 | I „ *1 

"all 1 ^11 1 ^ iTi 2> Za+ "' +Za J 


„(vt^ 

s\ ' 


by the binomial theorem for a positive integral index. 

••• En(*.)E»W-E„(* 1 +*.) = S^ (0) 

P,Q V J 

whore the summation extends to all values of p, q such that p +q > n, 
V n, q ^ n. 

In precisely the same way, we have 

E.(r,)B,(r t ) - E,(r, +f.) =2 ^ 7 ? (0) 


Now from Ch. V., p. 91, when n-> c© , E„(rj), E fl (r a ), E fl (r 1 +r J ) 
tend to the limits e r \ e f \ e fl+r *; but e r, e f4 =e rrl ~ r ’ ; 

E B (r,)E n (r a ) - E n (r t +r a ) ->• 0 when n-> oo . 

Now each term of tho 2 expression in (6) is the modulus of the 
corresponding term of tho 2 expression in (5) ; also tho modulus of 
a sum < tho sum of tho moduli ; 

• • l E n( z i) E n( z a) “ E n( z i 'l' z a)l ^ E n 9i) E n( r a) d"*’a) > 

|E B (*,)E n (* a )-E n ( 2 1 +z 2 )|->- 0 whan n-> co . 

But, when n->- a> , E„(z,), E„(z 2 ), E „(zi+z a ) toiwl rospoctivoly to 
tho limits oxp (z t ), oxp (z 2 ), oxp (zj +z a ) ; 

exp (z,) . exp (z a ) = exp (z, + z a ) (7) 

where z,, z a aro any two complex numbers. 


This proof of tho functional law for exp (z) suggests nn alternative 
method for developing the theory of tho exponential function of ft real 
variable. 

We start by proving from first principles that, for all real values of x. 


. . iS 1 3 S 

1+:t+ 2l + 3l + - 


is an absolutely convergent series. Denote its sum to infinity by E (a;). 
From equation {(1) abovo, we have, for r t > 0, r a > 0, 

E „fa + r >) < E n ( r i) E n ( r i) 

i.T. N 


( 3 ) 
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Similarly! the product set out above shows that 
Ejnfo+raJ-E,,^, )£„(»•*) 
equals the sum of a number of positive terms ; 

E B (r 1 )E n (r 1 )<E* 1 (r 1 +r t )j {0) 

from (8) and (0), E n (r, +r a ) < E n (r,) E„ (/•„) < E 2 « V, +***)• 

But when «.-*■<», E _(rj), E„(r a ), E n {r 2 +r 2 ), E an (r 1 +r # ) tend rospootivcly 
to the limits E (rj, E (r 2 ), E (r, H-r a ), E (r x + r a ) } 

E (r, + r a ) <$ E (r x ) E (r t ) ^ E (r : + r a ) ; 

E(r I +r 1 )=E(r 1 )E(r a ). 

The properties of the exponential funotion of a real variable onn then bo 
deduced from tliis functional law. 


Expression of exp (z) in the Modulus-Amplitudo Form, 
equation (7), exp (z) = oxp (x+iy) = oxp (x + Oi) oxp (0 \iy), 


uy 


But 


exp (a + 0i)=l+^ + |!+ 


=e see Ch. V., p. 90. 

Also, by p. 192, exp (0 +iy) =eos y +i sin y j 

exp ( z ) is a complex number, with modulus e m and amplitude 
2 Mr +y, and we write 

exp (z) = exp (x+iy) = e*(cos y +i sin y) (10) 

Thus we see that the function oxp ( 2 ) is periodic, with period 2 rri. 
, . principal value of the amplitude of oxp (x+iy) is obtainod bv 

choice of n suah that -tt <2mt +y^ +ir. 

The special relations, 

ex P (iy) =coa y +i sin y ; exp ( -iy) =cos y - i sin y 
give important forms for cos y and sin y : 

cosy = i{exp(iy) + exp(-iy)} (]]) 

sin y = i { eX p ( iy ) - exp ( - iy)} ( ,2) 

wnys 

(i) in “• 

l ' 7 Can , b ° drEWn by COra ^ the two results 7 

(») exp (ta) oxp (« cis /?) =exp { ia +x{cos p + i sin ^ 

=exp (x cos ($) exp { i( a +x sin J3)} 

=*«*«»* o is (a+arsinyG). 
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(ii) exp (r'a) oxp (a; cis /3) 

f x 2 x n 1 

s=cis a |l 4-a cis /3 +~ cis 2/3 + ois n/3 -l- ... J 

/|»2 ^ 

=cis a +k cis (a 4 -(3) +^- oia (a 4-2/3) 4-... +— - cia (a 4 -n/3) 4'... . 

2t\ TX I 

It follows that 

x n 

qx cos p COS (a 4- * sin /3) = cos a 4- x cos (a 4-/3) 4-... 4-~^coa(a 4 -n/3) 4-.. 
md 

jj.il 

e XCOi *m\ {a 4- 1 » sin /?) =sin a -i-.-Bsinfa 4-/3) 4~... 4 — ; sin (a 4- n/3) 4*... 


Example 2. Dibousb the convergence of tho serios 

. oob 2 0 . cos^O . . 

cos 0 am <3 4-- ol - am 20 4-... 4- — r- sui n0+„. 

A l til 

and find tho sum to infinity. 

Consider tho Berios 

1 4-cos 0 oia 0 4-^~ cis 20 4-... 4- — 8 -- ° cia nO 4-... . ...(i, 

21 nl 

Since [cis «0| =1, in tho serios of moduli tho sum to n terms is 
, . .. IcOflOI 2 |C 08 0| n_1 I 4 .AU a I 

< i + 1 cos 01 4 -J — 21 + • •• 4 * (^riyr < e j 

„coh" 0 oia nO . , . . , . , T . 

2 — is absolutely convorgont. I-Tonco it ia con- 

vorgont, and this implies tho convorgonco of tho givon fiorios. 

Also series (i) 

(cos 0 ois 0) a (cos 0 oin 0) rt 

= 1 +(cos 0 ois 0) 4 — 4- . . . -I- : 4-... 

u ] til 

=oxp (cos 0 cia 0) =oxp (cos 2 0 + i cos 0 sin 0) 

=c co » >0 oxp (t(oos 0 ain 0 )} 

= e eo3»fl{cos (cos 0 sin 0) 4t sin (cob 0 sin 0)} ; 
the sum to infinity of the givon aorios ^e 003 ’* sin (non 0 sin 0). 

Note. A direct proof of tho nbsoluto convergence of tho given nerica is 
us follows : | sin «0| ^1, tho sum to n terms of tho series of moduli 

„ I 008 0 I , |C08fl|» , . |OO8 0|" ^ Jcoafl . 

^ n -l Ti — h - + ^1 <0 
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EXERCISE X. a. 

Express the following in the form, a+ib : 

1. exp (1 +wr). 2. exp (f) +exp ( ~ »'). 

3. «p(-l+$). 4, exp (cos 0 +i ain 0). 

5. exp ( a +ib) exp (a — ib ). 6, exp (log?’ + i0). 

7. exp (sec a exp (ia)}. 8. exp (x ois 0) exp (?/ ois </>). 

Give simplified values of the following : 

9, exp (fir). 10. exp ( - *V). 

11. exp(cia0}+exp {cis(“0)}. 12. exp (oia 0 tnn 0), 

13. exp (i cis 0 ) -exp { -i cis{ - 0)}. 14, exp [exp (ois 0)}. 

15. Prove that exp ( - 8 - i(j > ) =(oh 0 -sh 0)(cos if> -i sin </»)* 

16. If X Y=exp (x+iy) t find the relation between X and Y, 

(i) if x is constant and equal to o j (ii) if y is constant and equal to #n. 

17. Findv, wif exp ( X ~ —u + iv. 

\a; +o +iyj 

18. Find w if (1 -a 2 cos 20 -ia a sin 20) -1 exp (iO) =« +u>. 

19. The complex numbers z, z' are represented by tho points P, P', 
whore z' =exp (z). Discuss the movement of P, (i) if P" doseribos tho 
unit circle, centre the origin, clockwise, starting from tho point. 
(-1* °)> (ii) if P' describes the negative half of the y'-axis, starting 
from the origin. 

20. Find real numbers a and b such that 


exp (a +ib) =oxp (2b +ia ). 

21. Show that the equation, expa?=a?+a, where a ia roal, has no 
solution of the form, * —tv, where v is real. 

If it has a solution, x=u +iv, where 0, prove that u is jiositivo. 

y\\ at re3ult f can be obtained by equating the first and second 
parts of the complex numbers in the relation. 


(i) if z=cosa+teina; (ii) if a = I +» tan £ ? 

23. Prove that exp [(a +ib)x] - exp [(a-ib)x] =2 i a™ sin bx. 

Use this relation to find the coefficient of a?" when e* 003 0 ain (x m n 0\ 
is expanded in powers of x, sin {x sin U) 


24. Express 2e* cos 0 in tho form 

Hence find the coefficient of 8 n 
powers of 0. 


exp (« 4 -mj) + Qx p _ fo) . 
in the expansion of e e cos 


0 


in 
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25. Prove that oxp {exp {Oi)} - exp { - exp (Oi)} =a-bib, whore 
a =2 cos (sin 0) sh(oos 0) and & =2 sin (sin 0) ch(cosO). 

26. Expand e* Bln ° sin (a cos a) in ascending powers of 
Sum to infinity the following series : 

27. x cos 0 +a 8 cos 20 + x B cos 30 + ... ; ( - 1 < x< 1). 

28. rcsin a+a: a 8in (a+/3) +a 3 sin (a + 2/f) + ... { ( — 1 <a:< 1). 

29. 1 + cos 0 -f ■ +■ y + ... . 

on . n sin 20 , sin 30 

30. Bin 0 2j ' 5T 

»g2 1^8 

31. cos a - a: cos (a +/3) cos (a -f 2/?) - cos (a +3 ft) + . 


3! 


32. 1 + cos 0 tan 0 +^j cos 20 tan*0 +-^ cos 30 tan*0 + ..» . 

COS^ 

33. cos a + cos fi cos (a + ft) ^ cos (a + 20) 

+?™J OOQ{a + 3 £) +... 4 

34. c0Ba+ S^%!2|p + .... 

T « — cos 20 , cos 40 cos 00 
3o, IfC=- 2 - r +-j r --f~ 6r +... 


and 
provo that 


^ _ sin 20 , sin 40 , sin 00 , 
5 “ 2! + 41 + 01 


C 3 + 8 1 = {oh (cos 0) - cos (sin 0); *. 


The Generalised Circular Functions. If z is any complex number, 


cos z and Bin z aro defined by tho relations : 

cosz = J{oxp(iz)-j-oxp( -iz)j, (13) 

Bin2=i{oxp(w) - oxp ( -iz)j. (14) 

Jt 

Further, wo writo 

sin z 1 


tan z , cosoo z = — — , oto. 

cos z sm z 

Tho definitions aro equivalent to 

cosz-t-tsinzs=oxp(iz) ; cosz -t sin z =*oxp ( -iz) ...... (115) 
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and to the forms, 

j r3 ei 40 

coa» = l (.0) 


Si „ Z= fl 


2;* z 7 

3! + 6l'"7t + 


(m 


The definitions are o£ course chosen so that formulao established 
or ciroular functions of a real variable (defined geometrically) hold 
also for the generalised functions. The reason that they hold is 
indicated below : 


n.3 e8U * fca .v 8, ? 0 { 1 OO8 0 = l> sin0=0, cos(-z) =cosz, sin( -*) = -sine, 
a e immediately deduced from the definitions, (13), (14) and (4») above. 
Suppose it is required to prove that ' ' 

COB (jq 4"2j) = 008 008 Zj — 810 Zj Sin 2|. 

uamg relations (13), (14) it is necessary to prove that 

Me*p[i(zi +*,)] +exp [- t( Sl +2,))}s 

I {exp («,) +exp (- iz t )}{exp («,) +exp (- «z„)} 

+ i {exp (iaq) - exp { - tz,)}{exp {«,) - exp ( - iz,)} 

Now we know that, for real values of y lf y u 

008 iHi +1/1)3003^/5 cosy, - ain 1/5 siny, 

and A from relations (11), (12), p. 194, 
i( ex P l»(l/i +1/1)] +oxp[- %, +y,)]}s 

i {exp (ti/j) +exp(- 11/5)) {exp \iy t ) + exp { - iy,)} 

+ 1 (exp (tf/i) - exp (- ij/i)}{exp (ty,) - exp ( - iy t )} 


.(18) 


— —rv «... (f°) 

Since the result of simplifying the right side of (19) gives the left aide, and 
[ simplification of the right side of (18) corresponds 
1511 flia A-f /m\ : 1 : u.. .....ii.' e ,m. HonCO 


^nlSf*£?k^ 8a / > Mrt; ui V lu,cai,ion ot cne r «g*it side of ( 18 ) coi 
S tha f ,° r ( 19 - fc . he truth of (10) impliea the truth of (18) 
to every general formuln. in fchp frif>rm^»v»z*fi.Tr *i«. 


A V V AW / WiC Ll'UbU ui t*OI. AAVUVC 

formula in the trigonometry of the real angle, there corre- 
for the generalised circular functions of a complex 


sponds a similar formula 
variable. 


The Generalised Hyperbolic Functions. If z is any oomplex 
number, ch z and sh * are defined by the relations : 


ohz (exp (z) +exp (- z)} (20) 

eh z = J (oxp (z) - exp ( - z)} (21) 


Further, we write thz=^, cosechz=-L , etc, 
chz sh z * 

Those definitions are equivalent to the forms, 

« a . Z< Z« 
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The definitions are of course chosen so that formulae established 
for hyperbolic functions of a real variable (see p. 105) hold also for 
the generalised functions ; this fact may bo established by the same 
method as has just been used for the generalised circular functions. 

There is ft simple connection between the generalised circular and 
hyperbolic functions. 

cos (iz) =4 {exp ( i . iz) + exp (- i . iz )} = 4 {oxp ( - z) +exp (z)}, 

cosiz=chz (24) 

Also 

sin (iz) =jr\ (oxp (i . iz) ~exp( -i.iz)} =-{oxp (z) - exp (- z)\ 

siniz=ishz ........{2 5) 

Relations (24), (25) justify the rule given on p. 105 for deducing 
formulae connecting hyperbolic functions from the corresponding 
formulae for the circular functions. 

For example s 1 

•h (A -t-B) =- sin liA -M’B) 

i 

= ^ {sinfAoosiB +costAsiniB} 

= ^ (i sh A oh B -f * ch A sh B) 

= sh A ch B + ch A sh B. 

Also a product of sines introduces i 4 and so leads to a change of 
sign in the corresponding formula for hyporbolio functions. 

Tho generalised hyperbolic functions aro periodic ; wo have from 
(24) and (25) 

ch (z +2nni) =chz j ah (z -f-2nrci) =sha ; th (z + &ni) =th z, ...(20) 
whoro n is any intogor. 

Expression of Generalised Circular Functions in tho Form, A + iB. 

If zax+fy, oxp (tt)=oxp(«! -y) =exp (&c)oxp(- y) 

~e~* cisre. 

Similarly, oxp (- iz) —e* ois (- x) j and so it is easy, by using 
tho definitions (13) and (14), to express cosz and sin z in tho form 
A +»B. But it is more convenient to proceed as follows : 


cos (x •!• iy) = cos x cos iy - sin x sin iy 

= cos x chy - i sinx shy, ..........(27) 

sin(x -i- iy) =»ain a - cos iy +cos x sin iy 

=Binxefcy 4-icosxshy (28) 
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Also, tan(;e + iy) 

__ sin (g + iy) cos (x - iy) ___ sin 2x + sin 2 iy __ sin 2x +£sh 2y ^ fl ) 

cos (x + iy) cos (as - iy) ~ cos 2x + cos 2 iy ~~ cos 2x + oh 2 y 


Example 3. If sin (x-i-iy) =cis a, prove that tan x tan a *=th y. 
We have also sin (a; - iy) =eis { - a) ; 

,\ by subtraction, 2i sin a =sin (x +iy) - sin (x - iy) 

= 2 cos x sin iy — 2 i cos x sh y ; 


sin a = cos a ah y. 

Similarly, by addition, cos a = sin x oil y. 

Dividing, we have tan a =cot x th y. 

Note. The expressions for sin a and cos a also follow at once from 
the expansion of sin (x + iy) in (28), viz. cos a +isin a =sin (x +iy) 
=sin a; ch y +i cos assh y. 


Example 4. Find the sum to infinity of + "' A j ~~ + +,M 

Put cis 0 for z in equation (23). 

Then . eis 0 cis 30 cis 50 

sh [cis 0] = — + 

Similarly ah (o, s (. + + + ... . 


Now cis («0) - cis (- nO) =2isin nO ; by subtraction wo got 


'(sin 0 sin 30 sin 60 

2 ’{-W + Tr + -5T + 


... j =sh (cis 0] - sh (cis ( • 
= 2 ch f ° ise +ofr(~ 0 ) j eh ^ cie 0 - cis ( - 0) \ 


on 


= 2 ch (cos 0) sh (isin 0) =2i ch (cos 0) sin (sin 0) j 
•\ the sum to infinity =oh (cos 0) sin (sin 0). 


EXERCISE X. b. 

1, Deduce the values of cos^ and isin 7 ^ from equations 

(13), (H). 2 2 

2, Verify sin 2z = 2 sin z oos z and cos*z +sin 8 * = 1 for the 
generalised functions, directly from the definitions. 

3, Prove that ch zi =cos z and sh zi =i sin*. 
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4. Verify oh (A + B) =oh A ch B +sh A sh B 

and chC -ohD =2 sh— ~ sh C 

by moans of equations (24), (26). 


Express the following in the form a +i& ; 


6. cos*(a!+w/). 

8. ch (x+iy). 

10. cosec (x ■{•iy). 
12. exp (sh (a: - iy)}. 


6. sin(a?-ry). 

7. cot(»+ty). 

9. tli (a; -iy). 

11 , exp (sin (a: + iy)). 

13. sh {x -iy) coa (y +♦*). 

14. Simplify : 

(i) oh (a; +£ 7 n)j (ii) sh (* + £7 ri) ; (iii) th (a? + £ffi) j 

(iv) ch (.u + 7 r£) ; (v) sh (a; +tt i) ; (vi) th(® + ir»), 

ic <?• nr cos (x +yi) . 00 s (x - yi) 

16 ' Sm P‘ ,f y o-5i(^) + o -oai m£ ) ~ 

16. If sin (x +iy) -u +iv, prove that 

(i) « 3 cosoe a a!-u , soo*ai = l ; (ii) u a seoh J y + «* cosoch* y = 1 . 

17. If cos(® + iy) =oos 0 +isin 0, prove that cos2.'c + oh2i/ = 2. 

18. If tan (x +iy) =*«+»«, provo that 

(i) (u a +u 2 - 1) tan 2x 4-2ti =0 ; (ii) (u* -f a* + l)th2y -2u = 0. 

19. If ch (a; + yi) cos (n + iv) = 1, and if cos y ^ 0 and cos u =£ 0, provo 
that tan m th o = th x tan y. 

20. If sin (x +iy) =tan («• + iv), provo that . 

21. If x + yi =cch(a + tS), find tlio loons of the point (x, y), 
(i) when a is constant, ancl (ii) whon /i is eonstant. Prove that the 
loci cut orthogonally. 

22. If a-+ 2 /i = (a +i/3) J , find tho loci of (a:, y) for a constant and for 
ft constant. 

23. If x +i/i =/{a +i/3) show tliat tho loci of {x, y) for a constant 
and (3 constant out orthogonally. [~Assiimo that/ donotos a function 
with differential coefficients, and that 


Sum to infinity tho following sorios : 


nA sin 0 sin 30, sin 50 
Tf' .j, +“gy- 


003 0 COS20JCOS30 

* ' 2! 41 + 01 


sin 20 , sin 40 , sin 00 , 

i{j - ~~ 2 j - + 31 + ~~~g r ~ + • •• * 
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27. ein 0 sin 0 +- ~ r - sin 30 + S ‘ 11 - ^ sin 50 + ,.. . 

<JI 01 

0Q , ,coa4fl, cos 80 , 

29. If z is any complex number, prove that exp (cos z) sin (sin «) 

is the sum to infinity of + ^f ~ + ~ + • • • • 

30. If z is any complex number, express in series of powers of z ; 

(i) cos z oh z ; (ii) sin z oh z. 


MISCELLANEOUS EXAMPLES 

EXERCISE X. c. ; 

Express the following in tho form a+ibx 

I. exp {(2n + l)^j . 2. exp {(&• + »t/) 9 }. 3. tan +*!/)• 

4. sec (x+iy). 6, coseofa: ~iy). 6. oosech (a; - iij), 

7. If sin(a +ifi) =oos 0 +tsin 0, prove that 

sin 0 = ± coa 2 a = ± sh® /L 

8. If tan £ (re +iy) =« +«j, prove that 

(ii) (1 - «* - v*) oh y = ( 1 +*t a +w*)cos£c. 

9. If th x — sin a sech b and tan y =soo a sh b, express oh (tf -f yi) 
in terms of a and b. 

10. If a exp ( Oi ) +b exp ( - 30i) =c, whore a, b, c are real numbora, 
prove that either a+b = ±c or (a -6) (a 2 -b 2 ) =5c 2 . 

Find tho sums to infinity of the following series : 

II. Jtsha .+ £* sh 2a -fa 3 sh 3a + . 

12. 1 -acosa +35* cos (a +/3) - ... « 

13. sma+^sin(a+^)+^ 8 in(a + 2 / S) + ... . 


14. xs\nd+£± tr 20 +^ 3 ~° + .... 


2 ! 


3! 


i c , . cos 20 , cos 40 
15. 1 + — m— 4 7 -. h... . 


2 ! 


4! 


, a sin 0 , sin 30 , 

16> — + sr + 


17. Prove that 1 + || + ••■ =*{e» + 2e-**cos 


sin 50 , 

■Tr- + 

«a/3\ 

2 /* 
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18, Prove that 


& a a; 7 a 11 If,® , ® , x x \ 

3i~ 7i + ITl =72 V 0h V2 fim 72 ' Sh V2 003 V2/ 

19, Expand e 0 * cos bx in o sories of powers of x. 


20. If 2=X+»Y,*=» + %, and ~\<V <\ » 

prove that X s + Y 3 < 1. 


21. Find the value of sin a sin (3 whore a and (3 are the roots oi 
2.r 3 - 2ajjr +7T* =0, 

22. Simplify oxp {oxp( Oi)} - exp { - exp ( - Oi)}. 

23. Expand e XCOBp sin (a+asin/3) in a serios of powers of x. 

Find tho sums to infinity of 

24. 2 sin 0 + 3 sin 0 sin 20+4 sin 3 0 sin 30 

+ 6 sin 8 0 sin 40 + ... , 0 =£ tint + 

26. oasa + <^ cos (a +2/3) + — cos(a +4/3) + ... . 

C03 0 2 COS 0 

28. 1 +~-cos(flinO) +— gj- cos(2sin0) + .,. * 




CHAPTER XI. 

ROOTS OF EQUATIONS 


Equations with Assigned Roots. Many trigonometrical results 
can be derived from tho algebraic properties of symmetrical functions 
of the roots of an equation. Examples 1-3 illustrate the construction 
of an equation with assigned roots. 

Example 1. Form the equation whose roots are 




cos 


Gtt 

1 ' ' 


The equation cos40=cos30 is satisfied by 40 ~2niTr±30, that is 
, . 2mr 

oy v ~ -y , where n is any integer or zero. 

Writing cos fiac, since cos 40 =2 ooa 3 20 - 1 =2(2c a - l) 5 - 1, wo 
havo 


8c 4 - 8c* + 1 = 4c 8 - 3c, 

Ihe roots of this oquation are o =scos 0, cosy , cos y , cos , 
But 


X 


8o 4 - 4c» - 8c a + 3c + 1 es (o - 1 ) ( 8c* + 4c 8 - 4c - 1 ) } 
2 tt 4tt Gtt 

y , COS y , cos y 


COS . cos ^ , cos ^ are the roots of 8c 8 + 4c a - 4c - 1 = 0. 


xample 2, Form the equation whoso roots are 


tan 3 -, tan 3 y , tan 3 y . 

sin 8 ^ 1 - cos — 

First Method. Since tun 3 -*. it follows from 

COS^ 14-cos^ 

Example l that the values of x given by a; =2—?, whore c satisfies 

1 +c 

fc'+4o'-4«-l=0, are tan'?, tan'-', tan'^. 

Since a:+a-c = l -c; 


c(l +.r) = l 
204 


1 

1 -\rX 
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Substituting for c we have 

8(1 -{#)* + 4(1 -a)* (1 + &) - 4 (1 -«) (1 +»)*-(! +a)» = 0j 
8 (1 -3a; + 3a; 2 ~a; 8 ) -f-4 v l-a 2 )(l -x- 1 -*) - (1 +8* + 3a: a + x % ) = 0 j 
.\ 7 -35.i; + 21a: a -« # = 0; a: 8 - 21w 2 + 3f>a; - 7 =0. 

Second Method. The equation tan 70 = 0 is satisfied by 0 = — , 
where n is any integer or zero. ^ 

Writing tan O^t, and using equation (6), p. 172 , we have 

lt-m»+2U 6 'f l =Q. 

The factor t corresponds to 0 = 0 ; it follows that ± tan ~ t ± tan 
3tt 

± tan— are the roots of t* -2U* + 35f a - 7 =0. Put » =i*; then 
tan 2 ^ , tan 3 ^ , tan 3 — are the roots of ® 8 - 21a: 2 + 35a? -7 = 0. 


Example 3. Form the equation whose roots are 

27T 4tt . 87T 

2sm — , 2sm— , 2sin~. 

If, using Example 1, we oliminabo c between *~2V(1 ~c 2 ) and 
8c s +4c 2 - 4c - 1 =0, we shall obtain an equation whose roots are 

. . 2 v . 4tt . _ , Ojt 
± 2 sin — , ± 2 sin — , ± 2 sin — . 

Thus, sinoo 4c a =4 -x 2 , 2c(4 -ft a ) +4 -a: 3 - 4c - 1 =0 ; 

c(4 — 2n? 3 } =rc a - 3 ; (4 -a; a )(4 - 2x 2 )* =4(.v a - 3)‘, 

which reduces to a; 8 - 7a;* + 14a; 2 -7 = 0. 

[Or, using Ex. IX. o, No. 2i5, 

2 sin 70 =7 (2s) - 14(2s)» +7 (2s) ( -(2s) 7 , 

,*, we see that 0, ±2sin^-, ±2 sin^, d; 2 sin ^ aro the roots of 

the equation, 7a; - 14« a +7a.’ 1 - a; 7 =0. This loads to the same result 
a3 before.] 

Now the equation whoso roots are 

. „ . 2 ir ,4 ir . 0?r 

x ± 2 Sin — , ± 2 sin — , ± 2 Bin y 

may bo written a;* = 7 (x* - l) 3 or a: 3 = ± - 1). 
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Bub 2 sin y > 1 and 2sin~>l, also -2siny lies between 0 

and - 1, so that these three values of x give x * and x* - 1 the 
same sign. 

. o • ^ 4=7 t On-/ . 8 tt\ , * 

. . 2 sm — , 2 sin — , - 2 sin — ( a 2 Bin —1 , are the roots of 

2tt 4tt" 

** = + (* a - 1) ; it should bo noted that - 2 sin — , - 2 sin 1 

0JT » I 

+ 2 sin — ar^thp^roots of 2 s = - (# s - 1 )• 

Example 4. Evaluate (i) seo ~ + see y + sec ~ ; 

.... , 2;r 4 tt „ Ott 

(u) sec 2 y + see 2 y + sec 2 y . 


(i) From Example 1, seo y +eeoy +secy is the sum of the 

reciprocals of the roots of 8c 3 + 4c* - 4o - 1 = 0, that is, the sum of tlio 
roots of y 9 + 4y 2 — 4i/ -8 =0; 

. 2tt 4 ir On- 

.. SOCy +860y + SOOy = - 4 . 

(ii) Similarly, seo 2 y + seo 2 y + sec*y is the sum of tlio squares 

of the roots of y* + 4y* -4y - 8 = 0 and is therefore equal to 
(-4) 2 -2(-4) = 10+8 =24. 

Wo can obtain this result also from Example 2. 

sec 1 y + sec* y + sec 2 y = 3 + tan 2 y + tail 2 y + tail 2 y 
= 3 + tan 2 y + tan 2 ~ + tan 2 * . 

3 77 * 

But tan 2 - + tan 2 y + tan 2 y equals the sum of the roots of 
x s - 21a; 2 + 35a: -7=0, namely 21. 


v/ Example 5. Evaluate sec 4 ^ + see 4 — -fsoc 4 — +seo 4 — . 

9 0 0 9 

Since cos 30 = J is satisfied by it follows that 

u y y 

4c s - 3c =ij is satisfied by c = cob ^, cos^, cos ^5 and, as those 

u y y 
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throe values are all different, they must bo tho roots of the cubic 
in c. 

Put x = -4 ; then sec 3 ^ , seo 2 ^ , boo 2 — are roots of — — = 1 , 

c 2 9 9 9 xV%V x 

or 2(4 - 3.r) =&• V ® > or 4( 10 - 24a; + 9a; 2 ) =a: 8 , or a:* - 30®* + 90a; - 64 = 0 ; 
sec* ^ + seo 4 ~ + sec* ~ = 30 3 - 2 . 90 = 1 104. 

But sec 4 y =10; given expression = 1104 + 10 = 1120. 


EXERCISE XI. a. 


1. Use the equation cos 30 =cos 20 to prove that 

cos72°=i(V0-l) and cos 30° =\ ( V6 + I). 

2. Form the equation whoso roots are 

7T 37T , 5v 

cos y , oos y , and cos y . 

a . tr 3ir , 3 tt 5ir , Sir ir . 

3. Provo that seo y soo y + sec y sec y + soc y sec y = - 4. 

4. Form tho equation whoso roots are 

sin 3 y , sm 2 y , and sin* y . 

5. Provo that tan 3 — , tan 2 , and tan 2 ^ are tho roots of 

14 14 14 

7a; 8 - 3Bx a + 2 lai - 1 = 0. 

6. Prove that tan y , tan y, and tan y aro tho roots of 

a;* +x 2 V7“7a: + V7=0. 


7. Evaluate 

... ,7T , 2ir „4 tT , .... . 7T . 2v . .4 7T 

(l) COSOCy + COSOO 3 y -fCOSOC 3 y Olid (u) S0C 4 y +800* y 4- BOO* y . 

8 . Prove that sin y + silly + sin y =J \/7* 

9. Prove that sin 3 4 - sin 2 ^ -i-sin 3 ~ = 7 . 

14 14 14 4 

10. If It =cis y~ , form tho quadratic whose roots are ft+& 2 +/i : 4 
and k 3 + £ 5 + A 4 , and deduce that sin y -I- sin y -h sin y = £ -v/7. 
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U, Prove that oos^. ooa £ , and cos are the root. of 

8a: 8 ~ 6» + 1 — 0. 

V 07T 7w n 

12. Prove that sea-g+seo-g- +seo-g «• 

13. Show that x =2 cos^ satisfies x° - Go: 4 + 9x* - I =°* 

14. Prove that tan 2 ^ + tan 2 + tan 2 -q- — 33. 

16. Prove that tan~, tan > one! tan ^ are tho roots of 

*(3-**)=: + V3fl -3a;*). 

1 6. Prove that the roots of X s +x 4 - 4a: 3 - 3a: 2 -I- 3a; + 1 -0 m tbo 
values of 2 oos ~ for r = 1 to 6. 

17. Deduce from No. 10 the value of 2 cos 2 -yy . 

18. Find the equation whoso roots aro cos 66“, oos 06°, and oos 176 . 

19. Prove that 2coseo 2 y|=6G and ^'soo a jg =108. 

20. Prove that cot'^+cot 3 ^ +cot a ^ = 21. 

21 . Prove that tho roots of x* - a 8 - 4a- 2 + 4x + 1 =0 aro 

2 cos where r = 1 , 2, 4, 7. 

JO 

22. Prove that the roots of x * + 4a* - Go: 2 — 4x + 1 =0 are 


23. Prove that 


tan jjj, where r = 1, 6, 9, 13. 

A . 2-rrr . . . 
xsec 2 -^ =144. 
i i" 


24. Prove that tan 10°, tan 70°, and tan 130° are the roots of 
a* - 3a' 2 ~ 3oj -y/3 + 1=0. 


Equations of Degree n. 

Example 0. Prove that cot j^a +^ = n cot na. 

We form tho equation whose roots are the values of cot (a + — ^ 
for r »«0 P 1, 2, ... , (n - 1). \ «/ 
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Consider the equation tan nO = tan na. This is satisfied by 

f'TT 

(l = a+ — , whore r is any integer. 

Tt 

n (’?)*- (5) d> + ... 

But tan nO —■ 7; 1 - , whore t s tan 0 . 

1 -(«)'+••- 

t”)*"- 1 1 
“ wl,oro * a i= cot 0 1 




= tan na 


rn- 


is satisfied by 0 = a + -~, and thoroforo, rogardod as an oqvmtion in 

v, is satisfied by a;=cotf ct-l- — l But the values of x givon by 

r -0, 1, 2, ... , (n - 1) aro all difforont and are thoroforo tho n roots 
of this oquntion in x, of dogroo n. 

The equation may bo written, 

x n tan na ~nx u ~ l - ... =0 ; 

,\ fij cofc ( a =BUm of roots =« 00 b na. 

Example 7. (i) Provo that, if n is odd, 

, rr . 2;r „ 3 j r „ n - 1 7r n* - 1 

C0S0C 3 “ +COHO0 8 h COHOO 3 — ■ + ... + COMOO 8 s= — - . 

n n n 2 n 0 

(ii) Doduco that tho sum to infinity, <r, of -- - 1 - -~-i- — 1 - ~ 
ff a ' 1 * J 4 

is equal to 


(i) Sinco n is odd, by Ex. IX. o, No, 25, writing sin Cess, wo have 
sin nO =na 1 — ~ a* + -|-( - l )i<»- i>2’ , ~V $ 

i H >u ri -- t for r — 0, 1, 2, ... , l(n - 1), aro tho roots of 
a - 1 .v' 1 I- ... -I- ( - IjI(m-I) ! 2* ,- V = 0. 


A, an 


0 
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Removing the factor s which corresponds to r=0, and putting 

x =4, we see that tho values of cosoc 3 — , for r = 1 to £(» - l), are the 
s* ii 

roots of 

3}(n-i)_ *Lli + -0 I 


i (n — 1 ) r7r 

• x cosoo* — —sum of roots — 

il 

r «*i 


n a - 1 

6 ' 


,.. v 111 111 1 
M 3 r 3 T» + 2*+& + ■^ ^+ F* <1 + T72 + tt' h ^'^+fr=Tji , 

But s r increases stoadily with r. Thoreforo, sinco a r is always loss 
than 2, it follows that, when r-> oo , a r tends to a definite limit, say <r, 
and that cr ^ 2. 

If0<f/><^, then sin (/><«/>< tan (j>. p. 162.) 


0 3 

{ n* n* 4n a 

'• 1tt*' , '2 3 7 3 + '” 


\ Jj < COSOC a t/j = 1 + cot 3 </> < 1 + 1 




(n- 1 ) 2 tt 


}< 

rir 

>; COSOO 3 ~ 


n - 1 

f n B n 3 

< 

— +l 

[w* + 2* h? + 

1 

7T 3 n - 

1 

- < 

n 3 ' ~2 



7T 2 7T 2 

making n-> co , «r=— . Scop, 


228. 


EXERCISE XI. b. 

1. Use the equation cos 3»=cob 3a to show that 

cos 3a =4 cos a oos ^ cos ^a • 

2. Prove that sin a sin(a + ~) sin (a + y) 3a. 

3. Use the equation sin 3«=sin 3a to show that 

coseo a + cosoc + cosec (^a n- 3 cosoo 3a. 
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4. Express tan 0 -t-fcan ^0 + jQ + tan ^0 + ~,0 in terms of tan 30, 

5. Prove that see 3 a + sec 2 + ^ ) +soc 3 ^a+^j =9sec a 3a, 

a — 1 / rtr \ 

6. Prove that 2 eot a ( a + — ) =7i(noosoe*na - 1). 

o \ n ' 

. «— 1 / rir\ 

7, Provo that, if n is odd, 2 seo 2 ^a+~J =n 2 soc 2 na. 

2n— 1 / rir\ 

8, Prove that 2 tan^a + g^ = -2»cot2na. 

9, Prove that 2 tan 2 l^a + T -~j =n 3 eosoo 2 ^na -n. 

Jw^l ^»7j- 

10. If n is even and > 2, prove that 2 so ° 2 ~r — a~~ • 

11. If n is odd and > 1, prove that 2 so ° 2 TT —“"H — *• 

j ft « 

12. If n is odd and > 1, provo that tho sum of tho products two 


ri r 

togotiier of tan — for r = 1, 2, ... , (n - 1), is £«(l -n). 

»-i 


n-l 


soo na. 


13. Provo that, if n is odd, 2 seo (a+^-'\ =( - 1) 2 nt 

O \ n ' 

14. Provo that, if n is odd, °2* ( - l) r cosocfo + — ^ =?ica800 nO. 

15. Provo that, if n is oven, 2 ( - l) r cob (o —n eosoo nO. 

o \ n/ 


(Jse the result proved in Example 7 (ii) for Nos. 10-20, 
111 

16. Provo that 


..111 _ t r» 

2 a ' h 4 2 + 6 a + “24’ 


(”) 12 + 33 + 52 +••• “ a ' 

17. Sttm to infinity j "pi“^ + p-p +•■■ * 

18. Sum to infinity t yj + 2a + J3 + 5I+ 73 + 82+ j~(j5 +■ 

19. Provo that jr^p- +55731+ 3574a + ••• =J “ 3 * 
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20. Prove that yg 4* g 2 g 3 + + ♦ ■ • = 1 0 — jt*. 

21. If n is odd, prove that 

v i rrr t , . n. - 1 , (« 2 - 1 ) (» a + 11) 

2 cosec 4 — , for r = 1 to — 5— » equals - . 

Deduce that f 4+ l* + W* + - = ?0 * 

22. Prove that 2 2 if r=a is excluded. 

23. Prove that, if n is odd, 2 sec 3 ( 0 + ^ r ') =n 2 seo a nO, 

0 v n J 

24. Prove that, if n is even, 2 Bea 9 (d +^I^=a ^-7 r-* 

0 V nj 

Equations involving more than one Trigonometric Function. It is 
often convenient to use the phrase “ essentially distinct roots of a 
trigonometrical equation " to denote angles, satisfying the equation, 
which do not differ from one another by a multiple of 7 r. Thus, tho 
equation sin 0=^ has two, and only two, essentially distinct roots, 
* , 677 . 

- ana ~ • the equation tan 0 = -y/3 has no root essentially distinct 
from 

o 


Example 8. If a, ft are two essentially distinct roots of 

sm (0 + A.) =m sin 2 A., prove that m- ±cos J(a -ft) oosoo (a + ft). 

sin (a + A) ~m sin 2A =sin {ft + A). 

But a +A =2nr + {ft +A) is excluded by the data ; 


a+A = (2r + l)ir-<£+A) or A=<2r + 1) | - |(a +/3) t 
sm +(2r + 1) - — £(a +/?)J ~m sin [(2r + l)jr-(a + ft)] j 


± cos 4(a - ft) -m sin (a + ft ) ; 
.’. m = ±cos \{a -ft) cosec (a +ft), 


sacZTnl 6 % a I l, a 'P a J* 8 0X6 ossontiall y distinct values of 0 which 
sat.sfy a cos 20 + 6 sm 20 - c cos d-d sin 0 + e = 0, prove that 

■, v . be ~ ad 


(i)tan i±£±2+* = 5. 

2 * 
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(i) Put t es tan ^ ; then sin 6 =~~ 75 fln ^ cos ® =7 — r? * 
2 1 + I + 1 3 

„ . 4«(1 - <■) . 1-6^+f 1 

.. sin 20 and cos20=- 
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(l+i 2 ) 2 


(1 + * 3 ) 5 


,\ tan tan tan ~ , tan ~ are the d roots of the equation, 

2t £i 2* Z 

a(t* - W + 1) + 6(4$ ~4f 3 ) -c(l - 1 *) -d{2t +2l*) + e(l + 2/ 2 +$*)== 0 
or /*(£! +c +e) -$ a (46 + 2d) + $ a (2e - 0 a) -t{2d - 4b) +a -• c +c = 0 


v a 46 + 2d 

2 tan — ; oto. : 

2 a+o+e’ 


tan 


a +{3 +y + 5 


(46+ 2d) - (2d - 46) 


86 b 


2 (a + c + e) — (2s - Ga) + (a -c+e) 8a a 

(ii) The given equation may be written 

o(l -2 sin s 0) -d sin 0+e~ -2b sin 0 cos 0+c cos 0 
or 2a sin 2 0 +d sin 0 ~(a + e)= cos 0(26 sin 0 -c) ; 

[2a sin 2 fl +d sin 0 - (a +e)] a s=(l -sin 2 0}(26 sin 0 ~e) 2 4 
sin 4 0(4a a +46*) + sin s 0{4ad - 46c) + ... =0. 

This equation is satisfied by 0=a, /3, y, S ; 

4 ad - 46c 6c - ad 


.*. 2 sin a = - 


4a a + 46 a a 2 + 6* 


7 T , cos(a + 0) cos (/?+0) cos (y + 0) 

Example 10. If r-r- — =- — whore no two 

8m a a surp 3111*7 

of the anglos a, /3, 7 diffor by a multiple of tt, prove that 

(i) a +/3+7=«7 t ; (ii) tan 0=cot a+cot (3 +cot 7. 

Put C ° B f a . ^ = k i then a, /3, 7 aro values of x which satisfy tlie 


sin a a 


cos (x + 0) 

equation, - — ^ —to. 


Now 


sin 3 ® 

cos (x + 0) _ cos x cos 0 - sin x sin 0 cot x cos 0 - sin 0 
sin 3 ?; sin 8 ?; sin 3 ?; 

= (cot x cos 0 - sin 0}( 1 + cot*#) 

=»cot*a; cos 0 -cot 2 # sin 0 +cot x cos 0 - sin 0 5 
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,*. cot a, cot (3, cofc y are the roots of tho equation 

y s cos d-y a sin 0+?/cos 0-(ft+sin 0)=O j 
2 cot a =tan 0 and 2(cob a oot /?) = !. 


. The latter is equivalent to 2 tan a = tan a tan [3 tan y, from which 
wo Have tan (a +/3 + y) =0, so that a +/3 + y =n% r. 


EXERCISE XI. c. 

1. If tana, tan/3, tany are tho roots of ax 9 +x* +6:k + 1 =0, 
prove that a+(3 + y—nir. 

2. If tana, tan/3, tany are the roots of x 9 +px 2 +qx +r ~0, find 
the condition that a +/3 + y is an odd multiple of ^ . 

3. If acosa +bBina—c=aooa ft +6 sin/?, prove that either 

sin a =sin /? or Bina+am/js ^ ^} . 

4. If x and y are essentially distinct values of 0 which satisfy the 
equation cos 0 =cos a cos /3±sinasin/3 y^l -& 2 sin 2 0), 


prove that 


2 cos a cos B 
cos a; +cosy=^ -. a 

I -& 2 sin a asin a /3 


6. If tan a, tan /3, tany are unequal and such that 


tan 3a =tan 3/3 =tan 3y, 
prov e tliat 2 cot a . 2 tan a = 9. 


6. If a, ft, y are three essentially distinct values of 0 which give 
the same value to tan 30- tan 0, prove that their sum is an odd 

multiple of ^ » and that the common value of tan 30 - tan 0 is equal 
to 2 tan a tan /3 tan y . 

7. If a, (3, y are essentially dietinot values of x which satisfy 

tan (a; - 0) +tan (x - <{>) +tan (x ~ - 0, 

prove that tan (a +/? + y)=tan<0 + <£ + ^). 

8. If a„ a„ a 3 , a., have unequal sines and satisfy the equation 

a + 6 Sin 20 = cos 0 +ein 0, prove that 62 sin a = 1. 


from ™H e3 iL f *» not diffor!n g from one anothor or 

irom a by 2n.iT, winch satisfy the equation 


sin 20 (a sin a + 6 cos x) = sin 2x (a sin 0 + b cos 0), 
prove that tea| tenften l tnn|= - 1 . 
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10. If 0,, 0 2 , 0,, 0 4 are essentially distinct roots of 

a sin 40 + b cos 40 =c, 

prove that (i) tan 0, tan 0 a tan 0 S tan 0 t = 1 ; (ii) 2 ooseo 20 =0. 

11. If 0,, 0j, 0j, 0 4 aro ossentially distinct roots of 

a cos 2(0 -a) +b co s(0 -$)+o =0, 
prove that 4a - 10 is a multiple of 2 tt. 

12. If a,, a 2 , a s , a t are essoniially distinct roots of 

sin 20 -m cos 0 - n sin 0 +r = 0, 

prove that (i) 2a=(2n + 1 )w j (ii) Scosa=n; (iii) 2 sin a =m. 

13. Prove that cotuO =k cot (0 + a) has n + 1 solutions for 0, no 
two of which differ by nr, and that the sum of their cotangonta is 
{ten - 1) cot a. 

14 If 0,, 0j, ... 0 6 are five essentially distinct roots of 
a tan 30 +b tan 20 -he tan0 +d=0, 
prove that (a +b -he) tan (10) + rf =0. 

16. If 0,, 0 2 , 0„ 0 4 are essentially distinct roots of 
a see 0 -hi coseo 0=c, 

prove that (i)2cos0=^; (ii) Sain 0 ; (iii) 2 0 =(2n + l)7r. 

Interpret the last result in terms of the oceontrio angles of points 
on an ellipse. 

16. If (a +cos 0)cos(0 -y) =6 is satisfied by four values of 0 
between 0 and 2tt, prove that 

(i) 2eos0=-2a; (ii) 1 sin 0=0 \ (iii) 20 = 2y+2n»r. 

17. Tf a cos x c.os y -|- b sin .t si n y = c, a cosy cos z +i sin //sin* = o, 
a oris z eos .v H- i sin z sin & — c, and no two of %, y, z differ by a 
multiple of 2ir, prove that be -h c« -I- <ib — 0. 

18. If a, (i, y are essentially distinot angles such that 

a cos /I cos y + b (sin (j + si n y ) + e =0, 
a cos y cos a -I- b (sin y + sin a) + c = 0, 

a cos a cos /I -I- b (sin a + sin fi) + c — 0, 
prove that ^ 

(i) b a =«c; (ii) 2 cos a =oos (2a); (iii) sin (2a) -2 sin a = 

19. If x, y, z are essentially distinct angles such that 

oos x cosy aitut si n y __ ^ _ cos y cob z ^ sin y s in* 

cua a a sm 9 a — — cos 2 a sin 2 u * 


cos z cos x sin z sin x _ . 

“ * "a* — — !• 


prove that 


oos 9 a 


sin 2 « 
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20, ,Tf 0, 4> are distinct angles suoh that 

sin0+si n<£=o and cos0 + cos$ = 6, 
find tlie equation whose roots are tan £0 and tan ^</> f and the values 
of cot 7 8 ^0 +oo t 3 i<f> and sin ( 0 + f/>) in terms of a and b. 


MISCELLANEOUS EXAMPLES 
EXERCISE XI. d. 

1. Deduce an equation in x from sin 50 =sin ^ , where a!=sin0 

What are its roots ? * 

2. Prove that 2 sin*-^^ = ft. 

i 6 

3. Prove that 2 cos^, 2 oos^, 2 oos-^- are the roots of 

x* +a: a — 2nr — 1=0. 

4. Prove that cofl^-cos^~+cos^=£. 

6. Evaluate cot 2 y+ cot 2 ^+cot B ~, 

6, Evaluate cot a ~ + cot*^+oot a 4r* 
y y y 


7. Prove that the values of 4 oos a ~ for r = l, 2, 3, 4 aro the root' 
of x* - 7»* + 15.t a — 10a? + 1=0. 

8. Prove that, for values of r from 1 to 5, 


<i) 2 tan 2 =65 ; 


(ii) 2tan 4 ~~=23G5 


(in) 2 cosec*^= 20 ; (iv) 2cos 2 ™=J. 
8. Prove that 8 cos-^r cos —cos ~= y 7 . 


14 14 

rir 


14 


10. Prove that II tan ^ = V13. 

i 13 

11. lorm the quadratic whose roots are 


oo^cos^+coa?! and cosg+ oo S I^ + co3 iff. 


13 


13 ' 13 

12, If Q = y^, prove that 

8(co8a+co a 6a){co a 2a+ 0 os3a)(co S 4a+c 0 sOa)- - jh 



13. Provo that, if a = 
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2jt 


17’ 


(i) cosa + cos Da +coa 13a+cos 15 a=i(\/17 - 1)» 

(ii) cos 3a + cos 5a -f- cos 7a + cos 11a = -*£( V17 + 1). 

14. If ft=cis^Q, form the quadratic whose roots are 
Jo +k l +k* +k f ’ +k 9 and k 7 +jfc* + & 7 +& 8 + & 10 . 


Doduoo that £ cos 

l 11 


217 


16. Prove that 

ton 2 a + tan* ^a + ^ + tanJ =3(3 tan* 3a + 2). 

10. Provo that 2 soo* (o + ”* u2 ooaeo *2n0. 

17. Evaluate £tan 4 ^fl + ^ f 2^ '")’ 

18. Show that the praduot of tho different values of oos(J sin-he) 


. **-l 

18 ~TT' 


M-l 


19. If n ia odd and ^ 3, prove that £ coaoc 2 ~ = - l -jp . 

20. Prove that i, sin 4 ^= — g — . 

21. Provo that £coaec s =2n*. 


22. If n is odd, show that 2 cot 1 — for valuos of r from 1 to 

i(n - 1), is J(n - l)(n - 2). n 

nr 

23. Prove that X cot 4 - = D \j(n - l)(n - 2)(n 1 -|-3n - 13) whore 

n is odd. 1 n 

2» rS7f 

24. Tf » is an integer leas than 2 n, prove that cos “ = 0 

Deduce that js =o»- r ^= s "■,{[ + ^” ) | ' )J } • 

26 Pind the sums to infinity of the sorioa whose nth terms are 

(l) n*(n + l) 4 ’ (u) n 5 (n +Tp ’ 
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26. Find the sums to infinity of the series whose nth tonus are 

to #? f (“) n«(» + l) B 5 (lu) n*(n+Tj* * 

27. If a, ft are essentially distinct roots of a oos 0+6 sin 0 —o, find 
the value of tan 2a + tan 2 ft in terms of a, b , o. 

28. If the cosecants of 0 lt 0 2 , ... 0 6 nre unequal and auoh tlmt 
a cos 30+6 sin 30 —o, find their sum. 

29. If 0,, 0 2 , 0„ 0 4 have unequal tangents and satisfy 

tan (0 -a) +seo ( 0 - ft) =oot (a +/3), 
prove that 0j + 0j + 0 3 + 0 4 = 2nir. 

30. If a cos {/3-y)+6(cos /3 + cos y) +0=0, 

a cos (y - a) + 6(cos y + coa a) +o = 0, 
a cos (a-/ 3) +6(coa a + cos (3) +c =0, 

are satisfied by values of a, ft, y, which do not differ from one another 
by a multiple of 2?r, prove that 

(i) a* +6 2 =2oc; (ii)2sina=0j (iii) 2)cos a** — g. 



CHAPTER XII 
FACTORS 


It is known that, if a polynomial p a x n + ... +p n of degree n 

is zero for x=c, then x -c is a faotor of it ; also that, if the polynomial 
is zero for n different values *=Oj, x=c lt ... , x=c n , it must be 
identical with p 0 (x -e,)(a; -c,)...(a: -c n ). 

This is also true when c t) o t , ... , p 0 , p,, p t , ... are complex numbers, 
see p. 142, Note 2 (iii). 

We proceed to apply this result to factorize various trigonometrioal 
expressions. 

Notation for Products. Corresponding to the use of the symbol 2 
to represent sums, it is convenient to use n to represent produota. 

Thus wo denote /(l) ./(2) ./(3) . .,./(n) by ]~I f(r), or fl/(r) f or 
n/(r) for r = 1 to n. r_1 1 


FACTORS OF ALGEBRAIC FUNCTIONS 


l 

Factors of x B -l. a” -1=0 if x is a value of 1”, and the n 
different values are given by cos ~ +* sin for r = 1, 2, ... , n. 
Corresponding to each of those values wo havo a factor 


/ 2nr . . 2nr\ 

- oos — +* sin — ) . 
\ n n ) 


Since r= - k and r=n -k give the same value to ois 


2/7T 

n 


we may 


use 0, - 1, -2, ... as valuos of r instead of n, n - 1, n - 2 

(i) n even. We take r=0, ±1, ±2,... ±(|n-l), and thus 
getting ( - 1) pairs of faotors, and the two single factors given by 0 
and In, i.e. 2{Jn -1)1-2, =n, in all. 

The factors corresponding to r= ±k are 


( 2kn . . 21ar\ , ( War . , 2i'7r\ 

a* -(cos — +»sm } and a -{cos — -ism- — } 

\ n n J \ n n ) 


21 * 
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and fchoir produob 

-(• - OOB £)' - (i Bin *£)' »«■ - «.«.£ + ! I 

the factors corresponding to r =0, r =- are # - 1,,* + 1* Thus, 

Jn-i / „ 2kn .\ 

if n is even, x n - 1 =(x - l)(x + 1) f[ (^x a - 2x cos — +1 ) 0) 

(ii)nodd. Here we take r = 0, ±1, ±2, ...» ±- jj*** whioh givos 
1+2^-—^, =n, factors. Thus, 
if n is odd, x n - 1 =(x ~ 1) _Q - 2x cos . 


Factors of x n + 1. x n + 1 =0 if 


A (2r-l)ir . . (2r-l)rr 
:=( - \) n =coa v — h* sin * 


If n is even, we take 2r - 1~ ±1, ±3 ±(n - 1) ; and if w is 

odd, we take 2r - 1 = ± 1, ±3, ... , ±(n ~2), and « 5 this last valuo 
gives the factor x - cos ir - i sin tt ~x + 1. Thus, 


if n Is even, x n + 1 ^x a - 2x cos — + 1^), 

if n is odd, x n + l =(x + l)* ( f[ ) ( x ° _2x 008 ^ + 0‘ 


,.(3) 

..(4) 


It should be remarked that, although the work of this chapter is m 
complex algebra, the formulae (1) (2) (3) (4) are true results oj real algebra. 
If the products on the right were multiplied out wo know that they won Id 
come to « n ±l because we have proved the equality in complex algebra. 
The results could be obtained, although not so shortly, by using only the 
methods of real algebra, see Ex. XII. a, Nos. 13, 14. 


EXERCISE XII. a. 

1. In complex algebra what are the factors of x 3 - 1 f 

2. In real algebra what are the factors of $ 3 - 1 1 

3. Obtain from first principles the factors of a; 4 + l, and doduoo 
quadratic factors not involving i. Show that these can also be found 
by writing * 4 + 1 os the difference between two squares. 
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4. Find the complex factors of afi - 1 ; doduce the real quadratic 
factors of a; 4 -|-a 3 -t-a 3 +aj H- 1. Verify the result by writing 

x* +.u a +aj + 1 —x 3 (x* +® + 1 + ~ + ~a^» an d putting x —y. 

5. Obtain from first principles the quadratio factors of 

(i) *• + 1 ; (ii) i &+y*i 

(iii) a°-a 8 j (iv) a? 8 -260. 

6. Express as 10 - a; 8 + 1 in quadratio factors. 

7. Find the values of cos 0 for which 

(i) cos nO = 0 ; (ii) cos nO = 1 j (iii) nos nO = - 1 ; 

(iv) cos nO = council ±1 ; (v) ?~~ 1 ^ =0. 

8. If n is oven, find the values of sin 0 for which 

(i) cos nd =0 ; (ii) 8I ” n0 . = 0. 

cos 0 sill 0 

9. If n is odd, find the values of sin 0 for which 

(i) sin nfl = 0 ; (II) ^-0. 

10. Solve a: 3 " - 2» n cos na + 1 =0. 

11. Write down the faotors of x 2n + 1, and doduce thoso of 
(1 + a) 2 '* + (1 -a:) 2 '*. 

12. Show that the solutions of (1 +aj) 2n + (1 -a-) 2 " =0 aro 

® tan ~ — , for r = 1, 2 n. 

Deduce that (1 +a) 2 " + (1 -a:) 3 ’ 1 =2 fl (x 3 + tan 2 ( - 2r 

Honco prove tlmt £soc 2 = 2» a . 

13. If ti n = a 3 " — 2a n a n cos nO + a 3n , prove that 

w n+1 s 2xct cos 0 u n - a 2 a- 3 u fi _, + (&*" -(-a 2 ”)?*!. 

Hence prove by induction that a: 3 - 2ax cos 0 -|-a 2 is a factor of 

x 3n - 2x n a n cos nO +a 3 ' 1 , and doduco that ** - 2 xa cos (o + -h a 3 

is also a factor, whore r is any intogor. ' n ' 

14. Use No. 13 to factorize, by the methods of roal algobra, a H - 1, 
when n is oven. [Pub a = l, 0 =0.] 

FACTORS OF TRIGONOMETRIC FUNCTIONS 

^ We havo shown, in Chapter IX., that certain functions, liko cos nO, 
sin nO, are polynomials in cos 0 or sin 0. The results aro givon in 
Ex. IX. o. Nos. 12-25. Corresponding to eaoh of those results it is 
possiblo, by the method stated at the beginning of the prosont 
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chapter, to obtain an expression in factors for each of those functions. 
An essential step in the process is to find the values of cos 0 or sin 0 
for which the function vanishes, and the reader who has worked 
Ex. XII. a, Nos. 7, 8, 9 will already have found the values. 

We will give the reasoning in full for one example, and the reader 
will then bo able to supply it for the others. The results aro given 
in Ex. XII. b, Nos. 3-13. 


Factors of sin n0 when n is odd. It is known from Chapter IX,, 
that, when n is odd, sin nd is a polynomial, 

ft-i 

7i sin 0 - ... +( - 1) 2 2 n-1 sin ,1 0, 

of dogroo n in sin 0. To find the values of sin 0 for which the poly- 
nomial is zero we put sin 710 = 0 ; this gives 0 =— , and the tv different 

* TTT ^ Yl — 1 

values of sin 0 are sin — for r = 0, ±1, ±2, ... ±—x— • 

« L 

JciT 

The factors corresponding to r = 0, r — ±k are sin 0, sin 0 - sin— , 

and sin 0 +sin — , and the product of the last two is sin a 0 - sin 8 
thus, n n 

.*(«=«/ ftr\ ... 

.(6) 


4(n— 1 ) / ?'fr\ 

Bin n0=A sin 0 fl ^sin a 0 - Bin 3 — J, 


n-l 


where A =the coefficient of ain"0 in the polynomial = ( - 1) 2 2 n " 1 . 
It is convenient, however, to divide each factor by a term 

Bin, °' (C) 


. .rrr . . „ , Kn^l) 

- sin 3 — ; thus, am n0 =Bsmfl 


fiVi-JSS 

1 \ Bin* 


whore B= All ( - sin* — ) = 2 n ~ 1 II sin* — . It is not, however, necos* 
\ n / n 

sary to use the value of A ; dividing each side of (6) by sin 0 and 

making 0->-O, we get B = lim =n ; thus, 

9~>o am 0 


sin n8-n sin 0 


V(-S> 


.(7) 


and it has been proved incidentally that 

i a- 


(81 
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From formula (8), Vn— ±2!<»- l > — , but all the a 11 !?' 00 

have positive sines ; 1 n 

if n is odd, Vn = ]”[ sin—. • ••• ^ 

l n 

Other rosults of this kind can bo deducod from the factors of 

V , when n is evon, and from tho factors of oos nO. See Ex. XII. b» 

cos a 

Nos. 18-25. 

Anothor deduction is ofton mado from equation (7) by putting 
nO = t/> end making n-> oo, but, as explained in the Preface, tho 
consideration of Infinite Products is hold over for tho companion 
volume. It is found that (see Ex. XII. f, Nos. 28, 24) 

"■'"flO-siSw) 

and, by putting <l> in tho first, 

... . .. 2.4.6... 2n 1 

V( ^ n) ~u‘Z 1 . 3 . 6 (2n - lj ' V2"nTT‘ 


EXERCISE XII. b. 

[For convenience of roforonce some rosults provod in tho toxt aro 
included.] 

1. Obtain from first principles tho factors of 

(i) sin 60; (ii) B * n ^ ; (iii) sin GO - Bin 6a j 

COS i i 

regarded as functions of sin 0, 

2. Obtain from first principles tho factors of 

(i) cos 60 ; (ii) cos 00 ; (iii) oos 00 - cos 0a j 
regarded as functions of oos 0. 

Verify some of tho following rosults (Nos. 3-13) : 

na -I- 2nr' 


3, cos nO - cos na 


4. cosnO = 


=2"-'n( 


cos 0 - oos 




„ (2r - 1 ) 7r 

cos 0 - cos ' — ^ — -- - 


2n 
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5, cos (2 n + 1)0 ^2 an coa 0 J] ^ooa a 0 - cos* ^2n ~ l ~Xj) 
= 2 an cos 0 


n^wu^T)-™’ 0 } 

6. oos 2«0 =2 3n ~ l J] ^cos a 0 - cos 1 — ^ 

=2 ln_1 ft (Bin a (2r ~^ '---fiin > o). 

w / y- 7 r\ 

7. sin nO =2 n ~ l sin 0 H ^coa 0 - cos — 

8. sin (2n + l)0=2 2rt sin 0 JJ ^coa s 0 “ cos * gnTi) 

=2>” 8 in0n(»in > — T-sin^)- 

n—\ f ytt\ 

9. sin 2n0 = 2 2n_a sin 20 (°o 8 *0 - cos a 2nJ 

= 2 sn “* ain 2 0 "fl (sin* ~ - sin* o)* 
in T „, 7 J COS n6 i( ^nT l) /, sin 2 0 \ 

10. If n is odd, II JgjS*)- 


11. If n is even, cos nO — 

Bin nO »<»&« 


sin 2 0 


12. If n ia odd, 


n sin 0 


■ nfi-— V 

1 l "=J 


,« T , . sin nO ^rT 1 /, sin 2 0 \ 

13 ' “ " 13 6ven -n- 8in - e - ccs r n { 1 --^fV 

14. Express a product of three faotors, 

16. Find the factors, if any, of sin n0 -sin na, regarded 
function of sin 0. 

16, Show how to deduce No. 4 from No. 3. 


ns a 
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17. By writing | - 0 for 0 in Nos. 10, 1 1, 12, 13. find the values of 

-Tf - -my 

whoro n may bo odd or even. See footnote on p. 40. 

18. Prove that Vn= 2^ n-1 ^ Q ^sin — . 

l 11 

19. Prove that 1 =2h»-b tt s ; n (_ r ~ 1 )JT. 

Y 2 n 

20. Prove that 1 = 2 U “ i TT sin ^ 2, ‘ ~ 

V 4n 


w-l 


21. Prove that Vn= 2«-‘ IT sin — . 

2n 


hi- 1 


l»-i 


22. If n is evon, prove that sin — = ]"[ cos— , and that 

i ti ^ n 




nin 1 


23. If n It odd, provo that " “ sin - = "TT “ Co. 

^ fl j zw 

and that <( n f[ l) sin (2 - ~ l) ~ =*' cos — . 

Y 2n Y n 

24. Evaluate (i) cos ~ ; (ii) if cob . 

each for n odd, and for n evon. 

25. Provo that the results of Nos. 20 and 21 hold when the sinoa 
are replaced by cosines. 

26. Provo that 8 sin sin-sin^ = 1. 

14 14 14 

27. Prove that 32 cos ^ cos ^ cos cos — cos ^ = I. 

28. Prove that 8 sin^ sin ^ sin ~ = Vl. 

29. Prove that cos ^ =2 l_n cos 

j, Z)l it 

30. Evaluate TT tan <2r 7 

Y 4 a 

a.t. r 
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31. Prove that TT oos »( — i)[J0»d*l)J 

1 4n 

32. Prove that 1 +cos 0 is a factor of 1 + oos 50 and find the other 
factors. 

33. Prove that 2 cos 0 + 1 is a factor of 2 oos 50 + 1, and find the 
other factors. Deduce that 


boc 2 ~ +seo a +sec J -+seo a ~ — 9C. 

15 16 16 15 

34. Factorize x in - 2x n cos nO +- 1, using Ex. XII. a, No. 10. 

35. Prove that ch nx -oos na ~2 n ~ 1 JJ f oh a; -oos^^— 1. 


36. Prove that co ° wQ “ cos >tq = ]T 
1 - cos na V 



Factors of z** - 2x a cos na + 1 , The . equation 
x tn - 2.'K n cos na + 1 =0 


is a quadratio in x n , with roots cos na±i sin na } thus tho 2n values 
of x are cos (a +^p )± tain (a +~)> for r = 0, 1,2,..., <n~l). 
Ihe product of the factors corresponding to r ~k is 

[*-oos(a+^r)- ia l„(a + ^| x 

|x-coa(a + ^ + i8in ^ + ^| =*._ a * 00s ( a + 2^ + If Uu „ 

x“ - 2r» cos n „ + 1 =”jrf jx. . 2x oo. (a + H-^) + 1} (10) 

Many results can be deduced from formula (10). 

(0 Putting a = 0, a = - and taking the square root, we got equations 

( H, (2), (3), (4). The reader should verify this. 

(ii) Dividing by x n , 


*"+- 


2 CCS = "y 1 {x +1 —2 CO, (o. +^} 
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2 cos nO - 2 cos na ■■ 


n 1 2 COB 0-2 COB 
i,o, cob nO -cos na =2 n “ 1 jcos 0 -cos +— ^ j . ...,{1L) 

This is the same as Ex. XII. b, No. 3, and can, of course, bo proved 
directly in the usual manner. 

{ iii) Putting x = 1, a = 2/3 in (10), 

2(1 -OOB 2 n/3) = H n 2 1 1 - cos ^2/3 -(• , 

sin *n/3 = 2 #u ~* “n sin 51 (ft + ; 

sin n/3 = ± 2"“ l f[ 8 in (j3 + . 

Now, if 0< B< oaoh faotor on the right is positive, and so is 
n 

sin n/3. Also, as /3 increases, sin n/3 ohnngos sign whonovor fS passes 
through a value — , and at the same time one faotor on the right 
olmngea sign. Thus tho ambiguous sign is always a +, and 

sin n(3= -j-2 n_1 fj sin(JJ + — J (12) 

Similar results to (12) can bo found by tho substitutions indicated 
in Ex. XII. c, Nos. 1-6. 

(iv) From (12), by taking logarithms 

n - 1 j /•TrX 

log sin n/3 = (n - l)log 2 + Y} log sin (/3 + — J 
and, differentiating with rospoct to (3, 

n cot n/3 = ^ cot ^/3 1-“^ ■ *(13) 

This may also bo proved by the methods of Chap tor XI. 

(v) Do Moivro's and Cotos’ Properties of a Circle. If A 0 A l A a ... A n _ t 
is a regulur polygon inscribed in a circlo contro O, radius a, and P is 
a point suoh that OP=;c, 4(OA 0 , OP) =0, then 
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by formula (10), 

PA„ a . PA, 2 . . . PA„_, 3 |a; 2 - 2 era cos (o +^-) + « 8 } 

or PA 0 . PA, ... PA n _, = {x 2n - 2x n a n cos n0 4- a ?n A 

This is called de Moivre’s property. 

A? 



FlO. 78. 


If P lies on OA 0 so that 0 = 0, PA 0 .PA, ... PA n _, = x n ~a n . 

If OP bisects Z.A„_jOA 0 , so that0=-, PAo .PA, ...PAn., =x n -ha Q . 

fi 

These special results are called Cotes' properties. 

Comparison of Series and Products. A number of identities can be 
obtained by comparing values obtained for the same function as o 

sin 2 0 


sum and as a product. 

For example, if n is odd, sin«0=ttsin 0 
and also, from Ex. IX. e, No. 25, 1 

sin nO 


1 - 


• i 17r 

sin* — 
n 


s . _ ... + ( . uT 3 ,.-. s n ; 

Vd - =*. -it :- 11 •• + ? 1( ” a - I 6 >) , t — > .* - . 


2 - 1 



is an identity. 

Equating coefficients of s 3 on the two sides, 

_ , nr n(n- 2 — 1 ) , rn- n 2 - 

-n 2 cosec ,. 6 . ^ cosec 2 - 

ft result which has been proved (p. 209) in another way. 

Other results can be obtained by equating other powers of s, and 
by using the formulae for sin n6 ( n even) and oos nO. 

„,T h . e f ?V Dul ? for S cosec*(rjr/n) was used on p. 210 to prove that 
.f * ' some of the older text-books this result is obtained by 

fcq ng coefficients of 6 m the aeries and product expressions fur sin 0 , 
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(see pp. 80 and 223). Such a process requires careful justification, and 
the product expression is itself obtained, not without difficulty, from 
equation (7). It seemed more satisfactory to deduce the sum Sl/n 1 
directly from S coseo*(nr/n), the infinite product being left for the ‘com- 
panion volume. 

EXERCISE XII. c. 

By substituting ±1 for it*, and 2(3 or 2(3 +- for a, in formula (10), 
pro vo the following results (Nos. 1-5). n 

1 . cos n(3 = 2 n_1 "n sin (/3 + 

2. cos n/3=(-l)i (, ‘- 1 >2 f »- 1 J"[ cos^/3-(~^, if «. is odd. 

3. sin n(3 = ( - l)* n fi n_1 fj oos^j3+^, if n is evon. 


4. 8in«/3*=2 n_, ( - l)i0»+i) c08 ^ + jf n j a odd. 

5. cos n(3 - 2” _1 ( ~ l)* n n cos + F n ’ s even, 


6. Show how to doduoo Nos. 4 and 5 from No. 1, and Nos. 2 and 3 
from formula (12). 

7. What result can bo dorhmod from No. 1, by taking logarithms 
of each side and then differentiating w.r.b. 0 ? 

8. Simplify (i) 4 sinfl sin ^0 sin ^0 ; 

(ii) sin 0 sin ^0 + sin^0 + ~^ sin^0 + ^~^. 


9. Simplify (cos 0 - cos a) ^cos 0 -cos a +^)( cos 0 - cos a + 

10. Provo that f[ tan ^r/> + ^J =cos tnr. 


o 

« - i 


11. Prove that J] sin 2 ^</> -I- = 2 0_ " sin n</> sin n ^ j . 

12. Provo that ^ cot j^/> + = -n tan inf>. 

13. Provo that ^ cosoc* ^t/> =ii l coaoo 9 ?n/*. 
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14, A t A„ ... A„ is a regular polygon inscribed in a circle, contre 0, 
and radius a. P is a point on the oiroumference such that L POAj — « 3 

VhQ 

prove that PA X . PA a ... PA„ =2o n sin • 

16. A square A 1 A a A,A 4 and a regular pentagon B t B a B a B,B 6 are 
inscribed in a oirole of radius a { prove that the continued product of 
the chords A r B s is numerically equal to 2o 20 sin 200, where 20 is the 
angle subtended ot the centre by any one of the chorda. 

16. AjAj ... A an is a rogular polygon inscribed in a circle centre O, 
radius a, and P is a point on the circumference such that L POA t -• 0 ! 
prove that the continued product of the perpendiculars from P to 
OAj, OA t , . . . OA n is 2 1-n a n sin n0. 

17. AqA^Aj ... Aj n is a regular polygon inscribed in a oirole of radius 
a of which A„C is a diameter ; prove that CAi . C A a . . . 0A fl = a . 

18. With the data of No. 14, show that the* continued product of 
. the chords A r A, isn* n cd M(n-1) . 

19. With the data of No. 10, if OB bisects A X A 2 , prove that the 
product of the perpendiculars from An A 9 , ... . A a „ to OB is a n 2 . 

Jn-> 1 ^ 

20. If n is even, prove that ^ cosoc 2 — = — g— • 


21 


If « is even, prove 


that ^ cosec 2 
l 


(2r-l)7r n* 
2n 2 


(2r-l)jr n 2 - 1 

22. If n is odd, prove that coseo 2 - — ^ — = — <f~' 

23. If n iB odd, prove that the sum of the squares of the prod uotf 
two at a time of the cosecants of 


7 r 2w 3tt (ji~1)tt (n*-l)(n 2 -9) 
n’ n ’ w" 2n 18 120 


and deduce that 


t(n-l) 

2 

1 


cosoo 4 


fjr (n a - l)(n* + 11) 
n 90 


in - 1 


24. Evaluate y] cosec 4 — , when n is even. 

25. Evaluate 2cosec 4 ^-g~^, for r = lto £n, when n is even, and 
for r = 1 to ${n - 1), when n is odd. 
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If /(a) and F(«) are polynomials in a: of which f(x) has the smaller 
degree, and if F(ff)s(a -a)g{x), where g{a)*f> 0, then it is known 
from Algebra that 


/(*>. 


/(a) _ A h(x) 


F(») (a '-a)ff(x) x-a g(x)’ 

whore A is independent of x, and h(x) is a polynomial of smaller degree 
than g(x). 

The value of A may bo proved to bo 

ff(a) 

(»C ~ Os'} f (flj\ 

Alternatively, A = lim — ■ ’ . This limit can then bo evaluated 
x~*a ' (a) 

by algebraic methods ; or, by using a theorem in the Calculus, we 
have 

M 

d . ~ d 


A = lim 

x-*a 


d, FW s F <“> 


If F(.t)bo(& -a { )(x -o 8 ) ... (a -a n ), where no two faotors are equal, 
ropeatod applications of the above give 

/(«) 3 y A r 

F(®) 

where A f can bo found by oithor of the mothods dosoribod above. 
Those results are also true when a„ a 2 , ... are oomplex. 


Example 1. Expross -- — - as tho sum of throo partial fractions. 

iV “ 1 

Since tc® - 1 a (a; - l)(a: - o>)(a: - w*), where u =cis wo may write 

6 


i 


i 


ABC 
+ +• 


a 3 - 1 (x - 1 )(r» -(u)(x -w 2 ) .13 — 1 ' x - w ‘ x -w* 

A, B, C may bo evaluated in any of tho following ways : 

1_1-1 


(i)A 


(1 - 0 J)(I -to 2 )* B (w-l)(w-«li*)’ 


C = 


It may bo shown that those give A B C = 

u O u 


< 1 1 2 - l)(<o 3 - w) 

OJ® 
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(ii) A = lira 


x - 1 


= lira 


a ^ x X 3 -l a;— >1 * a + 1 


®-w x-(o .. 1 

B = lira — — - = lira -=— — - = Jim 


1 


X—H .1 ' ,);3 — 1 


, X J - (Ii d 


x -w 3 a; -to 8 

C = lira -s — r = Inn -=■ 5 = urn 


- 11m —5 — 7 = ran -5 s = ran -« s , 

sW v 3 - 1 a® " “ 6 *-W x + + to 


® a + wrc + «o 2 3(o 2 

1 1 

3 w* 


...... .. --1 I 1 *'" 

(in) A = lim — — r = am 


r 1 1 

= I,m ^ = 3 ' 


— 7 — -7 0..3 

x->l x ~ 1 a^*l J* f x s _ 2 \ x-*-l 6x 

dx ' ' 


.. , _ .. a? -to .. 1 I to 

Similarly. B = ta -5-^= hm ^ =g^ =g 


and 


_ a; -to 2 1 1 to* 

C = lim -r — - = hm — =-5- » 

»-*«» a 3 -1 *-*>* 3 a; 2 3 to* 3 

1 - i i 1« |' 

1 x - to a; — to 2 


* * a: 3 - 1 x 

Note, The last two fractions can of course be combined, so as to 
give the ordinary result in real algebra, 

1 _ i i(* + 2) 


ai* — 1 ® - 1 ® 2 +® + 1 


Example 2. Express 


2ft® 


as the sum of fractions 


(1 +®) 2n -(1 -s) 2n 
with quadratic denominators. 

The denominator is a polynomial of degree 2 n - 1 in which ia 

.. 1 +* ,y- . 2r7r . . nr 

zero if — 1™ =ci8 -r— =ois 2c, where a =— « 

1 ~x 2ft 2n 


This gives x=°\ B l a '* WB 2 - >i » 
cis 2a + 1 1 -f cos 2 a + i sin 


sin 2a 
sin 2a 


- 2 sin 2 a + 2 i sin a cos a i sin a cis a . „ . 

— = i tan a t 


2 cos 2 u +2 i sin a cos a cos a cis a 
(1 +®) 2 » -(1 -®) 2 « =«r B n j(®-f tan g) (x+i tan j 


2ft® 


n — 1 r , 

= V / A t~ 


(1 +») 2 '* -(1 -®)* n ^ |® - * ian a + ® +f 


A 1 

i tan a/’ 



where 
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_ 2m’ (» -i tan a) 


« lim 


2m + 2 n{cc -i tan a) 

V»Uftn a 2n(l +*)**-' + 2n(\ - rr) 2 »-> 

i tan a 

(1 +i tan a) 2n_1 +(1 -i tan a) Sn “* 
i tan a cos 2n-1 a 
"" (cis a) 2 " -1 + (cis - a) 2 ' 1-1 
_ ( ~ l) f f sin a cos 2n ~ 2 a 
(cis a) -1 + (cis - a)' 1 ’ 

because (cis a) 2n = cis (r?r ) = ( - 1 ) r ; 
hence A r = ( - l) r . \i sin a cos 2 ’ ,_a a > 

Writing -i for i, we have B r = -( -- l) r . \i sin a co3 an-8 a ; 
the expression 

- y) ( - l) r . i sin a cos 2r) ~ 3 a f ^ 

^ \x- i tan a x tan a 

( - l) r + 1 sin a cos 2l,_3 a tan a 


= 2 


a; 2 +tan 2 a 


H-i . 


v-i ( - l) f+1 sin 2 a cos 2n-4 a . nr 

= 2_j * whero a = — . 

l 


a; 2 +tan a a 


2 n 


-n i .. n to 11 n(! „ . „ 

Example 3. Express — - — 7— as the sum of fractions. 


sin Q 


n sin nO 


n tan nO sin 0 a polynomial of degree n - 1 in cos 0 

sin 0 cos nO a polynomial of degree n in cos 0 

Tho denominator is zero when 
(2 r - 1 )tt 

cos 0 ~cos — ~ , for r = l, 2, .1, ... , n. 


2 » 


n tnn nO 
sin 0 


= £ 


Ar 


1 cos 0 - cos 


(2r - l)n- 
2n 


, . n tan nO(cos 0 -cos a) , (2r-l)7r 

where A_ = lim h_- .. . i ftn( l a= ' — 

o-vo sm 0 2 n 

The valuo of A r may be found in eithor of the following ways 1 
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n sin nO cos 0— cos a ti sin ?ta . cos 0 — cos a 
(') Af = sin 0 coTnfl sin a 0 _> a cos nO 


ft sin net,. -sin 0 
-lim 


n sin na sin a 


= 1 . 


“ sin a - n sin nO sift a n sin na 

.... . .. n tan nO (cos 0 -cos a) 

ii A r = lim ~~75 

' O—fa 8111(1 

n . a+0 . a-0 

2n sin - n Bin. ~o“ tt a 

= lim . — — ; 7 T-, since na -n6=(2r - 1) s ~ n0 

*_ >a sin 0 tan (na - nO) * 

n . 4 * 

2ft sin ~ 

= lim — r = l. 

*-*u tan wp 


ft tan nO v- 


sin 0 


-S 


1 


i cos 0 - cos - 


(2r - l)7r* 


2 ft 


Note, This result may also be obtained as follows : 

n r „ [2r — l)ir 

From Ex. XII. b, No. 4, cosn03 2 n ” 1 n cos 0 - cos — — " 

« T (2r - l)7r~| 

log cos ft Oh (n - 1) log 2 + ^ log cos 0 - cos ^ I* 

Now differentiate each side w.r.t. 0. 

EXERCISE XII. d. 

1. Find the real partial fractions of • 

2. Express in partial fractions with quadratic denorninato 

3. Prove that rr= o~ . 

(1 +*)■+(»-«)• *, +ten .J_ *. + ta n*^ 

cc 

4. Express yp- . 7 — r; r- ? in partial fractions with quadra 

denominators. ft 

cos^O • 

6. Express — in partial fractions when ft > 3, 

6. If n is odd, prove that 


(~i)’ 
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n n ,1 , nsin(n-l)0 
7. Prove that — ^—4 -A- = 2 


Vir- 1 )tt 
' 2 n 


am 0 cos n0 i - (2r-l)7r 

1 cos 0 — cos - — s — — 
2 n 


8, Prove that 


n sin na 


. / 2rn-\ 

cos nO - cos na % 0O8 0 -cos(a -b 2 ^)’ 


n- 1 
:= 2 


9 . p rov0 that 


cos n0 ~coana“ 0 f . 2nrV 

u cos 0 - cos a + — ) 
\ n / 


10. Prove that 2 


2 » 




11. Proyo that 2 


M- 2 coa^ 


equals 0 or n( - 1) 


[l»l 


according as n is or is not a multiple of 3. 

<v»-l 

12. Express — — -/m us a sum of n partial fractions. 

1 x 2n - 2x« cos nO + I r 


13. Provo that 2 


rrr 

x - cos — 
n 


1 x 2 - 2.r cos — •)- 1 
n 


x 2n — 1 x^V 


n - l 


cos- 


rir 

n 


and deduce an expression for 2 

1 f7T „ n 

cos cosO 

n 

14. Provo that 


nx n ~ l (x n -a n co s nO) _ n y 1 
r s, ‘ - 2x n a n cos nO + ~ o 


x - a cos 




x 2 - 2xo cos 


(*+£)+«■ 


16. If n is oven and a = ^ , prove that 


tan nO . 


tan0 


is tho sum, for r= 1, 2, ... , tyx- 1, of 


{~cosoc(4r +2)a^ tan q + t an ^2r + l)a”tan 0 -tan (2r + l)a)} ‘ 
16. Provo that ^ ( “ l) r sin cot ^0 y) • 
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'17. Prove that ^ ( - l) f sin ■— cosoo (j) - y ) « 

18. Prove that 2 { - l) r sin ^ cosoo^G -y) . 


19. Prove that 
sin a: 


sing 


sin b 


sin (x - a) sin (a - b ) sin (a; - a) sin (a -6; sin (a; -bjsm(h - a) 
sin n-1 .u 


and express 


sin (a: - Oj) ain (x - a 4 ) . . . sin (re - cj„ ) 


in a similar form. 


20. Prove that 

sin x cos x sin a coa a 

sin ( x - a) sin (a: - 6) sin (a - c) ~ ^ sin (a- a) sin (a -6)sin(o --o) 


21. Prove that 

sin x sina cos (a; -a) _ 

sin(® - a) sin (a: - b ) sin (x - c) ~ ^ sin (a; -a) sin (a -b) sin (a - o) 

22. A,A a ... A n is a regular polygon insoribod in a circle, contr0 ®; 
radius a ; P is a point of its plane such that OP =a;, and L POA, — 
provo that 

n 1 n(x in -a 2n ) 

j PA r a (a;* - a 2 )(a; aN - 2x n a n cos nO + a Zn ) * 


EASY MISCELLANEOUS EXAMPLES 
EXERCISE XII. e. 

1. Expross a 2n - a 2 " as the product of n quadratic factors. 

2. Express x 6 -a 3 + 1 in the form n(.r -a) and prove that 

2 (a? -a) 2 = Qx 2 . 

3. Provo that 

a* - 3x + 1 =(^a; - 2 cos {^x - 2 cos ~ j (x - 2 cos • 

4. Prove that 

( 1 + a0 2 " +1 - ( 1 - a,-) 2 "* 1 = 2a: (a a + tan a ) 
n r5r 

and deduce that JI tan a + ^ = 2n + 1. 

5. Express (a: + l) 2 ” - (a: - l) 2n in the form 

4tliB II (x 2 + cot 2 

n- \ / T7J .\ 

and deduce the value of II f 4+eot a ) . 
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6, Express 


cos 50 - sin 2 0 
cos 0 


as a product of factors linear in sin 0. 


7. Prove that 

cos 7® - 8 cos 7 x = 7 cos a cos 2a ^cos 2x - 2 cos (^cos 2a - 2 cos ^ 'j , 

Provo tho following (Nos. 8-16) : 

o D . . . , „ sin nO sin neh 

8. cos 0 - cos (5 is a factor of r ; — . 

' sm 0 sin (fi 

2»-l r?T 

n °os ~= 2 1 -® n {( — i) n — i). 

1 n 

fl-1 1 

v 1 

o' 


9. 

10 . 


1 - cos f 

, . 2nr\ 

+ ■ — 

\ 

' n / 


a n< b 

COSOC 2 -„ r . 


11 . 


n 


. (2r - 1 )tt 

1 - X COS s — — 

2 u 


12 ( 2w + 1 ) si n(2n-M)0 

cos (2« + 1)0 - cos a rj, 


ain 0 

. a + 2rir ’ 
cos0 _ oos __ r 


13 t on n Q _ 1 , 2 3 * sec 3 a r 

tan 0 ~nn o tan 2 a r - tan a 0* 

, whoro a r = — — and n ia odd. 

14. (2 n + 1) cosec (2n + 1)0 - cosec 0 

=|< - 1)r {° OBO ° (° + 5 sti) •' 00800 (° -drr)} 


sm m!) 1 \, 1 , . nu'ir 

IB. — %■=- z, (-l) r sm cob 

Bin nO n i ' ' n 

where m and n are odd, and 0 < in < n. 


"f> 


1ft sm mO I " v * . . tnrir 

lb. — — — =- z> ( - l) r sm cosoc 

n i ' ' n 


(-?: 
(•- r & 


sin nO 

whoro m+n is odd, and 0 < tn < n. 

17. Express cosoc (a - a) cosec (a - b) cosoc (a - c) in tho form 
A cosec (a - a) h- B cosoc (a - b) +C cosoc (a - c), whoro A, B, C arc 
independent of a ; also oxtond to tho case of 2n + 1 factors. 

18. Express coseo (a - a) cosoc (a -b) in tho form 

A cot (a - a) + B cot (a - 5), 

where A, B are independent of a ; also extend to the caso of 2n factors. 
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19. Express 


cos 3 ® 


in the form 


sin (x - a) sin (» - 6) sin (a; - c) 

A eot (a: -a) + B cot (x -b)+G cot (» - c) +D, 
where A, B, 0, D are independent of x. 


20, AjA a ... A n is a regular polygon inscribed in a circle, centre O, 
radius a, PQ,, QR are equal chords, such that L POQ, =cc and 
L AyOQ—fi. Prove that the product of the perpendiculars from 
A lf A a , ... , A n to the chord PR is 2 1 ~ n a n (cos na - cos n/f). 


HARDER MISCELLANEOUS EXAMPLES 
EXERCISE XII. f. 

1. Prove that cos 7 0 - cos 80 is divisible by 2 oos 60 -h 1 and find 
the other factor. 

2. Prove that 

I r^BQKt+Bhao) =(1C 8in<0 " 8 Bin8 ° " 10 sina0 + 8 ein G + 1 ) a ' 

and factorize the expression on the right-hand side. 

3. If m and n are odd co-prime integers, prove that wO ahn tfr 
is a polynomial in cos 0 of degree mn - in -n + 1, with factors of the 
form cos 0 - cos for values of r from 1 to mn - 1 which aro not 
multiples of m or n. 

4. Provo that ch 2 na: =ch 2n .-c ft { 1 + th 2 ® cot 2 (2r - 1 ) . 

6. Write down the results obtained by taking the square root of 
eaoh side in No. 4, (i) if n is even, (ii) if n is odd. 


6. If n is even, prove that 


i »— 1 / 

ahna=n sha: oh* 1-1 ® JI ( 


1 + tfP.'C tan 2 ^^, 


and find a corresponding result when n is odd. 


Prove the following (Nos. 7-14) : 

7. 1 - 2 cosnO 

= (1-2 cos 0) 
if n* = 1 (mod 6), 

8 , sin ^ (tt + 2<f}) sin ncf> =2 ,l-a fj 1 sin 2 ^ . 


(l-2cos^±^)...(l-2cos 


nO + 2tur - 2ir' 


)■ 
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9. coBn^+Binn^~2 n "* jj sin {</) -h (dr + 1)~ j 

10, cos a = 2 n ~ 1 "n sin 2a + ^ r - + U 7r . , 

V 2n 


t1 »-i , 2a+(2r + l)7r 

11. 2 cot — — = -n tana. 


o 

n - 1 


12. sin a ^fl+~~^+ fj cos 3 ^0 =4 1 “ n , if n is odd. 
19 (cos0+sin0) an+1 -(cosO -sin0) 3nhl ■£*/. 

u gs+i sBo = \ L V ~ 


cos cos 20^, 


2n+ 1 


cos 2(f> cos — 

14. JJ = -tan a n</>. 

i cos2t/> -cos(2r + 1) ~ 

15' Prove that the product of the perpendioulars drawn from the 
vortices of a regular n-gon inscribed in the oirole % % +y z =Qa? to a 
tangent to the oircle a 4 +y a =25a 2 is 


{3 an + 1 +2. 3» cos na}, 

where a is one of the angles between the tangent and a side of the 
polygon, 

16. A regular polygon AiA 2 ... A n is inscribed in a circle, centre 0 ; 
P is a point in space such that the projection of OP on the plane of 
the circle makes an angle a with OAi } r t and r 2 are the greatest and 
least distances of P from the circumference, and 2s =rj +r a , 2d=fj -r t . 
Prove that PA t . PA 8 . . . PA n *= V(s an _ 2s”d n cos na + d 2n ). 


17. Prove that n tan n0=2 


sin 0 


f „ (2r-l)ir* 

1 cos 0 - cos k — gn - " 

18. Prove that 2 cot 3 s-— -? =4n(2n - 1). 

1 + x 

19. Provo that 2 ,,_1 sin- sin — ... sin — — ^=n,anddeducethat 

n n n 

e* 

j o logsina;da!= -?rlog2. 

20. If Nj.Nj, ... ,N m are the integers less than N and prime to it and 
a * -q , prove that 2’ n sinN 1 asinN 2 a ... sinN m a = 1, unless N is itself 
prime, in which case the produot equals N. 
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21. I! n u n 2 , ... «* are tlio integers loss than 2" which arc not powers 
of 2 (2° being reckoned as a power of 2), and if a ~ 2n +i \ * P rove 

( 

that ft seo n r a =2 2n_n_l . 
r»i 


22. Provo that 


ft {’ff-aP=i 
* 1=1 1-1 L ” 


- 1)tt {g-l) » +Q 
n - 1 


~\\_ si n nO 
1/ — ± 2"' * 


mid determine the ambiguous sign. 

23. Express sin a; as an infinite product as follows: 

(i) Differentiate 0 cosec 0 and 0cot0 ; honoc provo, for 
0 < 0 < <l> < that 0 coseo 0 <(f> cosec </>, and 0 cot 0 > '/> cot </>. 
Deduce that 


1 


sin 2 0 . 0 3 . « n ( , sin “ON. 


sin 2 </> (/> a ... 

(ii) If n is an odd integor, and r takes the values 1, 2 £(tt- 1 )j 

prove that, for 0 < x < tt, 

\ 


n i- 


sin J - 


. ,r7r 
sin a — 


:ii('^) <aoo "iV 


sin' 


1- 




(iii) Use equation (7), p. 222, and Example 7, p. 70, to deduce 


!(»- 1) / a a \ , . . 

that IT ( 1 - - 2 ~2 ) lies between two expressions wJnon 
l \ T TT J 

sin x\x when n-s-oo . 

This proves that, for 0 < x < v. 


tond to 




(iv) If 0 <(0, </>) < \n, prove that 
sin 3 0 1 


sin a </> 


^^“^|^sec 2 d|l 


sin 8 0 

sin 3 </> 


and hence establish the result of (iii) for all values of x, 

24, Uso Ex. XII. b, No. 10, and the method of No. 23 above to 
express cos.r as an infinite product. 



CHAPTER XIII 

MANY-VALUED FUNCTIONS OP A COMPLEX VARIAELE 


Logarithms of Complex Numbers, Definition. If «> = oxp (z), then 
t is culled a natural logarithm of to, and wo writo z =Log w. 

Thus, if u+iv=exp (x +iy), thon x + iy =Log (u +lv) ,.(1) 

Wo have soon that to any value of z, sx+iy, there corresponds 
one and only one value of w, =exp (z)sexp (x+iy), viz. e x cis y \ 
see p, 194. We shall now show that to a given valuo of 10 there 
correspond an unlimited number of values of z, =Log w. 


Values of Log w, where w =p(cos <p +i sin tp). 

Lot z, s x +iy , bo a natural logarithm of w. 

By definition, p(cos <j> +i sin </>) =exp (z) =exp (x+iy) 

~e®(cos y +t sin y) j 
p=e® and (/> =2&7r +1/ } 
a: =log p and y=<£ + 2mr, 

where log p is the unique logarithm of p as defined in Ch. IV 5 

Log {p(cos cp +i sin cp)} ==Logu; =x +iy =log p +i(<p +2mx), ...(2) 

Thus the natural logarithm of a complex number, as defined above, 
is an infinitely many -valued function. 

If </q is the principal valuo of tbo amplitude of w, so that 

- 71- < « fi t 7T, 

we define the principal value, log«), of Log to, by tho relation 

log w =log p +itp!, .........(3) 

By using tho results of Ex. VIII. f, No. 8, wo may express tho 
relation (3) as follows : 


If u > 0, log (n +iv) log (u a + u a ) + i tan' 1 

Ifw<0<«, log (u+iv) =s \ log (« a +u 2 ) +i | tan -1 ^ + ...(4) 

\ v 1 

If u< 0, v< 0, log (u+-£u)=|log(tt a +tJ 2 )+'i | tan 1 - -7rj. 


i.T. 
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Functional Law for Log w. 

Let tyj =/)x(cos «/»! +i sin 4>i) and iv t ~pa(coa <f> 2 +i ein 
then, by equation (2), 

Log tt>! +Log U) t - {log />! +i(<j) 1 + 2pjr)} + {log p a + + 2$*)) 
=log pi + log pa+ifa +^ a + 2?i7r) 

=l°g (piPa) + +<f >2 +2n7r). 

Also Log (tu x w ,) =Log { Pl p 2 oig (0j +0 a )} 

=log ( PlPi ) +i(0! + 0 a +2/d7r) ; 

every value of Log Wj +Log w t is equal to some value of 
Log (tUjiy,), and conversely. 

Wo therefore write 


Log w t +Log w a =Log (WiW a ) (6) 

In the same way it may be proved that 

Log Wj - Log w a =Log — , (0) 

w a 

and in particular Log-=-Logto, ..•.,{7} 


where every value of either side is equal to some value of the other 
side. 

Further, if n is an integer, 

every value of nLogw is equal to some value of Log w“. ...(8) 

But, in contrast with (5) and (6) it is not true to say that ovory 
value of Log ta" ia one of the values of n Log w ; for oxamplo. 

Log i 4 =Log (cos J T +t sin tt) =i ( tt + 2 mr) ; 


but 2 Log ( =2 Log (ooa|+i sin^ =2i + 2 m,j = i(,r + 4»w) ! 

"LTs : Log 1 Y-T™ ° r Log 41 aro vaIues of 2Log ’ ; 

torp^cillal ■ and ( , 8) j™ not no<: « ss «'ily ‘ran 

log (cis ~) + log (oi 8 ^ = + 8W = 3ri . 

but .u g [uK?4-)].,„g( ci I|)l g( l^ )= 
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Example 1. Find tlio results corresponding to those in equation 
(4), p. 241, for log(tt+w), when (i) u — 0, (ii) «< 0, y=0. 


(i) If v > 0, log (iu) =Iog 
If v < 0, log (tv) =log 


v (cos| + isin|)| =^log^+|t. 

[ ( - «) (c° 3 \ ~ * 8in ~ ^ j = i log « a - ~ i . 


(ii) logu=log {(- w)(cos tr+zsin rr)} = \ log it 2 +7ri. 

It should bo noticed that, in (i), \ log w a may be replaced by log |jj| ; 
it cannot be replaced by log v unless v > 0. 


Example 2. Are the functions (i) exp (Log w), (ii) exp (i Log w), 
one- valued or many- valued ? 

(i) If 2 denotes Log ta, by definition w = exp (z) ; 

exp (Log ta) =oxp (z) —v> j 
exp (Log w) is one valued and oqual to w. 

(ii) If w=p(eos -hi sin </>), Logw=log p +(</>-(- 2n7r)i, by (2) ; 

i Log to—i logp -{(/> H-2n7r) ; 

,\ exp (i Log ta) =exp { -(</> -h2»r)} oxp (i log p), soo p. 194, 
==c”^" 2,1 ' r eis(lo£ r ) ; 
exp (i Log w) ia infinitely many-valued. 


Example 3. If x is roal, prove that 

rn It 1 +M5 

2l 1-133 

rt . „ 1 r 1 r cos 0 -t-t sin 0 1 . . ... 

If x - tan 0, -rr Log - — - = jp Log — ; — r. = ^ Log (cm 20) 
2i b \-%x 2i cos 0-1 sm 0 2i 

= — i(20 + 2mr), by (2), = 0 +H7 t =Tan -1 ®. 

This result holds in the sense that any valuo of either function is 
equal to some vnluo of tho othor. 


EXERCISE XIII. a. 

1. Find (i) tho goneral value, (ii) the principal valuo, of 
(a) Log 1 ; {b) Log i \ (c) Log ( — 2) j ( d ) Log ( - 2i). 

2. Find (i) the gonornl value, (ii) tho principal valuo, of 

(a) Log (1 +i) j (b) Log ( -/t) ; (c) Log { - 3 f 4i) ; (d) Log ( - 3 - 4t). 
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3, What is the general value of Log ( -e) ? 

4, Find (i) the gonornl value, (ii) the principal value, of 

Log (cos a +i sin a), whore (2?i - l)?r < a < (2n + 1 )tt. 

5, What are the values of a and b if log (a+ib) = 2 - ■ i j- 1 

6, Express log (1 -f-cos 20 +t sin 20) in the form a+ib, given 

7, Find the general values of (i) i Log i ; (ii) Log (1 +t 

ir 3r 

8, Express log (1 +i tan a) in the form a + ib, whon ^ < a < -g . 

9, What are the values of a and b if log (a +ib) (1 +0® ? 

10. If a < 0 < b and tan a where - £ < a < find the valuos of 

a & & 

(i) log (a + ib) - log (a - ib ) ; (ii) log 

11. Express Log (1 - cos 0 -i sin 0) in the form a + ib t giving mlos 
for determining its principal value. 

12. If (a +1 h) log {o + di) ~f+gi, express c and d in terms of 

a, b , J, gr. 

13. If fo=ois^, in what sense is Log 1 =3 Log w 7 Express 
some other values of Log 1 in a similar form. 

14. If log z—a +bi and z \ogz~p+qi, prove that 

Tan -1 - ss Tan -1 ^ - 6 . 
q b 

15. What is the general value of exp {£ Log (a +6£) 8 } when 5 = 0! 

16. What are the values of 

(i) exp {(1 +i) Log i } ; ^ii) exp {(1 +i) Log (1 +0} ! 

17. What is the value of exp {i Log (cos a +i sin a)} ? 

18. Express Log {Log (cos 6 +i sin 0)} in the form a +ib, 

19. If zsx +iy and &=£ 1, prove that 

log (z - 1) = \ log {(x - l) s + 2 / 9 } ton -1 + 7ciri, 

* 2 / 1 

and give the values of k for different positions of the point P which 
represents z in the Argand Diagram. 

20. Give an expression corresponding to that in No. 19 for 
log (z + 1), and answer the same question about jfe. 
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• 2 " 1 

21. Answer the same question as in No. 19 for log — - consider- 
ing the cases when P is (i) insido, (ii) outside, the circle |z| = 1. 

22. Find the value of log — — r, when z =cos 0 +i sin 0. 

z + 1 


23. If log '3 , °"v 77 v ~'P +*!> and if p is constant, find the locus of 

iL -r Cl -r '{Jv 

the point P representing k +iy. Also find the locus when q is constant. 

g 

24. If log — - — ~p +iq, and if the point P representing z moves 

Z 'j~ Ct 

round the circle \z\~a, discuss the behaviour of q. Also state what 
happens when P moves on an arbitrary circle through (a, 0) and 
(-0,0). 

25. If log^-^=Iog (z +i) -log{z -i), where zsix+iy, prove that 
ar is positive or zero, or else ar < 0 and yr^lorg/c-l. 


The Logarithmic Series. It has been proved on pp. 84, 85 that, 
if - I < x < 1 , 

tog(l+*)«*~ + ^-~+.... 

We now proceed to consider the corresponding series 


t v 2 w* 

W -T + T“T + - ’ 


-(») 


where w is a complox number equal to p(cos <f>+i sin (/»). 


Since the scries 


n a p 3 p ' 1 

' ,+ T + T + T + - 


is convergent for 0 ^ p < 1, it follows that the series (C) is absolutely 
convergent, and therefore convergent, for |t«|< 1. The series (9) 
may bo written, 

(p cos </> - lp z cos 2</> +^/> 8 cos - ...) 

+ i(p sin (/) - ^p 2 sin 2 </> + -Jp 3 sin 3<£ - ...) (10) 

We proceed to evaluate separately the two parts of this function, 
(i) From Ch. IX., equation (8), p. 175, wo have, writing -x for a:, 

1 - a cos </» + x* cos 2</> - l) n-1 a; M-x cos (n - 1 )i/j 

1 -j- a: cos (/>-(- .r) n { cos ju/> + a - cos (n - 1 ) </>} 

” 1 +2.c cos </> -t-a;* 
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Subtract each side from unity and divide by a, then 
cos <f> -x cos 2 (f> + ... +( - l)”a> n-a oos (n - l)4> 

cos </i +x +( - l^a^^ looa ntf> +x cos ( n -!)<£) , 

1 + 2x cos (f> + x a 

Integrate w.r.t. x both sides of this identity from a; =0 to x =/>, then 

ptv— 1 

p COS <f> - \fr COS 2</> + l) M — r cos(n - 1)$ 

Tl 1 

= £ log (1 +2/) cos (f>+p a ) +( - l)**Kj 

, f p »«” l fco8 nth +jc cos (n - 1) </>} dx 

where Kh * — r- — s i — • 

J 0 1 + 2a: cos <p + x* 

We shall suppose that 0 ^ p < 1. It follows that, within the limits 
of integration, | cos n<}) +aJ coa (n - 1 )<f>\< 2 

and |I + 2a; cos tft+x * | ^ (1 - 2a; +a;*) =(1 -a;) a >(1 -p)*- 
2 f p „ . , 2___ £« . 2 1 . 

n 


|K|< 


a” -1 da; =- 


0-P) 3 Jo" ~~ (W) 8 ' » (W) 1 


'/>) a n 

[K|~*0, when n-+<x > ; /, also K->0, when n~>a> . 
Therefore for 0 ^ p< 1, the first series of (10) is convergent and 
p cob </i cos 2tf> + $p 3 cos 3 =ilog(l + 2pco8 </»+p a )- (H) 
(ii) Again from Ch. IX, equation (0), we havo, writing -a> for 
-a: sin i ft +x l sin 2<f> - l) ,l ~ l a; n “ 1 sin (n - l)<f> 

- x sin <ft - ( - ®) n sin n<f> + { - a;)" +1 sin (n — 1 ) ^ 

I +2x cos tf> +® a 

sin </> -x sin 2<£ + ...+( - l) n 3"- a sin (n - l)</> 

_ ein <}) +( - l)"a; n ~ 1 {sin ntf> +x sin (n - !)«/■>} 

1 + 2a: C08 + a; a 

Integrate w.r.t. x from a: = 0 to x =/>, ns before, then 
ps'm<j>~ Ip 2 sin 2^> + ... + (-!)" t — -sin (n - l)<f> 


-r 

Jc 


sin </> da; 


J 0 1 +2a; oos (ft +X 1 

H _ f * s ^jsin tuft +x sin (n - !)</>} da; 
J 0 1 +2a: cos <ft +»* 


+ ( - 1)"H, 


whore 
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_ ain <A dx L x sin <h , , 

j 0 1 +2x cos (j> +x z 1 l+:ceos<£ 

Bin <f>[\+x cos <f>) -x sin cos cf> 

= (1 +xcob 8in</>=(l +a;cos<^) 2 ^; 

also 1 +2xcoa<f> +x 2 =(1 +a;cos<£) a -!-a: a sin a </>==(l + »oos </>) a (l + z a ) 5 

psln<ji 

, , fl+p003$ 1 

/. the integral becomes — — 5 clz, 

Jo 1 +* 

and this, seo Ex. IV. a, No. 17, p. 67, is the principal value of 

p sin </> 

tan 1 -r 1 —r 

1 + p coa <p 

Also, by the same argument os beforo, it follows that, for 0 < p < 1, 
H-*0 when n-> «> . 

Therefore, for 0 p < 1, the second series of (10) is convorgont and 

p ein </> -&>“sin ty +ip* sin 3 </>-... =tan"» - -(12) 

From (11) and (12) it follows that, if |w| < 1, 
w 3 w % u > 4 


W 2 + T“ 4 + 


«= i log ( H- 2 p cos </» + p 3 ) + i tan- 1 ( 1 3 ) 

Now 1 + w = 1 + /> cos </> •!• ip sin </> ; 

1 1 +to| = -h V{(1 +/> cos «/>)*-!•/>* sin 2 </>} = + V(1 -l* 2 / 1 cos </ J + P 8 ) 5 

also, since 1 -hp cos</j > 0, tho principal value of the amplitude) of 1 H-ta 

is tan -1 ~~ — — r J thoroforo tho principal valuo, log (1 -Ha), of 
l+pcos</> 

Log (1 + ta) is oqual to tho sum to infinity of (9) ; wo thoroforo write 

log(l+w)=w-Y + y--j +■•• * if l w l< 1 (I 4 ) 


The Circle of Convergence. Tho series (9) is not convorgont whon 
|w| >1. If w is represented by a point P in tho Argand Diagram, tho 
sories (9) is convorgont if P lios inside tho oirclo |ta|=l, and is not 
convergent if P lies outside tho circle |tw| =1. Wo thoroforo call this 
oirclo tho circle of convergence for tho power sories. It is usually 
easy to determine the oirclo of convergence for a given power series, 
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but in general it is difficult to disco vox* how the series behaves when P 
lies on the circle itself. Hero, wo know from Ch. V., P* » 

(14) holds for w= 1, i.o. when P is at the point (1,0) and that tno 
series is divergent when tv— - 1, i.e. when P is at the point ( >)< 

It can be proved that (14) holds for all values of iu for whic x |tu| - i 
except w~ - 1, i.e. for all positions of P on the circle of con vei gone 
except the point (-1,0). Although a rigorous proof of this WOT 
is beyond the scope of this book, we shall state hero some o i 
results which follow when this fact is assumed. 

In (14), pub w=cos a +t sin a, where a^(2n + l)v, then 
log (1 +cos a + i sin a) =cis a - £ cis 2a + \ cis 3a - . . . . 


But 


log (1 +cos a +i sin a) 

= J log {(1 + cos a) 8 +sin 2 a} tan -1 


sin a 
1 +cos a 


—I log (2 +2 cos a) +i tan 1 


, a (t\ 
2 sin g cos g 


2 cos 3 


and 


—i log ^4 cos 2 ~^) +» tan -1 ^fcan 5 
log [2 cos Ja( =cos a -4 cos 2a + $ cos 3a - ... 


.(115) 


tan -1 (tan Jo) =sin a sin 2a +£sin 3a - ... , (10i) 

provided that aTt(2n + l)jr. _ . 

The sum to infinity of the series in (lOj) is the principal val'M o 

Tan -1 ( tan ~ ) ; this may be expressed as follows : 

( tan i) =!-”■' eto - 


if ~v<a<ir, tan -1 


if 7r<ci<37r, tan" 1 
In general, 


Ul, 

if (2n - l)7r<a<(2n + l)?r, tan~ x ^tan ° -fwr t 
lienee ^ - ?i7r =sin a - i sin 2a + 4 sin 3a - ■ 


Also, in the excluded case, a =(2n + l)?r, the sum of fcho sorioa 
16j) is obviously zero. 
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Using thoso results, the reader should draw the graph of 
y —sin a* - \ sin 2a + \ sin 3a - , 
which, he will find, is discontinuous at the points je=(2n + l)jr. 

For example, if x-*-tt from above, y-» — but, if a->7r from below. 

y~> +-, whilo at a=jr, y =0. 

2 

Example i. Find tho sum to infinity of 

r sin a + -Jr a sin 2a + £r 8 sin 3a -f . . , when | r j cl. 

From equation (14), 

log (1 ~r cis a) = - r cis a — \r 3 eis 2a - Jr 3 cis 3a - ... , 
since [ -r cis a| =r < 1. 

But log ( 1 - r cis a) =log (1 - r cos a - ir sin a) 

=1 log {(1 ~r cos a) 3 +r 3 sin a a} +t tan -1 - ? ^ 3 ' n a 
since l-rcosa>0, (seep. 241); 


cos a 


r sin a + ir 3 sin 2a + ... — - tan -1 - — r S ' n a = tan -1 

1 — r cos a 


r sin a 


1 - r cos a 

Example C. Find a series in powers of x, involving a, whoso sum 
to infinity is one of tho values of 0 satisfying tho equation, 
tan 0 —x +oot a, whoro |a sin a| < 1. 

x sin a + cos a 


sin 0 cos a 

=a -h = 

cos 0 sin a 


sin a 


oxp (Oi) _ cos 0 +i sin 0 _ sin a p-t (a sin a -h cos a) 

exp ( - Oi) ~~ cos 0 - i sin 0 sin a~i(x sin a + cos a) ’ 

a sin a -i-cos a --ism a cis (- a) { 1 pa sin a cis a} 

oxp (20l) = 7- — = : TT-l T ; 

— a sin a — cos a —t sin a -cis a 1 p»sm a cis ( - a 


)} 


. , „ , 1 +y eis a . 

=cis (7r - 2a) -- _ - , ~t — "whero j/sirsin a ; 


1 Py cis (- a) 

2 Oi is any value of 

Log CIS (tt -2a) -I- Log { 1 +y cis a} -Log { 1 py cis ( - a)} ; 
20i=2)«ri P(tt - 2a) i -I- V} - l)” -1 [cis na - cis ( -na)]|, 


since lyl <1 ; 


4. V f( - 1JW-1 2 i sin , 

2 ( n J 

7T 

0=tur + - -a -ha ain a sin a - ~ «io a a sin 2a 4-,,. . 
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Note. Ifc follows from p. 247 that tho value of the series 

* ein a ain a - -g Bin 9 a sin 2« + ... is between - g and + g* 

Thus the value of 0 given by taking »=0 is that solution of 
tan 0 =* +cot a whioh lies between — b and x — a. 

EXERCISE XIII. b. 

1. If \z\ <1, express as a series of powers of z ; 

<i) log ( 1 - z) i (ii) log (1+2) -log (1 -*)* 

Is log j-t- always equal to log (1 +z ).~ log (1 -«)» excluding z = ± 1 I 

2. If [r | <1, sum to infinity : r cos a + ir a cos 2a +ir 9 cos 3a + ... * 

3. If a tin-, sum to infinity : 

cos a cos + £ cos a a cos 2/3 + $ cos*a cos 3/3 + . . » • 

4. ABC is a triangle such that 6<0| prove that y is the sum to 
infinity of the series, sin A sin 2A + s i n 3A + ... . 

5. ABC is a triangle, prove that £C is the sum to infinity of th* 
series ,• 

c sinB ,c a sin 2B . , c 8 sin 3B _ L 
a + b + * (o+6) a * (a + 6)* 

6. Find the sum to infinity of 

cos 0 sin 0 + £ eos 2 0 sin 29 + J cos 3 0 sin 30 + . . . » 

(i) when 0 < 0 < ir, (ii) when r < 0 < 2tt. 

7. If -^< 0<|, prove that 

log (2 cos 0) s=cos 20 cos 40 +£ cos 60 - ... ; 

What is the sum to infinity of this series, if ^ < 0 < ^ 7 

8. Find the range of values of x, if the sum to infinity of the aerioSi 

Bin 2a: sin 4a; +£ sin 0a; - is (i) x, (ii) !B -7T. 

9. If mr< 0<(n + l)r, find the sum to infinity of the series, 

sin 20 + J sin 40 sin 60 + ... * 

10. ABC is a triangle; prove that log ^ is the sum to infinity of 
(cos 2A - cos 2B) +^(cos 4A - cos 4B) +£(cos 6A - cos OB) 4- ... * 
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11* Find th© aum to infinity of tho sories, 

oos a oos ft - £ cos 2a oos 2/3 + £ cos 3a cos 3/3 - ... » 
whore neither a + ft nor a -ft is an odd multiple of ir. 

12, If x^rirr, And the sum to infinity of tho aeries, 

cos 3 * - i sin s 2a +£ oos 2 3a -£ sin 2 4a + ... . 

13, If y=iX sin a + J-a 2 sin 2a + £a 2 sin 3a + .,. , whoro |a| <1, provo 
that, sin y=® sin (y + a). 

14, I! y =!B - 1 sin 2a + {l 2 sin 4a - sin 6a + ... , where 

t =tan a (/><l, provo that ton t/ =cos 2c/> tan a. 

16. If |a) <1, find tho sum to infinity of tho sories, 

sc sin 0 +£® 8 sin 30 + Ja 5 sin 60 + i 

18, If ~> a> prove that 

(i) tan a sin 0 - £ tan a a sin 30 + £ tan*a sin 60 - ... 

, . 1 +sin 2a sinO , 

“* 1 - sin 2a sin 0 ' 

(ii) tan a oos 0 - J tan*a cos 30 +£ tan 8 a oos 60 - 

= £ tan -1 (tan 2a cos 0). 

17. If (1 +a) tan 0 =(1 -a) tan (/>, and if |«1<1, expand 0 in 
ascending powers of a, 

18. If tan a =* cos 2w tan A, and tan 2 w <1, expand A in ascending 
powers of tan 9 o>. 

19. If 6 < find tho sum to infinity of the sories 

cos 0 -£ cos 30 +£ cos 60 - ... . 

20. If |a| < 1, expand tan -1 in ascending powers of as. 

Generalised Indices. If a is positive and n is rational, it has boon 
proved in Ch. IV, (see p. 66), that 

o n =e ,,l( >K a = exp (n log a) ...(17) 

If z is complex and equal to r(cos 0 +i sin 0), where 0, and if « 

• • 1 ) 

is rational and oqual to -, where p, q are co-primo integors, it has 
been proved in Ch. IX, (see p. 166), that 

t n mz q ~ r* ois for k =0, 1, 2 (q - 1). 

8 
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We shall now show that this is the same as exp ( M Dog z) j 

v id , n , . pO + 2sp?x 1 

- Log z =- { log r + i(0 + 2srr)} =— log r + i - ' ! 

f] Q V * 

( « \ . p0+2sj)7r 

£ log »y cis 

/« , \ . p0+2fcif 

=oxp f - log rj cis * 

'nO 4* 2anv + 

since cis — for s =0, 1, 2, ... (5 - 1) is bho same as ois 

9 . 1 

for fc = 0, 1, 2, ... (9 - 1 ) whon p and q are CO- prune. 

But, by (17), exp log r) = r« ,* 

exp (n Log z) =r0 ois ^ — , /b = 0, 1, 2, ... , (tf - 1) I 


« n =oxp (nLogz), .....(IS) 

whore n is any rational number, and z + 0. 

Definition. If z is any complex number except 0, and if to is ® n Y 
complex number, the function z w is defined by the relation 

z w =exp (*0) 


The relations (17), (18) show that the definitions of Ch, IV and 
Ch. TX for o’* and z n are consistent with, and in fact suggosb, tho 
definition (19). 

Modulus and Amplitude of z w . If z=r(cos 0 4-tsin 0), r*h 0, 
u»=n + iu, by (19), 

z w =oxp {(a+tt»)Logz} =exp {(u + iu)(log r + iO + 2&7rt)} 

= exp[{u log r -v(0 +2kjr)} +t{« log r +u(0 + 2 far)}] 
3=exp(ulogr) exp { ~«(0 + 2&7J-)} cis { v logr-hu(0 + 2&rr)} 
=r«e-«**+2*»)cis {v\ogr + u(0+2kn)} t by (17) ; 
lz w [=r u e~»(*+2k„). Am(z w ) =v log r + u(0 + 2k7t) +2nrt. ...(20) 

Thus z w is an infinitely many-valued function, unless v =0 and tt if? 
rational. 

If v=0 and u>=u = ^, we have already seen that z lD is q- value cl . 

The principal value of z lD is defined to be exp (w log z) ; with tho 
notation just used, this may be written 

*** cis (« log r+uO), if -7 r< 0 r. 
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One special case of (20) should be noted : 

e la =oxp [ia Log a] =oxp [ia ( 1 + 2&irt)] 

=exp (ia - 2kirp) =oxp ( - 2&jra),ois a j 
writing n for - k, 

e ia =e 2,l * a (cos a +t sin a). (21) 

Thus e ia is an infinitely many-valuod function, and cos a -H sin a 
is merely its principal value. It is best, therefore, to avoid writing 

e <a for tho sum of the series 1 + (ia) + h-r~ +... j the sum of this 

At \ 

series is exp (-ia) or cis a and is, like those functions, one-valued. 


The Binomial Series, 

*)al + jjt + 


The investigation of tho binomial series 

+ ( 22 ) 


w(tn - 1) gl | wt(w- l)(m~2) ^ 


21 


3! 


lies outside the scope of this book. Wo shall merely stato tho facts, 
and give some applications of them in Ex. XIII. c. 

(i) If m is a positive integer or zero, the number of terms in tho 
series is finite and tho sum is the ono-valued function (1 +z) m , for all 
values of z. 

(ii) If m is not a positive integer or zero, suppose that in— a -i-t'/i. 

(a) If |z|< 1, tho scries is absolutely convergent, and its sum to 
infinity is tho principal value of (1 + z) m , that is to say, 

<£(m, z) ~ exp {m log { 1 +z)}. 

( b ) If |*l = l, z-f — 1, tho series is absolutely convergent if a>0, 
and is convergent, but not absolutely, if - 1 < a ^ 0, and in oithor 
case its sum to infinity is exp {mlog(l + z)}. If a< - 1, tho series 
is divergent. 

(c) If z = - 1, the scries ia absolutely convergent if u > 0, and its 
sum to infinity is 0. If a = 0, {3 f- 0, or if a < 0, the series is divorgont. 

(d) If 1 2 1 > 1, the scries is divergent. 

Note. Although tho complete statement is necessarily olaborato, 
there is one simple fact that covers the vast majority of casos that, 
occur: namely, on the circle of convorgonco, excluding z = - 1, tho 
series is convergent if a > - 1 , 


logarithms to an Arbitrary Base. Definition. If £ is any one of 
tlio values given by z 1£l =£, we say that ta is a logarithm of ( to tho 
base z, and we write 


log 2 ^ = w. 


(23) 
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By definition (19), exp {w Logz} =z ,0 =f ; 
by definition (1), p. 241, to Log z =Log £ j 


Log z ? = w = 


LogS 

Logz' 


( 24 ) 


If t*=p(cos f + i Bin f) and z=f(eos 0+tsin 0), then 

Loa f Jonp+W+M*) 

log r + i{0 + 2»jr) 

_ {log p +i(yjr + 2li7r)} flog r -i(0 +2mr)j 
13 (log r) s + (0 + 2n7r) 2 


.(25) 


which shows that Log z £ is a doubly infinitely many -valued function. 


The principal value of Log z £ is defined by the relation, 


kg, 5 = 


log? 

logz* 


(26) 


Note. Sometimes a more restricted definition is given for Log t f ns 
follows : If f is the principal value of z w , then to is called a logarithm of f to 
the base z. 

In this case, tv =Log z f is equivalent to f*=exp (w log z ) ; 
by definition (1), p. 241, tv log z=Log f ; 


Logjf = 

And, in particular, Log.f =Log f. 


Log f 
logz * 


With this definition, Log z f is a singly infinitely many-valued function and 
becomes identical with Log f when z =e. 


EXERCISE XIII. c. 

Express the general values of the following in the form a+ib or 
in the modulus -amplitude form : 

l '*'- 2. 1W. 3. i*. 4.(1 -i) { . 

B. (1+t)* 1 . 6. (-i)~ { . 7. e ni . 8. eK 

9. e""<. 10. e x ~ vi , U. 12.7 r-‘. 

\\ rite the following in a form which shows their many- val ucd n e ss r 
13. Log 10 2, 14, Log, 3. 15. Lo g { i. 

16. Log,3. 17. Log e u+ f». 18. (coaO ~i sin#) 1 . 

19. mat value does the definition * u =exp(to Logz) give for f 2 1 
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20. What is the condition for the principal value of e u+w to be ol 
the form a +0i ? 

21. Prove that the principal value of i ; g e 8 cis ^ log 2 j. 

22. Find the modulus and amplitude of the principal value of x x , 
if a: is a negative number. 

23. Find the general value of e exp{<,i) x e exp( ~ 0( ). 

24. If p + Oi is the principal value of (x +yi) a+bi , where x > 0, 
prove that {b log (a; 1 +y a ) +a tan -1 - is a multiple of w. 

How is this affected if re < 0 and y < 0 ? 

25. Prove that the ratio of the principal values of (1 and 

( 1 - i) 1+1 is sin {log 2) + i cos (log 2). 

28. Find the values of z for which i* =cis an. 

27. (i) Is every value of z w ' x z w * a value of z w •+“» ? 

(ii) Is every value of z u ’i+ w « a value of z w ' x z*°> ? 

(iff) Arc the principal values of z t0 ' x z w * and z Wl+Wt equal ? 

28. Prove that the points in the Argand Diagram which represent 
the values of e c03a+<E ‘ n “ lie on the equiangular spiral whose polar 
equation is r=sC8~ 0tan “, where logc—seoa. 

29. If ]*1 < 1, prove that the sum to infinity of the series, 

eosa+nas cos (a + 0) + — a 2 cos (a +20) + ... 
is ( 1 + 2x cos G+3 2 )2 cos {a +«</>), where Ji = tan -1 ■ ^ . 

30. If, in the triangle ABC, a < b, prove that cos uA is the sum 

to infinity of 1 +n|coaC + n ■ ” pCos2C + ... , 

31. If n is real, Btate the conditions for convergence of the series \ 

{i) 1 +n cos 20 cos 40 + ... ; 

(ii) n sin 20 +~^~sin40 + ,.. ? 
and find the sums to infinity if 

(a) 2 kn 0 < 2kir + ^; (6) 2tcn +^< 0 < 2kn +^. 
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32. If n< 1, find the sum to infinity of tho serins, 


n sin a + 


n(n + l) 
1.2 ‘ 


2 ° + ” (n r.xy~ 8in3 ° 


if (i) (4fc - 2 }tt < a< 4for ; (ii) 4/br < a < (47c +2) rr ; (iii) a — 2 j t. 
33, Prove that, if 0< 0 < ir, tho sum to infinity of the Berios, 


1 - \ cos 0 + cos 20 - ^ - 1 cos 30 -E- . . , 

is l cos j V( 2 sec £0), Find tho sum to infinity if rr < 0 < 2i r. 

34, If - ~ < G < j, prove that cos nO coa n Q is tho sum to infinity 
of the series, 

1 - tan*Q + "(» + ]) (” + 2 > <” t»> tan<0 - . . 

2 ! 41 

Find tho sum to infinity if ^ < 0 < 


35. If [a | < 1, find the sum to infinity of the series, 
sin 20 + 2x sin 30 d-3a; a sin 40 + 4a; a sin 60 d- ... . 


The Generalised Inverse Circular and Hyperbolic Functions, Tho 
function Tan -1 z is defined to be any value of vj which satisfies tho 
equation, z = tan to. The other inverse functions are defined in a 
similar manner ; all of them are many- valued. Thus 

Sin-Jz =M7r + ( - l)* 1 sin -1 z, Sh _1 z =mri + ( - 1 )“ b1i“ 1 «, 

Cos _1 z — 2»wr ± cos -1 z, Ch -1 z = 2?i7r i ± ch~ J a , 

Tan-'z =fnr + tan _1 z, Th _1 z = mri -f- th _, z. 

The inverse hyperbolic functions can be expressed as logarithmic 
functions. For example, 

let Th~ 3 z=iy, then z=th uj= 8X ^ ~ * • 

exp (2?«) + 1 

exp (2w) =ii5 ■ 

1 — z 

• • "to =Log - — - } 

i “2 


Th-,=w=jL 0 g?4| (27) 

In expressing the inverse functions in the form a+i/3, onvo is 
required. The work for Tan“*(* +*y) is given in full bolow, mid tho 
other results are stated in Ex. XIII. d, Nos. 16, 16. 
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Expression of Tan -1 (x + iy) in the form a +i(3. From the relation, 
Ian -I (» +ii/) =*a + £/3, we have 

tan (a +t/3) =as +ty 5 tan {a -i/3) =% -iy 5 

, _ , , , . Q . , . . 0 . sin {(a +t/3) +(a -t/3)} 

A 2a:=tan(a+»/3 +tan(a-i/3 = r — T 5 T — h — ^ ; 

^ ' 00 s (a+t/3) cos (a -*/3) 


2 . 1 ; — 


sin 2 a 


{|cos (a+t/3 )|} 4 


, see p. 143. 


Also 


, . , . .... . , sin (a +t/3) sin (a -t/3) 

a* +y 2 »(* -My)(a ~\y) = — — fk{ 7 — 

' cos (a + t/3) cos (a -t/3) 


A 1-^-1/ = 


2 cos 2 a 


oh 2/3 - cos 2a 4 
cos 2 a +ch 2/3 ’ 
cos 2 a 


cos 2a -}-ch 2/3 {|cos (a + t/3)]}* * 


A sin 2a has the same sign as 2x, and cos 2a has the same sign 
Ml—®* -y 2 j 

sin 2 a ; cos 2 a : 1 = 2 ;c : 1 -®* -iy 2 : + +(1 -a ; 4 -y 4 ) 4 }. (28) 

Unless both a: and 1 - a ; 4 -y 1 are zoro, that is unless a:=0 and 
y = J; 1 , equation (28) gives one, and only one, value of 2 a, say 2 a 0 , 
such that -7r<2a 0 ^ ir, and tho general value is given by 

2 a = 2 n- 7 T + 2 a 0 , or a=nir+a # , 

where <a 0 

Also tan tip = tan { [a + ip) - („ - i/3)} = , 

jt h2/3= T -BL_ i 

r 1 +a; a +y 4 

{exp (4/3) - 1} ( 1 +a: s +y a ) = (exp (4/3) + l}2y j 

. ,ac>s 1 +&•* + y a + 2y 
which gives a unique (real) value of /3, namoly 


11 _ a ; 4 + (l+y) 4 , 
* b a ; 2 +(1 -y) 4 ’ 


i x a +/l-t-vl* 

*'* Tan-^x -V- iy) =mr +a 0 log 


.( 29 ) 
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whore a 0 ia the unique angle satisfying equation 
< a 0 ^ For the principal value, wo have 

... 3 i +{ I + 2/) 1 

tan'V^ + ty) = Qti + & lo 6 T£)> * 


( 28 ), buoIi that 


,(30) 


The funotion Tan- 1 (» + <») is not defined for either of the paim 
of values, a; ==0, y = 1, or x — 0, y = - I. 


Note. The reader should observe the necessity for determining the sign 
of sin 2a anrl cos 2a, It might seem to him quioker to say 

(x +iv) 4- (x —iy) %' x 

tan 2a =tan {(a +ip) + (a -tyS)} _ (a , + iy)(x - iy) ~ 1 -* a -V 


aDfl to deduce that a=i Ton"' 1 -| — ^ llfl ®' vea iilJ0 VQ ^ llt!9 a 

between and +1 and it is evident from the previoua work that one 
Z z 

of these is incorrect. . . n .„.|,|„ 1 ,i„ D 

Also equation (28) ia written in a proportion form to avoid considering 
separately the special oases 1 -** -y a =0, x~0. 


EXERCISE XIII. d. 

1. Prove that, in equation (29), if a a ' + s/V I, <*<> may bo replnood 

Oji 

by ikw + i tan-i where 

<i)fc = 0, if *M!/ ! <1 ; (ii) if x a +y*>l aud.'V>0( 

(iii) k = - 1, if x l +y*> 1 and :c<0, 

2. Prove that Or* 1 * = 2mri±i coa“>«; find similar exproBBiontt 
for Sh ~ J 2 and Th -1 z. 

3. Provo that Sh~ J «=tnir+( - l) n log {z + V(1 +z*)}* 

4. Prove that Chr’z = 2wwr ± log { z + \/(z a -1)). 

6. If coa -1 (a +tfS) =u +iv, prove that 

(i) a* 8eo*u - /3” cosec®u = 1 ; (ii) a 2 sech s u + f. 3 2 cosech*d =* 1 » 

(iii) cos*m and ch*v are the roots of the equation 
A 2 - A( I + a 2 + (P) + a 2 = 0. 

6, If sin' 1 (a +») 3) —u+iv, prove that sin 2 « and oh*w are tho roota 
of the equation y? - y ( 1 + a 1 + /i 2 ) + a* = 0. 

7. Prove that one value of Tan -1 x where x> y > 0, ia 

x-iy ’ 
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8. If oh -1 (a; +iy) + ch -1 (x - iy) =ch _1 a, prove that 

2(a ~ l)as a + 2(ct + l)y a =a 8 - 1. 

9, If Sin -1 2=u + improve that u=2«tt+^ and v = ±log(2 + y3). 

10, Solve cos z = 11. 11, Solve sinz = l§. 

12. Evaluate Co8 -l ( - 2‘6). 13. Evaluate Sin _1 f. 

14. Express tan -1 (cos 0 + »sin 0 ) in the form u+iv, if 

(i) “2 <0< 2 ; < u) $ <0< T- 

15. If Cos _, (ai + tJ/) =u -fits, whore *>0 and t/>0, prove that 

(i) oos 2 tt and ch 2 v are the roots of X a - (l +a* +y a )\ + as 2 =0 ; 

(ii) oh v—l t + < a and cos u -l 2t whore f, = 4- !%/((•■» + l) a +y 2 } and 
l i~ + & VKtt - U* +y 2 } i (iii) sin u and sh v aro of opposite sign. 

Deduce that Cob - 1 (a +iy) =2n7r±{cos~ 1 (( 1 -i a ) -i oh -, (f, +i a )}, 
where 0 < cos'* 1 (<! - <,) < ^ and 0< oh^ff, + f,), 

16. If Sin -1 (x -I -iy) =w +t«, whore as > 0 and i/> 0, prove that, with 
the notation of No. 1C, 

Sin _1 (.T+ty) — nir +( - 1 )*• {sin. -1 (4, + ioh”*(f l + f a )), 

whore 0< bin“ 1 (« 1 -t a ) < ~ and 0 < ch” 1 (t, + f,). 

17. If tan (a + ift) =tan </> soo el>, provo that, for 0 < «/> < 

(i) 2a =2rwr +- •»-</> j (ii) ft =£ log cot 
Find tho values of 2a and ft for - ~ < <l> < 0. 

2t 

18. Provo that, for real values of 0, 

Sin -1 (coboo 0) =Ji7r -ft log cot 

19. If sin" 1 (cos x -l-i sin as) =i* -I- iv, provo that, for principal values, 

(i) ii 0 < a; < ir, (vffSnT))' 

t» =log {-/(Bin x) -h V(1 -I- sin a:)} { 

(ii) if n < as < 2tt, u ~ sin~ l ( - } .?°* , 

W(1 -Bill a '.)! 

valog (v/( - Bin as) + V(1 -sin #)}* 
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EASY MISCELLANEOUS EXAMPLES 
EXERCISE XIII. a. 

Express in the form a +bi : 

1. 0 (2n+1> ( n integral). 2. 3. (sin 9 +i oos 0)*. 

4. Log (Log (oos 0+i sin 0)}. 5- too log (^ an 

6, Find all the values of (1 + 

7, Prove that, for 0 < x < ir, 

log sin {x + iy) log (ch a y -cos 2 a:) +< tan -1 (cot a^th y). 

Find a similar expression for log sin (a; +iy)> if tt < x < - j" anc ^ V > 


cos 0 -sin 2 O'—- -cos 30 — ^ - 4- sin 40^ !-••• • 


. COS 4 0 


8. If log tan (| + |) =«• prove that 0 =t Log cot -1- *£»). 

9. Sum to infinity! 

■“Sfi-rin! 0^° 

l a 

10. If sin 0 =th ~ and if cos 0 > 0, prove that one valuo of 

i iHir 

{tan -1 exp (0i)) m + {tan -1 exp ( - 0i)) m is 2 “ '2' tt w oos - 

11. If tan || =*2 ton and if 0 < a < ir, 0 < /3 < ir. prove that 

sin ft + sin 2(3 4- sin 3(3 + ... = i(« — /3). 

12. If (1 -c) tan x =(1 +c) tan (x-y), and |c| < 1, express y as 
a series of powers of c, involving x. 

13. If 27r < 0 < 47 t, find the sum to infinity of the series, 

sin 0 + i ain 20 + J sin 30 + ... . 

14. If 0 < 0 < 2?r, find the sum to infinity of the series, 

i sin0 + ~-~-sin 20 + ^— sin 30 + ... . 

16. If n< 1 and -tt< 0 < ir» prove that cos -k cos s') is tliO 
sum to infinity of « \ ' 

1 -»oosll + M^co 8 20- ^ ± 1 K ’‘±. 2 Ioo a 30+,.. , 

Find the sum if n < 0 < 37t. 
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16. Find the Bum to infinity of the series, 

cos 0 cob Q - £ cos s 0 cos 30 + \ cos 5 0 cos 6 0 - ... . 

17. Find all real values of x, y, such that log cos (x + iy) =i tan -1 J, 

18. Find all the values of z, if i* =e(cos a + i sin a). 

19. If - ^ < 0 < find the sum to infinity of 

A U 

gsin30+— | sinQO + ' g ' ^ ^ sin 90 + ... . 

20. Provo that, if Th -1 (tan x) =a +ib and \ i Seo _1 (co9 2*) —c + td, 
then a = ±c. 

HARDER MISCELLANEOUS EXAMPLES 
EXERCISE XIII. f. 

1. If log sin (a; + »y ) -a +t/3, prove that 2e a « =ch 2y -coa 2x. 

2. If |/t| < 1, expand log (1 +2/* cos 0 +7i a ) in powers of h. 

3. If tan-i^+iy) = 8 in _1 (a:+t 2 /), prove that 

£* +?j* =(a) a +y*)l + 2x i y i +y* - 2x' + 2y* + 1). 

4. Simplify sin (Log i‘). 

5. Trove that, for o > 0, one value of (a + (n) a +7 } ‘ is of the form 
if J/j? log (a 1 + !i a ) +a tan -1 ^ is an odd multiple of 

6 . If tan log (a + ib) - x +iy, whore x t +y t ^\, prove that 

2x = ( 1 - £c a - y a ) tan log (a 1 + 6 a ). 

7. If oh (®+iy )=800 (u +iy), provo that 

(i) tan*u =sh a a soc a y ; (ii) th*u =soch a a sin a y. 

8. Provo that log - 03 \ X V*\ — 2 i tan -1 (tan x th j /). 

a coa{x+vj) ' 

9. If 3 tan (0 - a) =tan 0, provo that one valuo of a is the sum 
to infinity of 

sin 20 sin 40 sin 00 
T72 2.2* + 3.2 3 *•* * 

10. If -~< 0< find the sum to infinity of tho 8orioa, 

1 +^ cos 20 - cos 10 +27170 003 °°- 2 ^T ^8 cos80 + -' 

11, If 0< 0< tt, find the sum to infinity of tho sorios, 

cos 0+| cos 3 0+1 cos 50 + . ,« f 
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12. If the principal value of ±log|^^ w u+iv, prove Umt, 

when y tends to zero through positive values, u tends to ?r or zero 
according as x does or does not lie between - 1 and + *. 

13. If 0 < * < Jr, express sin*(a +yi) in the modulus-amplitude form. 

14. If tan (a; +{j/) =cot 9 - i cosoo 6, find the prinoipal values of 
* and y in terms of 0, (i) if 0 < 0 < ~ ; (ii) if - ^ < 0 < 0. 

16. Prove that one value of Sin" 1 — * s coS '*** 

16. If a: > 0, y > 0, express Ch-‘(aj +iy) in the form a +«&• 

17. If « > - 1, find the sum to infinity of the series, 

. n(n - 11 n(n - lHn -2)(n -3) 

1 2 T -4 41 

18. Find the sum to infinity of the series, 

cos 0 cos 20 , cos 30 
172 'TTT* 3 . 4 ’ 

(i) if ~ir<0<fri (ii) if ir < 0 < Sir. 

19. If y=log tan ^— + 0, prove that£B= - » Log tan ^ 

If y is expressed as a convergent series in powers of x, 

o l a;+o 1 x a +o 6 ® 5 + ... , 

and if x can be expressed as a convergent series in powers of y, find 
the expansion for x in powers of y. 

20. Prove that sin 2n X , where 2' denotes that terms for which 

i 2n 

n is a multiple of 3 are omitted, is 
(i) if 0<a:< ~ ; (ii) 0, if J-<a;<y ; (iii) -g, if X < “ < r * 

21. Determine the conditions under which 

(i) cos ^ cos 0 + £ cos ^ cos 20 + J cos ^ cob 30 + . , . 

a log (1 -2 COS 0)? 

(ii) cos | sin 0+^ cos ^ sin 20 cos^ Bin 30 + ... = -\0, 

22. If P, P„ P s represent the complex numbers z, z x , z 2 » and if tlic 
half-line from P parallel to Os either cuts P 1 P 1 externally or does not 

cut P,P, at all, prove that log = i 0 g ( g - z ) - log (« - 2 t ). 

z~z t 



CHAPTER XIV 

MISCELLANEOUS RELATIONS 


Numerical, Single-letter, and Two-letter Identities, 

Example 1, Provo that eos*0 + ctos*(a + 0) - 2 cos a eos 0 cos (a + 0) 
ia independent of 0. 

First Method, The expression 

= cos ! 0 + cos*(a + 0) - {cos (a - 0) + oos (a + 0)} cos (a + 0) 

= cob*0 -cos (a-0) cos (a + 0) 

= ^(1 +008 20) - 4(008 20 +C08 2a) 

= 4(1 ~ cos 2a) =sin*a. 

Second Method. 

If f(0) a co8*0 +eos*(a + 0) - 9 cos a cos 0 cos (a + 0), 

J 

^/(0} = -2 cos 0 sin 0 - 2 cos (a +0) sin (a +0) 

+ 2 cos a {ein 0 cos (a + 0) + cos 0 sin (a + 0)} 

= - {sin 20 +sin (2a +20)} +2 cos a sin (a +20)=O ; 
f(0) is in<lopondonb of 0. 

Third Method. Take a oirolo with diameter OD of unit length, and 
draw chords OB, OA making angles 0, a + 0 with that diameter, as 
in Fig. 79; then OB=eos0, OA=cos(a + 0), 
and AB=sina, Tho oxprossion 

= OB* + OA* - 20B . OA . cos AOB = AB», 
which is independent of 0. 

Fourth Method. Tako a triangle ABC having 

7T 7 T 

A =5^+0, B=--0-a, and honco C=a; thou 

2 2 no, 7u. 

c* -a* +0* - 2a6 cos 0 ; 

sin*0 = sin*A + sin*B - 2 sin A sin B cos C ; 

»in*a =sin* + 0^ +sin* ^ - 0 - 

- 2 sin ^ + 0^ sin - 0 - cij cos a 

= cos*0 +cos*(a + 0) -2 cos 0 cos (0 + a) cos a, 

It should bo noticed that tho geometrical methods havo to bo modified, 
or infcovprotod in accordance with certain conventions, for some values oi 
a and 0, 
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EXERCISE XIV. a. 

Prove the following : 

1. (coa A +sin A) (cot A +tan A) = coseo A + sec A. 

2. (2 -cos 2 B)(2 +tan 2 B) = (1+2 tan 2 B){2 -sirPB). 

3. tan 2 C + cot 2 C =cosee a C sec 2 C - 2. 

4. If sec D +coseo D = V2, then cos 3 D +sin 3 D = 

5. cos 2 22 - cos 2 674° =cos 45°. 

6. 2 cos 6 U 37' 30" = V[2 + V{2 + Y(2 + V2)}]. 

7. 4 cos 24° cos 38° cos 84°=sin 18°. 

8. tan 9° - tan 27° - tan 83“+tan 81° =4. 

9. cos 12° +cos 60° + cos 84°=cos 24° + cos 48°. 

10. sin 40° sin 50° = sin 30° sin 80°. 

11. tan 20° tan 40° =tan 10° tan 80°. 

12. If x 5 y : z : 1 =sin 40° : sin 60° : sin 80° : Bin 20°, then 

x 1 - 1 : y l - 1 : i % - 1 =y : xz : yz. 

13. cos 1 14° - cos 7° cos 21°=sin* 7°. 

14. If tan ~ = t, then tan 0 +see 0 = - — 

& 1 ~ t 

4 # 

15. If cot A - tan A =x, then tan 4A =- r'- .' 

— *k 


16. If sec 2A =2 + sec A, then cos 2A + cos 3A =0. 

17. cosec*20 +cot 40 =cot 0 - cosec 40. 

18. 4(cos 20 +cos G0)(coa 60 +eos 80) = 1 +sin 150 coseo 0. 

19. cot s 0 + tan a 0 =8 cosec 3 20 - 6 coseo 20. 

20. sin*0 sin30+cos 3 0cos30=eos 3 20. 

21. sin 3 (60° + 0) +ain 3 (60° - 6) = 3 V 3 ^ 9 , 

22. 3tan0 -2cot0 =cosec20 -6 cot 20, 


23. If a + /J=^, then ^1 +tan |^1 + tan ^ =2. 


24. If tan ! A =1+2 tan 2 B, then cos 2B = 1 + 2 co3 2A. 

25. If tan 20 =/x cosec 2a - cot 2a, then tan (20 - a) = 
26 If ( 1 + 3 sin 2 <|>)^ =sin^ 40 +eos^ |0, then 

( 1 + 3 tnn 2 (tl tan fl = -4- 2 tnn s (/i. 


~ 1 
/, + ! 


cot a. 



266 


MISCELLANEOUS RELATIONS 
27 If (1 +e cos a)(l -e cos ft) = 1 -e 2 , and e is not zero, then 
(1 -e) tan 2 ^a =(1 + e) tan 2 £/3. 

28. If sin 0 : sin </> = •/{ 1 - 2e cos 0 + a 2 ) : y'( 1 - 2e cos </> + e 2 ), then 

(1 -2e cos 0 +e 8 )(l - 2c cos t/» + e 2 ) = (1 -e 8 ) 2 . 

29. cos*a - cos 2 (a + ft) =sin 2 /3 -i- 2 sin a sin ft cos (a + ft). 

30. cos 3a + cos 3 ft 

=4 (cos a +cos /3)(cos a"+T20° +oos ft)(oos a - 120° +cos ft). 

31. If = tllon s * n 2a + 2 siri C a +/3)"0- 

32. If (2 cos a - cos 2a) sin 3/3 - (2 sin a - sin 2a) cos 3/3=3 sin ft 

and a £2(6+ n7r), then 8in a n =tan ft. 

^ ' cosa-2 ^ 


Conditional Identities, 

Example 2. If A +B +C =7r, prove that 
2{sin 4 A(sin 8 B +sin*C -sin 8 A)} 

=2 sin 8 A sin 2 B sin 2 C(l +4 coa A 00 s B cos C). 

Wo have "2x(y -\-z) 2 s(y + 2) (2 + a)(a? + 1 /) + ixyz. 

Putting &*+c 2 -a 2 , c 2 +a 2 -6 2 , a* + b 2 - c 8 for x, y, z, 
the identity givos 

42a 4 (0 2 + c 8 - a 2 ) = 8a 2 6 2 c 8 + 4(6 8 + c 2 - a 2 ) (c 8 +a* - b 2 ) (a 2 + 6* - c 2 ) 
= 8a 2 6 2 c 8 + 4 . 2 be cos A . 2ca cos B . 2ai> cos C, 

whoro A, B, C nro tho angles of tlio triangle with siclos a, b, c. Since 
a : 5 : c =sin A ! sin B : sin C, it follows that 

2 {sin 4 A(sin 2 B +sin 2 C -ein 2 A)} 

=2 sin 2 A sin 2 B sin 8 0(l +4 cos A cos B cos C). 


Example 3, If 8 + 1 / +3=0, provo that 

^ S sin 3®^ [cos (20 +y -z) +cos (20 +z -x) + cos (20 + x - $/)] 
= -2{cos 2(0 ~y +z) sin 3®}. 

Tho loft-hand sido may bo written 
2{sin 3® cos (20 + 1 / -z)} 

+ 2 {sin 3?/ cos (20 +» ~y) +sin 3z cos (20 + «- »)}, 
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The first of these terras 

~2{sin (20 +3a+2/ -z) - Bin (20 -3x+y -z)} 

=2 {sin (20 -2z + 2x) - sin (20 ~2x + 2i/)}, since x +y +* =0 
= 0 , 

The second terra 

- £2 {sin (2 6 +x + 2 y) - Bin (20 +x - 4 y) +sin (20 + 4* - .v) 

-sin (2d ~2z -®)} 

= 12 {sin (20 +j/ -z) -ain (20 +x -4 y) +sin(20+4z -cc) 

-sin (20 +y - 2)} 

=2{eos(20 -2i/ + 2z)sm(23/ + 2z-a;)} 

= -2 {cos 2(0 -y+z) sin 3a;}, since x + y +* =0. 


EXERCISE XIV. b. 

In this Exercise , *7 is to be assumed that A +B 4-C ~n , or that 
A + B+C + D=2tt. 

Prove the following : 

1. cos*A +cos , B +oos*C +2 cos A cos B cos C = 1, 


2. sin a B +sin*C - 2 sin B sin C cos +aJ is symmetrical. 

3. 1 +C08 2A +cos 2B +cos 2C = - 4 cos A cos B cob G. 

3A 3B 30 

4. sin 3A+sin 3B+sin 30= -4 cos -g- 003 cos "TT* 

, 1 -cos A +cos B +cos C , .. , 

5. t-,-— -r- : — — ^ =tan 4A cot £C. 

1 +cos A +cos B -cos C * 

e A , B C , ir+A tt+B it — O 

6. cos g +cos 2 ~ cos 2 008 ~~£~ 008 — 4"~ COS — 4 — * 

7. sin 2A sin a A +sin 2B ain a B +sin 2C sin 2 C 

= sin 2A sin 2B sin 2C +2 sin A sin B sin C. 

8. sin*A + sin 4 B +sin 4 C 

= 2(sin 2 Bsin s C + sin 2 Csin 2 A +sin a A sin a B) - 4 sin 1 A ain*B 8in*C. 


9. sin 6A+sin SB + sin 50 = 4 cos cos ~ cos 

1 0 . 4 (cos 5 A + cos s B + eos 5 C) 

=4 + 1017 (sin |A) -6ll(sini fA) + n(ain 8A) 

11. sin 2-nA +ein 2nB +sin 2nC = - 4 cos mr sin nA sin wB sin nC. 

12. cot A + cot B + cotC =cotAcotBcotC + cosec A cosecB cosoo O. 
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1 3. {tan A + tan B + tan C) (cot A 4- cot B + cot C) - see A aoo B sec G 
i* constant. 

14. If 

oob A =cot ft cot y, cog B =cot y cot a, and cos C =cot a cot ft, 
then cos 2 a -h cos 2 /3 + cos a y = 1 . 

15. If !|2A+mnB =S miB B=s0 . 

sin A + am G am AC 

Deduce that, if two angle-bisectors of a triangle are equal, then the 
triangle is isosceles. 

16. If (m +n) tan A + (n+l) tan B +(Z +m) tan 0=0, then 

2{(m +n)* ton A} = 2{(m -n) a cot A}. 

17. sin B sin z sin(B +x ~y) -sinC sin(B -y) sin (A +z -*) 

-I- sin (A -k) sin (B -y) sin (C -z) =sin a: sin y sin z. 

A -u b . A -!-C a + D 

18. sin A +sin B +sin C +sin D = 4 sin — g— sin ^ sin — . 

19. I(cos 2A +coa 2B +oos 20 +oos 2D) 

=cos(A +B) cos (A +C) cos (A + D) 

=oos A cos B cos C cos D -sin A Bin B sin C sin D. 

20 t an A tan B - tan C tan D _ tan (A +C ) 
tan A tan 0 - tan B tan D — tan (A + B) " 

n1 T , , tan ft + tan y . _ sin 2ft +sin 2y 

21. If tan a ~ — - .. - then sin 2a = » 

1 -btan B tan y 1 -I- sin 2ft sin 2y 

22. If tan = 


ft tan y* u “ w “ ““ “ 1 +sin 20 alii 2y ’ 

sin a sin 0 n sin a sin (/> 

— , then tan 0 r - — » 

a cos t/» 4-cos a 


cos 0 - cos a cos c /> icos 

23. sin a Bin. (ft -y) +sin ft sin (y - a) +sin y sin (a -ft) =0, 
and deduce that 

sin 3 ci B\n*(ft -y) +sin B /3 sin*(y - a) +sin , y sin*(a -ft) 

= 3 sin a sin ft sin y sin (ft - y) Bin (y - a) sin (a - ft). 

24. 2 sin ft sin y sin (ft - y) = - sin (ft - y) sin (y - a) sin (a -ft). 

25. 2 Bin 3a cos(ft - y) 

= sin(a+j8+y) (4 cos (ft -y) cos(y - a) cos (a - ft) - 1). 

2{sin 3a sin (ft -y)} . . , n , , 

26 . ^ o — ; — in — Hr ==tan(a + fl+y). 

M cos 3a sui (ft -y)} H 

27. 2 sin ft Bin y sin (ft + y) 

= Bin (ft + y) sin (y 4- a) sin (a -\-ft) -2 sin a sin ft sin y cos (a -I- ft +y), 

28. 2 (sin 2a sin (y - ft)} =2 sin (ft - y) . 2 sin (ft + y). 

29. If cos 2a -h 2 sin 6 etn y =*0 =cos 2ft 4- 2 sin y sin a, prove that, 
in general, cos 2y + 2 Bin a sin ft —0. 
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•> n Tf sin (a + 0) sinftf+fl) 

1 SElS+fl-fl ZW+fi* P rovo tlmt a -P °* * '8 »*. 

31. If sin 3 0 +sin(A + 0) sin(B + 0) sin (0 + 0) =0, prove that 

cot A + cot B + cot C + cot 0 - 0. 

32. sin a sin (a ~ a) sin (5 - b) sin ( s - c) 

+ cos s cos (a - a) cos (a - b) cos (5 - 0 ) = cos a cos J> cos 0 , 
where a + b + c = 2s. 

Miscellaneous Transformations. 

Example 4. If tan a =tan 8 /3 and tan 2/3—2 tan y, prove that 
a +(3 ~y=mr, 

tan (a + ft) - _ tan a +tan P _ tQn V i ± tan 
1 - tan a tan /? 1 - tan* (3 

tan (3(ttxn 2 /3 + 1) tan (3 
(T- tan 2 /?) { 1 + tan 2 /?) “ 1 - tan»/3 
- £ tan 2/3 =tan y ; 
a + /3 = n7r + y. 


EXEKGISE XIV. e. 

1 . Tf A _ C0B O - cos 6 C 08 0 .. . 

008 A — iirrrars — • P rove thQfc 


sin (a -c) 

V sir 


sin s sin (s - a) 


tan 

whore 2s=a+6+c. 

2. If tan (B + C - A) + tan (C + A - B) + tan (A + B - C) — tan (A +B -f C), 
provo that A or B or 0 is 

3. If sin aj+sin y+sinz =4 sin sin sin prove that 

x+y+z=n7r. ^ 1 

4. If cos 2A + cos 2B + cos 2C + cos (2A + 2B +20) =0. prove that 

B+C or C+A or A + B=(2n + 1)~. 

2 

5. If cos 2A +cos 2B +cos 2G 4 - 1 +4 cos A cos B cos C =0, provo 

A±B±C=(2n + 1 )tt. 

^(",'otngCmCby ?2nVZ a+ ° 0 ’ 13 + 003 r) ‘ = I ’ pr ° VOtl ‘“* 
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„ rf oos a +ooa ft +oos y sui a + sm 6 +sin y 
cofl (a +ft + y) sin(a+/J+y) 

2 sin (ft +y) =0, and that each fraction =2 cos (ft +y). 

8. If sin 0 cot = sin i/> oot and 0 -</>*£ 2»ir, prove that 
2 sin 0 ss - sin (20), and that sin \/r cot - = sin 0 oot 

Q Tf Bin (2 0-cf>-\ls) . sin (2 

COS (2 0+4>+ x l / ) COS (2</> + 0 +\jr) 

tiro equal, and if 0-<f>+nir, prove that ^ |~ j r + q — j * 8 equal to them. 

10. If sin ix-k tan ft and sin 2y =k tan a, and x - y =a O. 
a+ft-fimr, prove that sin 2.x +sin 2>j~ - 2 sin (a + ft) oos (x ■\-y), mi- 1 
that sin (a + ft - a: - y) = k tan (x -t y). 

1 cos ft cos y „ cos y cos n 

1 1 . If cos a — ■ -> prove that cos ft — r 1 , 

1 +sin ft sin y 1 ±sm y Bin u 

12. If 2cosa=0 = 2sina for three angles a, ft, y between mi-1 

2tt 2tt 

-ar, prove that thosoaro of the form 0 --^,0, 0 +~, and deduce Unit 

2 oos 2a =0 =2 sin 2a, 

2 cos (ft +y) =0 =2 sin (ft +y), 

2 cos 3a =3 cos (a + /3+y), 

2 sin 3a =3 sin (a + ft +y). 

13. Show how to use do Moivro’s Theorem to prove tho last twu 
results in No. 12. 

1*1, If 2 cos a =0=2 sin a, prove 

2 oos (2a -\-ft +y) =0 =2 sin (2a + ft + y). 

T , cos (B+0) . cos(C +A) n cos (A +B) „ , ... 

IB. If —r — = — -=2 i prove that oilh-r 

cos A cos B cos C 1 

A -h B + C =mr or tan A + tan B = 2 tan C. 

16. If sin 2 ® +sin 2 y + sin*z = 1 +2 sin x sin y Bin z, provo that 


®±l/±z = (2n + l) 

17. If a triangle inscribed in an ellipse has its controiil at lh« 
contra of tho olfipso, show that the eccentric angles of its voiti-’»o 
satisfy 2cos a = 0 =2 sin a, and conversely, 

18. If a trianglo inscribed in an ellipse has its controiil at th« 
ccntro, provo that tho tangents at tho vortices are parallel to ll.o 
opposite sides, [Use No. 12 or geometry,] 
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Elimination. One Variable. 

Some easy examples have been given in E. 2\, p, 2(36. The follow* 
ing illustrate other methods. 


Example 6. Eliminate 0 from the equations 

acofl 0 +&sin 0 +c = 0 ; o' cos 0 +6' sin 0 +o' = 0. 

n , , cos 0 sin 0 1 

We have — — — - = — — = ~p ^ ; 

bo - b e ca - c a ab - ab 

(6c' -6'c) 4 +(ca' -c / o) a = (ah' -a'b)*. 

Example 0. Eliminate 0 from the equations 

t _x cos 30 + y sin 30_ y cos 30 -a sin 30 


oos 3 0 


sin 3 0 


®* + y* 

Each expression 

_ Bin 0(a cos 30 +y sin 30) +cos 0(y coa 30 -x sin 30) 
sin 0 cos 3 0 +cos 0 sin 3 0 

a?(sin 0 cos 30 - cos Osin 30) +y(sin 0 sin 30 +cos 0 cob 30) 
8 in 0 cos 0(coa a 0 +sin a 0) 

_ -x sin 20 +y cos 20 
£ sin 20 

(x 9 +y* +2x) sin 20=2y cos 20 (i) 

Also each expression 

_ cos 0(x cos 30 +y sin 30) -sin 0(y coa 30 -x Bin 30) 
cos *0 -sin 4 0 

- ^(c 03 A c °s 30 +sin 0 sin 3 0) +y(sin 30 cos 0 - cos 30 sin 0) 
(cos 2 0 -sin 3 0)(cos a O +sin 2 0) 
cos 20 +y sin 20 > 
cos 20 

(a; 2 + y a -a:) cos 20 —y sin 20. (II) 

From {i) and (ii), 

(«* + y a + 2x) (x* +y* -x) =2 y* j 

.’. (x 1 +y*) 9 +x(x*+y*)-2x*-2y ! =0 ; 

(a 2 +y 2 )(* a +y 8 +a? -2)=0. 


. EXERCISE XIV. d. 

Eliminate 0 from : * 

1* tan a =cos 0 tan fi, tan 0 sin a = tan y. 

2. a sin 0=6, a sin (0 - a) =c, 

3. a cos 2 0 + b 8in*0 = c, (6 - c) tan J 0 + (c -a) cot a 0 =d. 
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4. a ain 0 =b sin 20, c cos 6 ~ d cos 20. 

6. ein 0 +sin 20 =o, cos 0 +cos 20 = 6. 

6, sin s 0 =a, cos 3 0 ~b ; also express the rosult in a rational form. 

7. 3 sin 0 +2 cos 0 —a, 2 sin 0 + 3 cos 0=6. 


8. 3 cos 0 -hoot 0 —a, 4 cos 0 -cot 0 =6. 

9. x + cos 0 =seo 0, y + sin 0 = cosec 0. 

10. a sin 0(4 cos a 0 - 1) —x, b cos 0{4 sm 3 0 - 1) = y. 

11. 1 + sin 2 0 =a sin 0, 1 + cos a 0 =6 cos 0. 

12. x cos 0 + y sin 0 —a sin 20, -a: sin 0 +y cos 0 =2a cos 20. 

13. x cob 0+y sin 0=acoseo 0, a; sin 0 -y cos 0=o cosec 0 cot 0. 

14. x cos 0 +?/ sin 0 —c=x cos (0 +a) + y sin (0 +a). 

15. a +b cos 0 +c cos 20 =0, 2a cos 0 +6 cos 20 +c cos 30 =0. 

16. ax soo 0 - by coseo 0 =c a , ax sec 0 tan 0 + by cosec 0 cot 0=0. 

17. ^ cos 0 + j sin 0 = 1, x ain 0 ~y cos 0 = V a* sin 2 0 + 1> 3 cos 2 0. 

1 8. a sin 0 + b cos 0 =c, a cosoo 0 + b seo 0 =d. 

19. tan 0 +tnn 20 =c, cot 0 +cot 20 =d. 

c 3 sin 2a , /ir \ sin (0-/3) 

20 ' tan( a -0) = r -- c - r --- 2 - - . 

21. (a +b) tan (0 -a) =(a - 6) tan (0 +a), a cos 2a +6 cos 20 =o. 

cos (a -30) sin (a -30) 

U ' — ooi 8 ? ““ ihi»0 

23. x : a \ b- cos 0 +e cos a : sin 0 : 1 + e cos (0 +a), where 
= a 3 ( 1 -fl 3 ). 

24. x =tan -1 (0 +a) + tan“ l (0 - a), y=sin-‘0. 


Elimination. Two Variables. 

ICxamplo 7. Eliminate 0 and </> from the equations, 

(a - a) cos 0 + y sin 0 =a ; (x -a) cos </> + y sin «/> =a j 

0 </> „ 
tan - - tan - = 2e 

given that 0 and </> are unequal and between 0 and 2n\ 

0 . 0 

1 - tan 3 - 2 I an - 

cos 0 = ; and sin 0 = 


1 +tan 3 | 


1 + tan 3 ^ 
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,\ tan | and tan ~ (being unequal) are the two roots of 

& At 

, , 1 -f a 2 1 

. ^-°)nT a+2/ riT a=0 ' 

This reduces to xt a -2yt+2a-X"0', 

, 0 x ch 2y fl d> 2a~* 

•\ tan-+tan- = -^ and tan - tan ~ 


But 


0 4> „ 

tan - - tan ~r—2e ; 

0 y <f> y 

tan-«2 + e; tan£=^-e| 
2 x 2 x 


■■■ (H(H- 


2a -x 


i/ 2 - e 2 ® 2 =2ax - x* ; 
/. a 9 (I -e 2 )-fj/* =2oa. 


EXERCISE XIV. e. 

Eliminate 0 and in Nos. 1 to 12: 

1. sin 0 - sin </) =2a, cos 0 - cos <£ — 2b, 0 ~<ji~2y. 

2. x =a sin (0 - «£), f/=2acos0eosc£, 0+<fj=a. 

3. sin0+Bin<£=a, cos 0 +cos<jf> =6, tan 6 - tan </> =c sec 0 sec 

4. Bin0+sin</>=®, cos 0 +cos<jf> =y, tan|ta n^=2. 

5. sin0 +sin<£ =«, tan 0 +tan <f> —t, sec. 0 +sec 0 —k. 

6. cos0+coa<£=a, cos 20 +eos2^>=6, cos 30 -tco3 3</>=c. 

7. y tan 0 —x tan 2 0 +a, y tan <f> =® tan 2 <j> + a, tan 0 tan </)=—!« 

8. ^cos^+^sin0 = l=^eos0 + ^sin0, 

b a cos 0 cos^ -{-a 2 sin 0 sin<£ =0. 

9. cos0=cosa cosy, cos (f> = cos /J cosy, tan| tan ^ — tan^ . 

10. ® cos0+i/sin0=*cos^+i/sin^=2«, 2 cos | cos ^=1. 

11 . sin 20 cos , o cos 2 0+6 sin 2 0 -q, 

(o sin 2 0 +6 cos 3 0) cos 2 <£ + c sin 2 </» =r. 
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12 ° s ' n2 ^ + ^ B ^ n2, / > - ^ 0 s»i a t/) _ c sin a 0 + g sin a <ft 

b co s 2 0 +ccob 2 </j~c cos a 0 +a cos a </j — a cos 8 0 +6 cos 2 </>' 

13. Eliminate A and B from a sin B =b sin A, c=a coa B + 6 coa A, 
mcl <i =cos (A +B). 

14. Eliminate 0, </>, and \p from 

cos 0 = cos /3 cosy, cos </> cosa = cos/?, cos>/r cosa =cosy, 

0 =z<ji +\p, 

15. Eliminate 0, </>, -p from 

coa 0 + coa </> + cos \fr =o, 
sin 0 +sinf/) +sin^=&, 
cos 20 + cos 2<f> + cos 2p = c, 
sin 20 + sin 2</> + sin 2p =d. 

16. Eliminate a x , a 2> a 3 , /3 tl 0%, 0, from 
cos a a! +cos a /3i +cos a 0, 

=cos 9 a a + cos 9 /? 2 +cos 2 0 8 =cos a a 3 +cos 2 /? 3 +cos*0j=*1, 

. cos a 2 cos a 3 + cos 0i cos 0 3 + cos 0 a cos 0 3 

= cob a s cos a t + cos 0 t cos fi 1 + cos 0 3 cos 0 2 
=008 0 ! cosa a +cos/3j oos/3 2 +cos 0 t cos 0 a =0. 


17. Eliminate l and m from 

l cos a +m cos (0 - y) =1 cos 0 +m cos (y - a) —l cos y +m cos (a - /?), 
where no two of tho angles a, 0, y differ by a multiple of 2 ir. 

Also prove that f =m(oosa +cos/3 -l-cosy). 


18. If sin (t/> +p) +sin(^- + 0) +Bin(0 +<j>) =0 and 

, 0+<t 0 -<h . . 0 + (h 0 - </> 

A. =cos ^ • sec — gJ-seoy, fx =sm— ^ sec — ~ 


coseo^. 


where sin(0+</>)=/*O, prove that A/* + X+/i=0. 


19, Eliminate a?, y, z from 

( x=y cosy +z cos 0, 
y-z cosa +& cosy* 
z =acos 0+y cos a» 
and express the result in factors. 


20. Eliminate tn and m' between 

bin 2 +2/rm + a=0 =&m' 9 + 27wi' +a, tan -1 m + tan -1 m' = 2 tan -1 •- , 

x 
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Inequalities. 

Example 8. If 0 t , 0 2 , 0 3 , 0 4 , 0 6 are five positive acute nnglos such 

s 

that their sum is 6a, find the maximum value of ^ sin 0 r . 


A 

Suppose that 0 t is as large as any of the 6 angles and that flj is ns 
small as any of the 6 angles, so that 0, > a > 0 2 > 0. 

Then [sin 0, + sin 0 2 ] - [sin a +sin (0 2 + 0 2 - a)] 


„ . 0J+0, Oi-0 

= 2 sm - cos - 


d - 2 sin 


0j + 0 2 O, + 0 2 - 


„ . 0 , + 0 2 / 0 , - 0 | 0 ,^ 02 - 20 ^ 

= 2 sin (cos - cos -1 1 ) 

. . 01+00 . 0, -a . 0 2 - a . 

= 4 sm — 2 sin sm <0 j 


,\ Bin0 1 +sin 0 2 <sina+sin (0j +0 2 -a). 

6 

If then, in ^ sin 0 f , wo replace sin 0j,sin 0 a by sin a, sin (0 2 +0« - °), 

wo have not altered the sum of the angles but we have increased the 
sum of their sines. 

This process can be repeated until each angle is a and this stngo is 
. reached after 4 steps at most ; the maximum value is G sin a. 


EXERCISE XIV. f. 

Discuss the maximum and minimum values of (Nos. 1-6) i 
1. 4 tan x + 3 cot x. 2. 1 - sin x + sin 4 #. 

3. C - 4 sin x + sin 1 #. 4. 6 sec 0-3 tan 0. 

5. 10 sin s 0 + 16 sin 0 cos 0 + 18 cos 2 0. 

6. Show that tan 3* cot x is not between 3 and J. 

7. Find the loost numerical value of - — whon a > 0. 

sin 0 

8. Find the maximum and minimum values of tan 3m cofc*x. 

9. Show that tlio maximum and minimum values of 

a co s a 0 +26 sin 0 cos 0 +c sin 2 0 
are the roots of {x -a) (a: - c) =6 2 . 

Find the greatest values of the following (Nos. 10-13): 

10. a cos 0 + 6 cos <j>, subject to 0 + qb =a. 
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11. tan 0 tan </>, subject to 0 + r/>=a < ~ , and 0< (0, e/> ) < 

12. sin 0 Bin if) sin subject to 9 + f/> +Y-- =3a, and O<(0, < 

13. cos 0 cos <t> cos yjr , sub j ect to 0 + (/> + i/r = 3a, and 0 < ( 0, ^, ^) < 

14. Find the minimum value of tan 3 A + tan a B + tan 2 C, where A, B, 
C are three aouto angloa whoso sum is a right angle. 

15. Find the least values of (i) 2 tan A, (ii) 2 cot A, (iii) 2 cosec A, 
whon A, B, C are positive acute angles with a constant sum 3D, 

In a triangle ABO, prove the following rosults (Nos. 10-22) : 

16. 1 < cos A +oos B +cos C ^ 

17. cos 2A 4-cos 2B + cos 2C ^ 

18. 8 cos A cos B cos C ^ 1, and only = 1 if A =B =0. 

19. cos 2 £(B -C) +oos 2 i(C - A) + cos a I(A -B) > 1. 

20. tan A + tan B + tan O > 3 •/§, if the angles are acute. 

21. 8 sin £A sin JB sin £C ^ 1. 

22. as* +y * +z a - 2 yz cos A - 2zx cos B - 2xy cos 0 > 0, unless 

x : y : z~a ; 6 : c. 

23. Provo that tho least valuoof coa 2 0 -hcos a </> +cos 2 ^, subject to 
u cos 0+6 cos (/> + c cos =d, is (t a ^,a ~ c 3 • 

24. If 0<(a, fi, y)<b r, prove that 

sin « Bin /j sin y 5* sin (/3 + y -a)sin(-y + a-/3) Sin (a +/$ - y). 

MISCELLANEOUS EXAMPLES 
EXERCISE XIV. g. 

1. Provo that sin 10° +sin 20°+Bin 02°=sin C2°+ain 50°, 

2. Provo that 

sin (30° + 0) - sin (30° -0) - sin (72° + 0)+sin (72° -0)=ain 0. 

3. Provo that ^ = £ (oot a 0 + tan*0). 

4. Express sin (a +/3) and cos (a +/?) in torms of sin a +sin (3{ = s) 
and cos a +cos [i (ac), and provo that 

..... s 1 +c s .... , a , . B 4a 

(1) a Bin « +c cos a = g - ; (11) tan ^ +tan L = 


bdl q tol 3 
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6, If tan 0 =- . S - ‘ n ^ prove that tan (0 -</>) =(n - 1) tan «]b. 

i “ti enr<l> 

j (sin <fi — Bin </>') =sin (</> - (/>') and </), <// do not differ by 2nir, 
it e a sin cf> sin «/>' =(e* - 1) cos* £(</> - <f > ')• 


6. If e, 
prove that 

7. Prova that °°- B ‘ ? ■ ? ; 03 dn-(ff -a). 

cos (2/3 -4a) +2 cos 2a ^ ' 

oo9 8 /3 sin*/3 
cos a T sin a 


8 t , cos a , sin a , ,, , ova , «»i» ij . 

.If 7j+rrr-r»= - 1» prove that :■ = 1» 


cos /j + sin /3 

9. If A +B +C + D =27r, prove that 
cos 2C + cos 2D - cos 2A - oos 2B 

=4 (cos A cos B sin C sin D -sin A sin B oos C oos D)< 

10. If Cj, Cj, c„ c 4 are the cosines of the angles of a quadrilateral, 
prove that 

(V + V + «,« + o 4 > - 2c lCa c 3 c 4 - 2)» = 4 (o^ - 1 )(c a a - 1 )(c s * - 1 >(c 4 * - 1 } . 

11. Prove that 

2 {sin (ft +y -a)} -sin (a+/ 3+y)=4 sin a sin ft sin y. 

12. If Bin (ft +y) +ein (y +a) +sin (a +ft) 

=sin (ft + y) + sin (y +S) +sin (8 + ft), 
prove that a+/3+y+S = (2n + 1 ) tt, if the angles are essentially distinct 

13. If cos a + cos ft + cos y = — cos a cos ft cos y , prove that 
coseo*a+coseo 8 /3 + coseo 8 y = 1 ± 2 coseo a coseo ft ooseo y. 

\a T f sin (»+<*)- sin (6 +c) sin (a +6) -Bin (o+a) ,, , . 

14. If oos (c+a) ’ prove that each 

of them is equal to the third similar expression, unless a — 6=mr« 

16. If a+6+c = 2s, prove that 


2{ain 3(a - a) sin (6 -c)} =4 sin a sin (6 -c) sin (o - a) sin (« -6). 
16. Prove that 


2 {sin 2x tan (y - z) cos 8 (y + z)) 

2{ cos 2* tan {y - z) sin 8 { y + z)} ss * ian *' ttn ^ ^ * * 

Eliminate 0 in Nos. 17-24. 

17. a sin 0 +6 cos 0 =$, a oos 0 -6 sin 0 =d. 

18. 2cos*0+sin0=a, 2 sin*0 +cos 0=6. 


19. * cos 0+y sin 0=cos 30, * sin 0 ~y cos 0=*3 sin 30. 

20. a sin {0 +a) +6 sin (0 +ft) +c sin (0 +y) = 0 

=a sec (0 — a) +6 sec (0 — ft) +c soo (0 — y), 

21. cos*© + a cos 0=6, sin*0 +a sin 0 =c. 
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22. 1 0 Bin*0 -sin 50 =6x, 10 cos 5 0 - cos 50 = 6?/. 

23. sin a 0 tan a +sin a a tan 0 ~p, cos *0 cot a + 003*0 cot 0 ~q. 

CO S (30 -q) _ cos (30 -fa) 

COS(Q-/j) 003 {0 +/3)’ 

25. Find the groatosb possible value of • 

26. Provo that cot 0 - cot 40 > 2, if 0 < 0 < l7r. 

27. Provo that 

5 C> - 2.n/ cos 0 + 1 /* , , 1-cosO , l+eosfl 

* — . lies between •: r and v— t* 

a .a ~ 2xi/ cos ^ -by* l-cos<£ 1 +cos </> 

28. In any triangle ABC prove that 2tan a £A 5 . 1. 


29. Provo that the area of the pedal triangle DEF ^ £A. 

30. If sin 0 ~/i sin </>, whoro /* > Land 0, c/j lie between 0 and prove 
that 0 - </> increases when </> inoreases. 



MISCELLANEOUS EXAMPLES 
On Chapters I to XIV 
EXERCISE XV. 

1. A man sees two objects in a straight line due E. of him. He 
walks a distance a due N. and then observes that they subtend an 
angle 2a at his eye ; after walking a further distance 2«, he observes 
that they subtend a. Show that the distance between them is 
1 Go tan a / (5 + tan*a). 

2. In any triangle, prove that 

a 3 ~2sa* + {r s + s J + 4Rr)a — 4RA =0. 

3. Solve the equation sin 30 -2 sin 0 =4 cos 3 0 - 3. 

4. If a; is positive, prove that 

$® s - ® + (1 - ® a ) tan -1 ® +® log (1 +® 1 ) is also positive. 

5. If the point of the Argand Diagram which represents the 
complex number Z describes concontrio circles, centre the origin, 

and + what ourves are described by the point which 

represents z ? 

G. Is it true to say that i* pounds is 1 dollar ? 

7. Prove that cot»^ + cot*^+cot 4 ^ = 19. 

8 . Factorize : 1 - cos*® - cos*y - cos*z + 2 cos ® cos y cos e. 


9. ABC is a triangle, right-angled at C, in a horizontal plane ; 
AC —l =CB, and vertical posts AL, BM, CN of lengths p, q, r are erected 
at the vertices. Show that the angle 0 between bho planes ABC, 
LMN is given by l 2 tan*0 ={p -r) a + {q -r) 2 . 

10. If P is a point in the plane of a quadrilateral ABCD, such that 
the triangles ABD, PBC are directly similar, show that ABP, DBC are 
also similar and deduce that 

AC a =AP 2 + PC 3 -2AP . PC cos (A+C), 

*nd ®V = a a c a +b 2 d 2 - 2 abed cos (A + C). 

11. Find the solutions between 0 and i r of 

cos ® + cos 2y=cosy +008 2z=cos z+cos 2® =0. 

12. If |®| < 1, find the sum to infinity of 1 4®* + ^ ( 

12 3 
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13 Provo that 

sin 2rt 0-}-coB 2n 0 = l -nsin a 0coa a 0 -}■ — j-- . --— - sin*0 cos*0 - 

lil 

and give tho last term. 

14. If a, fi, and y aro real numbers such that 

cos (a -\-ifi) =COSy +i siny, 
prove that sin 2 y =sin*a and sh 2 /3 =sin 2 a. 

15. Find tho values of 

2tt Stt 10r , 4 tt 16tt 20* 

008 21 ‘ ' 008 2l h C0S -gy and cos g j + coa + cos . 

16. Given sin 0 : sin (0 + c/>) • sin(0 + 2$) —a : b : c, find the ratios 

cos 0 : cos{0 +<£) : oos(0 +2t/»). 


17. From the top of a hill of uniform slope the angle of depression 
of a point in tho plain below is 30°, and from a spot J of tho way down 
it is 10° ; find tho slope of the hill, 

18. ABC is a triangle in which B = 80°=C, and points E, F are 
talcon in AC, AB so that EA = EB and BF — BC ; prove that L FEB = 30°. 

19 Find tho conditions for tho equation cos 20 +id oos 0 +c = 0 to 
give two possible values of cos 0. 

20. Expand a* sin a; in a sorios of powers of x* 

21. Prove that tho points of tho Argand Diagram which represent 
tho complex numbers z lf z 2 , z 3 , z 4 are conoyolio if real numbers 
a, b, c oxist such that 

{b -c) (*iz, +z,z 4 ) +{c - a) (*!* 3 Fzjzj + (a~6)(z 1 z., +z,z a )=0. 

nn t. . , , , . a: 2n c 2n oos 2na , 

22. Provo that eh ax cos bx = 1-1-2. whore 

tana=- ami c a =a 2 +6*. 

a 


2n / o r \ 

23. Provo Hint 2sec(0-i- o 1)” (2n + 1) see (2n + 1)0. 

o \ zn + 1 / 

24. If 

a -b c~d , 1 +ac , l+id 

1 + ab ~ l + cd ' 1)1 ovo iab V T+o* V ITo 2 ~ ± V TTPVT+d 3 ‘ 


25. Tho pianos of two intersoeting cirolos of radii a and b are 
inclined at an angle 0 and the longtli of tho common chord of tho 
circles is 2 c ; show that tho radius R of tho sphere which passes 
through them is given by 

(R a - c 2 ) ain*0 =a a - 2c a +fr* - 2 oos 0 \/{(a 2 -c a )(5 a - c 1 ». 
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26. In a quadrilateral, if AB and CD are parallel, prove that 

cos 2 4(A +C) = (s ~a)(s - c)(b -d) z l{bcl{a -c) 2 }. 

27. Find the sum, s n , to n terms, of sin x +sin 3a; + sin 6a? + ... and 

show that lim - (s x + s a + ,,. +$ n ) =i cosec x, unless a?— for. 
n-KoN 

28. Find the sum to infinity of ^r+ + rn + ... . 

o ! 71 11 ! 

29. Use the identity 2) =:c a to prove that 

y coa2 ( Q + a )ai n(Q-fl) sin (0 - y ) = coa 40 
sin (a - ft) sin (a -y) 

30. If r ois 0 ^ + j qpri , prove that r sh 2 £ = 2c (cos 0 ±ch £), 

31. Fonn the quadratic whose roots are a +a 4 and a a +a*, whoro 
a =cis j deduce the values of cos ~ and cos ~. 

32. If a? = 0-g, 0, 0+1 satisfy a cos 2x +b sin 2a? =o cos % +d sin x, 
prove that a 5 +6* =c* +d 2 . 


33. Prove that 

tan(0+h) -2 tan 0+tan(0 -h) =2 tan 0 sin 2 A seo(0 + />) soo(0 - h }, 
and, taking 0 = 82° 3', compare, using four-figure tables, tho value 
found for tan 0 by this formula and by interpolation from tan 82° 
and tan 82° 6'. 


34. In a triangle ABC the triseotors of B and 0 whioh are the noaror 
to BC meet at U. V and W are similar points. Find tho length of 
VW, and, by reducing the result to a symmetrical form, prove that 
UVW is equilateral. 

35. Simplify: 


tan ' 1 af?l +tan "§^+ t “ n -‘$7 ?i + - t0 n torm8 ’ 

and deduce a series for it by taking x *=y, a n = 2n - 1. 
sh 0 - sin 0 


36, Prove that lim 




e _,o 0(ch 0 - cos 0)' 

37 , Deduce a trigonometrical identity from 

2(6 -c)(l +ab)(l +ac) -=(& - c)(c - a)(a -&)* 

38, If cos (a; +tj/) =tan (£ +<?j), prove that 

oh 2 2u - 2 oh 2y jjglMljhL 2 *? , 2 (sin 2 2£ - sh 2 2y ) __ , 
(cos 2£ +oh 2^) a r (oos 2£ + oh 2^) a ~ 
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39. Provo that £ sec* ' — =2 n 9 . 

l * n 

40. If xyz ss® + y +z, prove that 2{a(l — 2/ 2 ) ( 1 -z 2 )} =4 xyz. 


41. A man walking along a straight road notices two objects in line 
with him in a direction making an angle a with the road. After 
walking a distance c along the road he notices that they subtend an 
angle a, and again after walking a further distance d that they 
subtend the same angle a. Find the distance between them. 

42. ABC is a triangle with points D, E in AB, AO respectively, such 
that BD —a =CE ; prove that DE is perpendicular to 01. 

6 0 Q 

43. Sum the series 3 sin* g 4-3* sin 3 ga +3 a sin 3 ^ -I- . . . to n terms, 
and deduce the sum to infinity. 

44. By expanding log {{ 1 -arc)(l - fix) (l -y*)(l -8$)} in two ways, 
show that a 5 + fi 5 4-y B 4-o 6 4-6 -afi . 2a/jy is divisible by a +fi + y +8 
and find the other factor. 

45. If s rt is the sum to n terms of 1 4-z 4-z 2 4-z* + ... , where z =ois a 
and a=£ 2 &jt, prove that 

n-*(o ** 1 —z 

46. Find the sums to infinity of 

(0 33733 + 3*752 + W 7 V +,4 ‘ 5 
(ii) + + -grpp + ••• • 

47. Provo that 

it 3tt 6?r (n -2 )tt 

cosoc 2 - -COSOO 2~ 4-coaoe ^ - ... cosoo 

whore n is odd, is equal to J{n 4-{ - l)^ n + 1 >). 

48. If 

cos (fi -I- y -I- 0) + cos fi -I- cos y = 1 —cos {y 4- a + 0) 4- cos y + cos a, 
and a - fi =/= 2nrr and y + 0 -A (2n -t- 1 )tt, 

prove that cos {a + fi + 0) + cos a 4-cos fi ~ 1, 


49. AB is a horizontal lino on an inolinod piano OAB ; OA, OB, and 
the piano OAB mako angles a, fi, y with the vortical ; prove that the 
cosine of AAOB satisfies fclio equation 

{1 - a;*) cos a y 4- 2.x cos a cos fi = cos 2 a -I- cos 2 /3. 


60. In a cyclio quadrilateral, provo that ~ + ~ unloss o*=a. 
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61. Evaluate 

aosa + cos/?cos(a + /}) + cos J (j cos (a + 2/3)+ ... + cos"/3 cos(u+n/J). 
B2. II* > 1 , prove that I+jj/zT) > io S^i > 5^T 
53 . h -g+gl* - +... to ,. + I 

terms, prove that /(2a) =( - l)"/(n). 

64. If |r| <1, prove that 

r sin 0 + 2r* sin 28 + 3r- sin M + ... 

2; r 

65. If wand n are integers such that 0 < m<n, and l =cis — , prove 

nx m ~^ n-l t mr n 


66. Eliminate 0 and </* from the equations 

tan 0 +tan <j> =tan a, cot 0 + cot = cot /?, o sin (0 + «£) — !« 


67. A fly, stationed at a point of the circular baso, radius r, of a 
cylindrical tower, finds that he can just see a distant flagstaff by 
walking along the tangont line to the base either a distance p in one 
direction or a distance q in the othor. Show that the distance of 
the flagstaff from the centre of the base of the tower is 

*■ ViiP* +r t )(q i +r*))l{pq-r t ), 

58. Straight lines are drawn through the vortices of a triangle 
ABC making the same angle 0 in the same sense with the opposite 
sides, prove that the area of the triangle formed by thorn is 4A oos a 0« 


69. Does 2)sin 2 r0 -r£cos 9 r0 tend to a limit when n-»-co 7 
l 1 

60. Prove that a:*>(l +®){Iog (1 +»)} a , whore x > - 1, x^O. 

61. Solve the equation a 9 + 2,r s + 2 = 0. 

62. If log sin-(0 =a+i/3, prove that 2e a °=ch 2 </> - cos 20. 

63. Use the result of No. 65 to show that if n and 3 aro odd and 
s< 2n- 1, then 


n — l rsff 

cos 

n . sn- , 
— =?i sin and 

T 7T 


ti — i 
2 


0 


cos- 


n 


n — l . tstt 
\ sin 

V — — =0. 

/_! nr 
r.nfl — 


64. If Gj, 0 2 , 0 3 are roots of tan (0 + a) =k tan 20, no two of which 
differ by njr, prove that 0, +0, +0, =wur - a. 
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65. From a point on tho ground of a square courtyard of area a 1 
the angles of olevation of the buildings (of equal height) at throe 
consoeutivo corners are 60°, 00°, and 45°. Show that the height is 

aV{3(l-iV2)}. 

66. For a cyolio quadrilateral, prove that the square of tho 
distance from tho centre of the oircumcircle to tho point of intersection 
of the diagonals is 

(ao+6d) a {6d(a a -c 3 ) 3 + ac(6* - d a ) 3 }/{<r(a& +cd)(ad +bo)}, 

whore <r is tho product of expressions liko 5-ho+d-a. Verify tho 
result by applying it to a square, a triangle (d ~0), and a rectangle 
(a S.-C, b =d). 

67. Draw tho graph of sin x +oos 2x, for 0 <& <2~, and use it to 
find, roughly, tho values of a; for which 5 (sin x T cos 2.v) = 1. 

0 5 

68. If 0 is positive, prove that 0 3 <3 (sin 0-0 cos 0) <0*. 

69. Find tho valuos of (3 + +(3 - 

70. If the point of tho Argand Diagram which represents the 
complex number z describes tho unit circle centre tho origin, what 
curve is described by tho point representing iz + « 4 ? 

2r 

71. If a =cis — , show that 

1 u 

a -)■ a* + a 4 + a° + a 10 + a 1 * and a 3 + u 5 + a° +a 7 +a 9 +a 11 
aro tho roots of x* + 8 =3. 

Dcduco that cos ~ cos ^ cos rV ( V13 + 3). 


79 T f t an (a H-/?~y )_tany 
tan (a -(3 -i-y) tun [S’ 
either sin ((3 ~y) =0 


prove that 

or sin 2u + sin 2(3 -I- sin 2y - 0. 


73. From two points A and B at tho samo lovol on a cliff, the 
angles of dopression of a ship S aro observed to bo a and [3 and the 
difference of bearing to bo y, Provo that tho plane ABS makes an 
angle <j> with tho horizontal given by 

sin 3 y tan a r/, = tan 2 a + tan*/3 - 2 tan a tan (3 cos y. 

74. ABC is a trianglo with B = 80° =C, and points S, T are taken in 
tho productions of AC, AB, so that L BCT =30° and L CBS = 00°. Show 
that ST is inclined at 50° to BC. 

75. Find an oquation which shows how to divide a given circle 
into two parts of oqual area by a biroular aro whose centre is on the 
oircumforonco of tho given circle. Solve the oquation graphically. 
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76. If « M =s(n + !)«„_! -(n~I)M n _ a , prove that 

lim “Y=« a (s -2) -% (2e ~6). 

n-»coW. 

77. Find the locus in the Argand Diagram of the point which 
represents at+ftt 3 , where t is a real variable and a and ft are complex 
constant-a. 

78. Find the sum to infinity of 1 } ~ ii + & - iV + ••• • 

79. Show that sec ~ - see ^+seo yj -sec yj + sec ^ =6. 

80. If x<y< 0, and a 3 =9(a; -f 1), and y 3 =9(y + 1), prove that 

, » + 7=(i/-I)». 



ANSWERS 

CHAPTER I 


EXERCISE I, a. (p. 1.) 


2, 07° 54', 3. Ill 0 2'. 4. 38° 12', 48° 7', 93° 41'. 

5. 99 ’7. 6. o = 7-01, a = 22-4, A =70° 18'. 

7. -2° 21', B = 10° 30', C = 1G° 12', a =40-2. 

8. 33-0; (0=32° 14'). 9. C«C0° O', a = 35-4, bn 04 -8. 

10. C=00°G', A=70 0 BR', a = 8-7(J or C^113°06 / , At. 23“ fi' 

a = 3-03. 

11. 30° G4', 87° 4', 60° 2'. 

12. A = 2G° 25^', C = 34° 40 J', b = 13-77. 13. ImpoHHihlo. 

14. <G-lj = G-lor>145; botwoon fi l and 14-5 ; (i) C = 87° fill', 
B = 121° 28', 6 = 20-13, or C = 142° 4', B =■- 17° 20', J^-7-()3j 
(ii) 0 = 18° 21', B — 141° 3', 6 = 28-05; (iii) impoimihlo ; 
(iv) 0=00°, 6 = 13-57. 

16. a a -2<icoosB-t-c a -6 2 r-.0 ; 2o ooh B, c* -6 * ; 180° 5 180° - -211. 
21. 40-2} (0=77° 22'). 24. - G° /»' ; (0 * = f,3“ 38'). 


27 ° t+bt + 0 * 
’ " 2nba 


EXERCISE I. b, (p. 7.) 

!• 181. 2. -1, V, 3 . 3, K14. 12. 14. 

4, 13-3, 0-05. 7. 2R win A «in B Bin C. 

26. 7-84. 28. 13 0. 29. 2 v /(Rr l ). 

37. 2R 008 A oob B ooh C, - 2R ooh A Hin B Hiu O. 

39 , R(oob B coa G 00a C 00a A 4 - ooh A 00a B). 

280 



280 

ADVANCED TRIGONOMETRY 




EXERCISE I. c. (p. 12 .) 


2. 

iU/3-1). 

.33 S 29 

56’ 12* 330‘ 


6. 

2279 

1100’ 

4873 

6 ' W 


Il- 

cot - 1 ( 17 ) 

. 12. cot -1 {| (cot a -cot/?)). 


ls. 

372 . 

18, AK , AL=6c. 


19. 

i«R cog A, nR 

cos B cos C 5 i«R cos (B - C) ; r~— 7 ^ 

0 cos (C 

-B) 

-A)* 

21. 

ll- 

22. tan A : tan B : tan C. 23. 

N | H. 

39. 

(ii) Q. 

40. A circle, centre O. 




EXERCISE I. d. (p. 17.) 

• 

26. 

-4Rr a (« - 0 ). 





EXERCISE I. *. (p. 19.) 


1. 

16° 43'. 

2. 98° 60' or 43° 39'. . 3. 89° 

36', 120. 

4. 

78° 28'. 

6. 95° 1'. 6. 7^5 

i. 8j5. 

8. 

4RA . 4A . 


— , a 2 ±— 

a a 

•7(4R=-a*). 9. r^flr, +*•»)(»•, 

+ r 3 )}- 

10. 

b sin A 
c - b cos A * 

11. N /{a 3 +6* ±2 s /{« 2 6 2 -4A 2 )}. 

13. 29° 44'. 

14. 

10-2. 

15. 8, 113° 25' or 1, 0° 35'. 

16. 8^3, i. 

17. 

2 or 17. 

19. 2r 3 cot ^A-r(j3 -2r) 




EXERCISE I. f. (p. 21.) 


6. 

0-05 ft. 





EXERCISE I. g. (p. 22.) 


9. 

2R sin £A. 

16. t-an J{b* - a 3 sin* 

B). 

21, 

^ ACB = 45°. 

24. cos- 1 ^. 
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CHAPTER II 


EXERCISE II. a. (p. 26.) 

1. 29 0. 1, 7-43, 7-04. 3. 7-95. 4. 1 10° 47', 

7. 10. J(abcd)-, C 4. IX. 3*51. 

a — G ab 


abcd(aa+bd ) 

(ab +c d)(ud+bc) ' 


16. Q,A = 


a(bc+ad ) 
c 3 ~- a 2 * 


Q.D ~ 


c(ab 4 - cd) 
o 2 - a* 


ate. 


EXERCISE II. b. (p. 28.) 

1. cos(B + D)= -if. 2. tanO=-V-* 

3. 30^/85. 4. tan 0=2-4. 

5. ~~j~> W. 6. t 7 j. 14. sin^~ . ^/( abed ). 

16. (i) 6^10; (iii) cos" 1 ^,; (iv) 6-94, 6-40 ; (v) 3-29. 

17. 7; 2. 18.2368. 


EXERCISE II. c. (p. 29.) 

1. cob- 1 (-t)* 2 - 13 ' 8 > 14*3. H-l. 3. 3528 j no. 

4. 7. 5. 1, 120° or 3, 60°. 6. Two solutions. 

7. 16. 8. 7± v /22. 9. ^3,-73. 10. 

17. cos-: 1. 18. cos 3 -: 1. 22.4^3. 

n n 


EXERCISE II. d. (p. 30.) 

3, 834, -^s/865, tan” 1 ^. 4. 90° or 118° 28'. 

(ac -bd)(bc -ad) . (ac -bd)(ab - cd) 

0 . X z — = , y* = ; ; . 

c ib - cd * be - ad 

10. J(2p -qa +ts 2 -8 a ). 

17. The values of x, y are any pair selected from 6 63, 8-27, 10-0. 
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CHAPTER III 
EXERCISE III. a. (p. 35.) 


2. 2nir, 


4. 2«7r+^. 


7T „ „ 7T 2?r 

5. (2n + l)ir. 6. 2«ir — — . 7. 2»ir + ^ or 2nv + -- . 

7T 7T 7T 6tT 

8. 2nir ±- . 9. nv +- . 10. 2nir - - or 2wr - — . 

11. 2n7r±^. 12. nTr-^. 13. nir. 14. . 

0 4 o 


(2 n + l)?r 


21. 2rur ig. 


(4» - 1)7T 

10. —j— 


19. HT+-. 
4 


(4n - l)ir 


20. nir ~ ~r * 
4 


22. 2wr +a or (2n + l)?r -a. 


7 

3 * 


EXERCISE III. b. (p. 37. 


(2n + l)ir nir 

L 4 * 2 ‘ 0 ' 


3. nir or 


(2 n + l)7r 


. (4n+l)7T (2n + l)7r 2nir ^ (4n - l)7r ^ (4n - l)ir 

__ • 6 ° r 7 ’ ' ' 4 10 


8 . (2» + l)n- g 


wr or nir + — , 

4 


11. 2mr or 2nir . 12. 2nn or 2wr . 13. nir. 

Z l) z 

14. n . 360° + 96° 52' or n . 300° - 23° 8'. 15. nir + ~ or nir + 

16. n . 360° + 92° 44' or n . 300° - 110" 20'. 

17 , or 2 , w± fe 18. or ( - B ^ . 19. f . 


nfl ftir n , . , IT (2n + l)ff 

20.—. 21. nir±-gor' ^- L ~ 


22 ^+- 
22 * T + 4 ’ 
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23, 2htt or 2n?r or inr 

2 4 


24. tUTori 4 "- 1 )?: 


>5 4 8 

2B. 2nir + a . 26. ^ . 27. 

* 12 8 

28. m r or nir + £(a +/3), provided that a +jQ^(2m + 1 )jt. 

29. 2wr or 2wr - ~ . 30. — +a. 


30. " + a. 


31. nir -I- $a or nir + |(7r - a) where a ie a value of sin -1 1 1 • 

(2n+l)7rJ 

32. ij^S. 

33. (i) 2wr or 2nir + ~ ; (ii) no solution ; (iii) 2mr or 2n7r + ~. 

& 3 


34. 2wr , 

u 


35. nir + -— . 

14 


37. Yea. 


EXERCISE III. c. (p. 40.) 

1. ±0-824. 2. 0-042. 3. 7. 4. 5. 

5. 0-913 or -2-517. 6.3. 7. nir -I <0< wr 

10. a* 4-1^4. 

11. x, y aro wr + - , ( n ~2k)ir , or nir - ~ , (n - 2 k)v + 

fiir , Ctt 

or wr -|- , (n - ‘2A:)7r, or utt, (n - 2k)ir H-— , 

12. x ~kir -l a, y “(2 s + /c)ir -I-/J whore a, (i aro^, or - 

7T 7T 7T 7T 0 

0t 6’ 4* ° r "0‘ ~ 4 ' 

. „ inir 

13. x-ntr, y=- — . 

14. x^mir, y --nir, or any vuluoa which satisfy sin £ - silt y = 1. 

IB. a: = nir 4-~ , y = kir, 

u 

16. 0 « 120° 47', </» -= 307° 5' or 0 = 3f)7° 5', </> = 126° 47'. 

17. a = 36° 02', y = 00* or x =351° 12', i/ = 298° 4'. 

18. aj=(6fc ~3n + £)~ , y =(Gn - 3& + J) 


* 


tc! =1 
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19. J/ = y, z = y where p, q, r in order are (4, 2, 1)} 
(1, 4, 2) ; (2, 1, 4) ; (6, 3, 5) j (6, 6, 3) 5 (3, 6, 0). 

. 2tt Gtt 4tt 5tt , 

20. Seven solutions: x -y ~z~-~ or x = ~, y = ~, eto., 

87r 5 t r 7 tt 

w *“T'* , "T'* aa T’ et0 ‘ 

EXERCISE III. d. (p. 44.) 

3. sin \0 = + 7(4( l -cos 6)} 'f 4ns- <0<(4n + 2)7r. 

4. (i) +5 (ii) - J (id) -h, -. 

6. (i) + , + ; (ii) -j (iii) + , 

6. 7. -, + . 8. + , 

10. sin ~~ cos + 7(1 -sinO) if 4n7r+^<0<(4n + 2)?r+“. 

11 nnd 12. 4wr+~<0<4tt;r+~, 

a Z 

13, 2n?r +~-<0<2a7r+~. 14. 2nr +^p< 0 < 2n?r +^p . 

4 4 4 4 

15. (i) ±iV3; (ii) ±J. 16. (i) ±1 ±*73 | (ii) ±b ±473. 

17. 47(2-7(2 + ^2)}. 18. -f. 19. 

2°. ^ {-l±7(l + tan»0)); (i) (ii) -.{ (iii) +. 

21. (1 ±7(1 22. + if 2nir <0<(2n + l)7r. 

23. sin sin (27 t +a), sin % (47t +a). 

24. (i) cos 20°, cos 100°, cos 140° ; (ii) cos 50°, cos 70°. cos 170°. 

26. (i) 4 cos 40°, 4 cos 80°, 4 cos 160° ; 

(ii) 4 oos 25° 10', 4 oos 94° 60', 4 cos 146° 10'. 

27. (i) G cos 20°, 6 cos 100°, 6 cos 140° ; 

(ii) 0 cob 45° 58', 6 cos 74° 4', 6 cos 105° 60'. 

28. -1 + 4 oos 40°, -1+4 cos 80°, -1+4 oos 160°. 

29. 2 cos a where a =24° or 48° or 90° or 120° or 108®. 



1 . 

2 . 

6 . 

7. 

12 . 

16. 

23. 

26. 
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EXERCISE III. e. (p. 48.) 
1 
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p= ±- 


3= ± 


Vt 1 +*•).’ 

(i) ±7(i-* 2 ); (H) ± 


i i 

7 ( 1 +a s )’ f x 


7U -»')■ 


±shi ” 1 { 2 * 7(1 -a J )}. 

1 - 2a;*. 13. oj=3. 


8 -v 


3 ' P — 2 — * • 

6. 0, 4cos“ l £C. 


14. Bin -1 (3$ - 4» 8 ). 




kw - 2 a:. 
a; = 3 




17. 1 -_»»-y»-fay+»y 

( 1 +«•)<!+»») * 20 . p 12 - 1 . 


24. x = £ or y. 
27. *=^3. 


25. a: =tan - , 


1 . 

4 . 

7. 

9. 

10 . 

11 . 

12 . 


wr 

3 ' 


2 . 


EXERCISE III. f. (p, 40.) 
(4n - l)7r 


10 


a 7T V 

3. »tt + r, or nrr +— . 

2 4 


5. \(nir -a -/2). 6. nir + /B or (2» + 1) ^ ~a -/?, 


wr or 2»rr -I -a+b ±c. 


_ 6tt Utt 107T 

8 . — .m-jj- 


n x 300° + 41° 4' or « x 360° - 78° 60'. 

7T 2/17T 

(2h + 1)jt or n»r + 77 or — — • . 

Z o 

-sin %(a +/3) Boo J(a -/3) or -sin J(a -/?) boo J(u + /3). 
2uvr < 0 < 2n it -I- or 2 mr + ^ < 0 < (2?t + 1 )7r or 

(2n -1- l)?r -i~< 0 < (2n + l)7r . 


13 . 


®=a+nir, y = u-nir, if a «/■««•+ — { 

A 


imletorminnto, x -h y = (2?j. + l)7r i£ « = mr + 7; . 

£4 
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14, 0 = 2mit + a ±ft, <j> = 2nir + a T y where ft, y are positive 

angles, less than ir, given by 2a a c 2 cos ft =o 4 +o 4 - 6 4 , 
2t» 2 c 2 cos y =b* 4-c* - a 1 , 

15. x=m~, y—nrr or x - mv +— , y-nv +-. 

2 2 


- „ TT „ 27T rt 27T 7T 

1G. x = 2m tt ±— , y=:2mrd:— or x = 2mir ± — , y = 2tt7r i- ; 

o o do 

and t = kir +^. 

19, One value if |<o<^ ; otherwise no values. 

20. Two possible values of cos a if 0<m< one possible value 

if - 1 < m < 0 ; otherwise no values. 

22, sin|0=J{-7(l+sin0)+V{l-Bin0)}; 270° < 0 < 460°. 

no . 0 , 7T-0 7 r - 0 

23. -cot-, tan — ~ , -cot — . 

4 4 4 


25, (i) ip values ; (ii) 2p + 1 values. 

26. 2fccos 2n,7 ^ ~ forn=0, 1, 2. 27. tan' -1 p -tan -1 r, 

29, tan -1 -^= tan -1 +tan~ 1 | ; tan -1 J = tan -1 1 + tan -1 T *j. 


33, ii. 


34 


37 r 7T 

lO 5 2* 


CHARTER IV 

EXERCISE IV. a, (p, 54.) 

1. -693, 1*099, 1*380, -*693. 9. sq2* = 4i 3 j sq(-*)=sq<. 

13 * Yes * ^(hypi)=-. 14. hyp t = -hyp ^ , 


16. hyp t. 


IR I 1 1 1 

iD ' h Y» TT» TH> 
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1. °* 

XXX 

na 1 
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EXERCISE IV. b. (p. 68.) 

2< 2 3 -In 

X ' X ’ X * X 


3. — — — ~r » — i-T - ~TT~o * cot «, 2 cosoc 2x. - 2 coseo 2x. 

ax + b x + 1 x + 2 ’ 

5. hyp x, hyp (a; + 1 ), hyp (x - 1), - hyp (1 - a:), \ hyp (2* + 3), 

hyp (4 -6 k), a -2 hyp (» + 2), x + 3 hyp (as -3). 

6. ^/(®) ; hyp (sin ®), - hyp (cos *), £ hyp (sin 2a:), 

\ hyp (ax 2 -1-2 bx -|-c), ^hyp(l +a; n ), hyp(l +sina:). 

7. hyp (tan a:), \ hyp (tan a:). 8. 1 +hyp a:, x hyp a: - a;. 

9. +. 10. + , 


EXERCISE IV. c. (p. 01.) 

1. 1-380, 1-792, 2-079, 2 198, --693, - 1-380,' -400, -812, -98; 

2-718. 

2. -406; -400 5 -693; -093. 

3. hyp b ; hyp (a&)=hypa +hyp&. 

7. hyp (f&) - hyp (la) is independent of t and equals hyp ~ , 


4 . ac, t , e, e rt 
o 


EXERCISE IV. d. (p. 60.) 

6. a: 1 , 2 X , 2 +logaj. 

8. log x, f log t -t + 1. 9. xe x , (( - l)e l + 1. 

10. a; + 2a: log x. 11. — 12. -i. 13. ae a *. 

O X 2 x 

14. 3a: V s *. 16. 1. 16. -tana;. 17. tana:. 

18. oosa: . c 3,na! . 19. 2 tan a; sec 2 a: . e tan,a: . 

20. boo a: () fa: tana:) exp (a: see a:). 21, - e* sin(e*). 


22. -- oosoc (log a;) cot (log a;). 


23. 


nb 

a+bx' 


P i>' _ 1 

24 ' »rri 


25. oosoo x, sec x, . 

*/(»* + x‘) 
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26. ^log (3;u +4), 27. x+-^ log(2x + 3). 

28. log <2* + 3). 29. ^e 8 *. 30. e* + 

31. log (2 +3 cos x). 32. log (® a + 3x +4). 33. (log x) 2 . 


34 2 log ban | . 35. U x \ 36. £logsin3x. 37. -log (1 + e“*). 

38. log ban log tan |j log {a; +® 1 )}* 

39. log(x + 1) -|-21og(x - 1). 

40. 2 log (x + 1) - log (x + 2) -log {a: + 3). 

41. - £ log a> + \ log (x -2)-—-^. 

42. log (jc — 3) — -i- log (x 2 + 1). 43. £x 8 + £x s +x -t-log (a: - 1). 

44. x + ~ ~ r log (a: -a) + z — log (a: -6). 

0—0 0—0 

x a x i ajn+1 a!"* 1 

45. a: log a; — a:. 46. ^loga-y. 47. — loga: -^y,. 

48. xe* - e®. 49. x*e* - 2xe* + 2c*. 50. £(logx~l). 

u 

51. Differential coefficients, e ax (a sin bx -t- b cos 6x) } 

6°*(o cos bx -b Bin bx). 

Integrals, - ^ - e°*(a sin bx -6 cos bx ) ; 
o 4 +0 4 

. 6 «*(o cos 6x + b sin bx). 

62 . A_. a +b 
V s 



1 root for A < 0, 2 roots for 0 < A < - , no roots for A >- 

e * 
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il 1 e a * I * - 0 cos + ^ 8 ' n 


a 8 +46* 


r 


14. «-i* 8 +4a: s . 


17, (i) log/> _2^, (ii) log«> 2^1 — ~^{ the last. 


23, e a? (a! 8 -2aj + 2). 


25. -^7,“>0 -when y-xso , if n> 0. 

Ql\V 


EXERCISE IV. g. (p. 74.) 

t r . 1 _ . mn . B(m, n) 


.. log X 7T 1 

21 . , -^dx=— log - . 

0 1 + 0 8 s 8 2o * 9 


24. 


(i»+n)(m+« + l) 


CHAPTER V 


1. sin l. 

6 . 1 . 

8. 0 0523. 


EXERCISE V. a. (p. 82.) 

2. cos 1. 3. 1 - sin 2. 

6. sin 1 + cos 1. 

7** 


4. sin 1 - cos 1. 
7. 0 640. 


1L 1 + 0 + 300* 




r! 


12 / n »ri JL W. 

U. ( -l) * * ,! ' 2V2’ 

1 3. ( - l) n — — (3 + 3 an ). 15. tan x - 24 tan - . 

4 . (2n)l * 

18 . 0 - 4602 . 19 - 4 - 5 . 


EXERCISE V. b. (p. 80.) 

1. (i) log 2 ; (ii) log f ; <iii) i log 2. 

2. (i) -1<“< li (»>) °<| < 2 J ( iU ) * ,>1 « 

3. (i) - -• 2 -n , - 2 sc a: < 2 } 

n 

(ii) [1 +( -3) n ], 



296 


ADVANCED TRIGONOMETRY 


(iii) (-irO(2«+3"), 

(iv) -Kx^l} 

(v) { -l)"- 1 -2<x^ 2j 

n 

(vi) ( -l)"" 1 .-(l+2~ n ), -1<*< Ij 

w 

(vii) n odd, i ; n even, - (1 -2^ ), £ 3 <£i 

n n 


2 1 

(viii) n = 3p, j n = 3p ±1, - ; -1 <b<1. 

n ti 

4. (i) Q-G931 ; (ii) 0-4055, 0-2231, 0 1541 ; (iii) 1-0986, 1-3803 
1-6094, 1-7918, 1-9459, 2-0794, 2-1972, 2-3026. 


5. (i) 


n(n - 1 ) 


. 2 ", 


¥» 


(ii) ( - l ) n_1 . 


n(n - l)(n -2) 


. 3", -£<» < i! 


. 2-1 1 


V » 
n - 1 


(iii) n even, ( - 1) 2 . - . 2 l ~ n } n odd, ( - 1) 2 . • — — r 

n n ~ L 


2 t-n 


6. (i) log (1 - ®) + j-~-» 

(ii) m +*) log (1 +») +(1 -x) log (1 -»)} * 

(iii) 1 -^1 +^log (1 +tc), for *=£0; if a; = 0, sum is 0. 

7 - 2 {s + i + ^ + -}- 8 - w '- 

9 ' vhemv= ^rsx'’ xt>i ‘ 10 ' '■ 

11. -l+21o g 2. 12. 2 log 2- 1$. 13. log2-4. 

14. 2(1 -log 2). 15. 3 -4 log 2. 17. 

18.-1. 20. 0-175, 1-244. 
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EXERCISE V. c. (p. 89.) 

1 , 2 tan -1 £ 2. x -t •, k ~2tt ; x -nir. 

6 . + 6 . 5 . 

7. i log^-^ +^tan“ 1 ®, if a; 2 < I. 

8. (n +^)jt •[•tan 0 tan 3 fl +•$■ tan R 0 

9. tan 0^=0 +^0 8 +^0 B . 10. i« + tV «* "r^o t# * 


EXERCISE V. d. (p. 95.) 


1.1. 

2. *(•-£). 

3. 

2e. 

4. 1. 

e 

V 6/ 

7. 

1 

„ 3e 1 

5, <5-1. 

6. Gtf. 

e* 

8- ~z+Xt 


10. e a 

11 

e + 1. 


13. ‘1 + ® 6 -®. 
4.6 

14. e + 1. 

15. 

1 

6 ' 

16. 1+-. 

6 

17. 1. 

18. 

19. 

4e - 1. 

nn 17e 

20. -j-. 

2, 

22. - (e® — 1 

X 

-x). 



23. 

•C* 

+ i -!**]• 

24. 

2jx' 

-e-v'*) -1. 


25. i[(2-2a:+a; fl )e (C -2-|a! 3 ]. 26. 2 + 6x + ... +(2+3n)^ + ... 

Cl/ 

x n 

27. l+»+{j® a + ... +( - 6 n + 3n 2 )— +... * 

28. «(l+» + -+^+-)- 

29. 2 ^ 1+^p+^p + -]f coefficient of re" ie 0 if n ia odd 

it ia 2 n + l . -7 if « ia even. 
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»«•>+$- 

32. J, 

37. (i) e*< 


23 . , l+20n-10»» n 

— r- s. — ... + a: n + ... . 

8 2" .nl 

33. ^n.(3» -2) . 2 n-s , 34. 

; if * < 0 j (ii) e z > if ® < 0. 

l-x 2 -JB 


31 . 

35 . 3 . 


EXERCISE V. e. (p. 97.) 


1, (i) 0 ; (ii) ^ log 2 j (iii) ^2 log (^/2 + 1) ; (iv) 

■ (v) i (vi) i(c-^ + 2sinl). 

4. ±1 033,0. 5. a(l - 2 cos 0) + 2a*sin 20. 9.0-26194. 

14. (i) log « + 2 — (3~» - 2 -«)(b« ; -2<aj<2; 


(ii > S( ” 1 * P_1 [sjp^T * t *' 1 + ^ * w + Jp + i !C " + "] • 

i6 ' ->»■• 

16. J [; • i^hT] 1 *■ ( j - ,+2 '‘)>o. 

17. log 10 =2-30258; log 10 2=0-30103. 

18. log 2 = 0-693. 19. Sum = log ( -cot 0). 

20. $ log - — — — * ; all values of x ; n even, coofiiciont of ® Srt 

i — x H“ 3* 2 

zero ; n odd, . 

o7l 

21. (i) log 2 ; (ii) 1 - log 2 ; (iii) J log 2 ; (iv) 3 - 2 log 2. 

22. |log2- T 6 j. 26. (i) — ; (ii) £log^^ -■Jfcan"- 1 ®. 

O 1 —X 


27. - J. 28. a = 3, 6= -8. 

29. ±5: [t “l) r ~ l • 2 FT 1 ( tnn l tan |) tan B |tan*|< I. 

30. ^8. 31. 32. 4e + l. 

33. e-l£. 34. 36. 2Ie. 

hi (s 

42. 1 -a cos k + 0 * sin a A +|a 8 sin*fc oos k, 
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EXERCISE V. f. (p. 100.) 

h JL. 

1050 

3 2 1 

10. n~Qp, - - ; « «0p ±1, - ; n-Qp ± 2, 0 ; n = Gp -t- 3, — . 

n n n 


i 2 . 1 [i+t-ir>. •]. 


16. pn . »(» -4)(n - 6 ) p ,., + _ 

20. Order is (iii), (i), (v), (vi), (ii), (iv). 21. •§, 26. 15«. 

28. (i) (n-l)l; (ii) i(n + 1) I ; (iii) •j 1 1 (3n + l)(« + 2)l, 

/ * \ ,,+1 . , 

33. (1 ) 10 gro&tor. 


CHARTER VI 


EXERCISE VI. a. (p. 100.) 


7. 2 ah J(0 +</») oh £(0 - «/>) ; 2cli J(0 -h/») oh i(0-f/0. 

9. (3 th 0 + th 8 0)-r(l +3 tin* 0). 10. cosooh** = ooth J « -3. 

11. -oo 80 oh*a;. 12. i(sh 3a; -3 sh a). 

13. oMs-ohty. 14. i{olx <0 H- ^>) — oil (0 — </>)}» 

15. i(8h(0+V>)+ah<0 -c/>». i 6 , j{ c h{0+i)+oh(0 -</,)}. 

17. oh re -l- eh a. 18. oh nrc+Rhtui;. 19. oh nx - sh ns), 

20. (£ (th x) -i- th a; th y th {1 +2 (th x th y)). 

23. + 7(1 +oh*0) ; sh 0-5-7(1+811*0). 

24, 1+7(1 -tll a 0); th 0+7(1 -th*0). 


26 . ±jw-m ±^/{— }• 



1 +i* 

1 ~i* # 


27. a;* oosoo* xi - 1 / ! hoc 2 a = 1 ; a: a seoh*i) +j/ 9 cosooh*tf = 1. 

32. - co th !«/>. 33. - 4 ah (y +z) sh (*.+*) ah [x +y), 
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EXERCISE VI. b. (p. 108.) 

1. oha + sha. 2. sh 2a. 3. sh 2a. 4. ch2a. 

6. ~ noth a cosech a. 6. — fchasecha. 7. -cosech 2 a. 

8. cofch a. 9. fchffl. 10. cosech a, 

11. -sech 2a. 12. 1. 13. $ ah 2a. 

14. ^ oil 3a. 16. log (oh a). 16, log(slia). 

17. Ish2a-Ja. 18. -cotha. 19. a-tha. 

20. a -ooth a. 21. 2 tan -1 ^fch 0. 22, log ^th . 

23. I ah 8a - £ sh a. 24. -fa sh 3a + f sh a. 

25. 2 sh a cos a. 26. i(sin a sh a - cos a ch a}. 

28. (iii) 1 ; (iv) ->oo ; (v) ->co (vi) £ ; (vii) -J. 

29. (Hi) 1, -lj 1, -1 • (iv) -*0 ; (v) 1 


EXERCISE VI. c. (p. 112 .) 

6. ,i)io g W^) ; (a) i. g WM , 

ir -i® 1 i a +a 

15. - til" 1 - ; —log. . 

o a 2 a a ~x 

16. (i)eh -1 |- j (ii) -oh -1 |- , 

| a a 

17. i |o 2 ah-» +a N /(a 2 +a 2 )j. 18. - 2 log 2. 

19- log 2. 20. log(6 + ^34) - 2 log 3. 

21. | sh-* 5 +!»,/(*« +0). 22. *a,/{a 2 -a*)-$a»oh-i - . 

23. ^xj{x' + 1) - £ sh -1 a. 24, 2 cofch -1 ( tan 


24, 2 cofch - 


.(K) 


EXERCISE VI. d. (p. 113.) 

2. 3(3 ch 4a +6). 3. tha. 5. 2^(1 +a»). 

6. 2 N /(a 2 - a 1 ) or according as oh -1 - is + or 
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7. T 




9 . j^Bh* sh * +oh w log xj . 


8 ’ [xl'Jix'+a')* 

10. e ax (a sh bx + b ch 6*). 


11. e* th x. 12. X V( 2 ch 02! ~ 0 ch 2* - 3 ch 4a:). 

1 + ch x 


l 4 . , 1 + ch x 

13. ztt*' eaX{a * hbX ~ b0hbX) ‘ 14 ' ° 8 2T^‘ 


15. t/ = l +i* a » 1* 
a a 7a; 4 

22, 1 "o + 8do* 


16. 


18. 1; 1. 


19. -i. 


31. » = 


a(l+f a ) 
1 -t a ’ 


2 a 


2 bt 


8 * — - ¥• 

26. 1-91(0). 29. 

33. Tho parabola, y* =4as. 


EXERCISE VI. e. (p. 110.) 
25 


l ' 1 + a 8 + 5 2 ’ 1 - a* - 5* ’ 

u ,9 

4. ah u = -tan 0} u = log(soo 0 - tan 0) j th-= -tan-. 

_1 t,h i gaa? i +b t a!+a! i) +a , 
y x 1 y</i 

11. x = 1 or 6. 12, log 2 + 


5. 


Vi 


y(x l - « )* 
a; th a; 
ah« ^ a; 


a 


16. ch x =u, 10u 8 -20it 8 +Bu. 

18. sh x—v, 32u 6 + 32u a 4- flu. 

19. -fa ( sh 7a: - 7 Bh 633 + 21 sh 3a: - 35 sh a;) 

20. (oh Qa; - 0 ch 4a: + 15 ch 2a: - 10). 

0 ( , nO . n0\ 

22. 2 n sh n ^f oh y +sU T/‘ 

a na . a 
24, sh (n + 1)- eh -- oosoch 5 • 


a* 

8 ~ 04 

17. ah *=v, 10 u* + 20t> 8 + 5u. 


sli cosoch ^ . 


2 — g 2 

25. ch j^a + (n - l)^Ji 

26. iooseoh* fcfl |n sh ^ sh (n +i)0 -sh 9 J)to| < 

29 sh (sh 0) 8 ch#. 32. «*»•*• ch (0 +sin 0 ah 0), 



302 


ADVANCED TRIGONOMETRY 


CHAPTER VII 

EXERCISE VII. a. (p. 121.) 

j 2 ir _ <lir 7r 

1. -g- + 0i -g-+Oj ir + 8; 

2 * V “ 2 * ^ ~ ^ > f /> + ^ i <H- • 

3. AO ; OA. 4. SP 5 PS. 

5. (i) - 4 003 </>, - 6 ooa 0, 0 ; (ii) - 4 sin </>, 6 sin 0 , 3. 

6. (i) -osin«/>, — o cos </>, - o cos ; 

(ii) o 003 i /*, -'o sin</>, -c sin ^</> -I- ^ . 

7. a ooa a. a oos (a + , a cos a +a cob (a +0 , 2acoa^a + ^, 

- 2a oos a. 

8. 3 oos a - 2 sin a ; 3 sin a + 2 oos a. 

9,4- 2cosa + 3 sin a - 2 sin (a +/3) ; 2 sin a -|- 3 oos a - 2oos (a 4 /3), 
10, E sin a + cos a. 11. (h+r oos 0, k +r sin 0). 

12. (h -s cos c/>, k -«sin</)). 13. + r a a + 2r l r,cos(0, - O t )}, 

14. h cos a -fie sin a -p. 


EXERCISE VII. b. (p, 120.) 
2, (x ooa A + y ein A, -x sin A +y cos A). 


3, As in No. 2. 


9. Yes. 


12. sin 2 nf? cosoo 0. 


EXERCISE VII. c. (p. 120.) 

. . . (2?i + 1)0 0 , 

1, £sin — — coaeo-r -4. 

4 4 J 

7. (i) sin [a + (n ~i)/3] sinn/3 see iff j 
(ii) cos (a +71/3) oos (n. + $)fl soo i/3 ; 

(Hi) cos [a + i(m - 1)(/3 +?r)] sin ^ (/3 + tt) boo iff, 

8. sin [a + J(n — l)(/3 + 7r)] sin^ (/3 + 1 r) see i/3, 

A 
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9. £ + ( - l) n+1 £cos(tt. +i)0 seo 10. 

!0. £(2n + 1) - { sin (2 n + 1)0 cosec 0. 11. £ sin 2n0 cosec 0, 

12. 4 n sin 0 + £ sin («. + 2) 0 sin nQ eoseo 9. 

T/ , , , ,tt*1 . /nQ wr\ (Q w' 

13. cos I (n + 1) j + (» - 1) 4J +-j J cosec ^ 

14. + £ cos [20 + - 1)<|)] sin n<f> eoseo <j>. 

15. i sin — cosec | |2sin (n +3) ~ +sin (n - 1)|| 

. . . 3n0 

- f Bin (3n + 6) ^ sin — 

16. ^|sin(3n+f) 0 cosec ^ + 3 sin (n + £) 0 coscc| -4^ . 

17. y ff {Gn -6+4sin{2n + l)0 cosec 0 +sin(4n + 2)0 eoseo 20). 

1 8. £cofc ^ - cos (2 In + 1) ^ cosec ; 

£ eoseo 2 | {(n + I) cosnO -n cos (n + l)0 -1). 


30 

■ cosec — . 
£ 


EXERCISE VII. d. (p. 132.) 

1. tan (2 f, 0) - tan 0. 2. 2 1 "" cot(2 I ~ n 0) -2 cot 20. 

3, tan a tan (a +ft) +tan (a +ft) tan(a + 2/3) +... 

=cot ft (tan (a +nft) - tan a} - n. 

4. 2 2'~ r tan 2 (2 r - 1 0) tan (2 r 0) = 2i-*» tan (2’‘0) - 2 tan 0. 

5. 2 2 r_1 cos (2 1_r 0) sin 2 (2~ r 0) = £ sin 2 0 - 2»»~i sin 2 (2-"0). 

6, coseo a 0 sin nQ ooscc (n +1) Q. 

9. 2 cosec 20 Bin nQ seo (« + 1)0. 

10. tan (n + 1)0 cot 0 -n - I. 11. cot* 0 -cot 0 cot (a + 1)0 -n. 

12. eosec 20 sin nO sec (n + l)0. 13. £(tan (3 ,! 0) -tan 0). 

14. 4 cosec 3 20 - 4 1 ~" eoseo 2 (2 1 ~ n 0) . 

15. 4 oosec 2 20 -4 1-n cosec 2 (2 1 '" 0) -|{ 1-4'"). 

17. tan- 1 /'—'). 

n + 2/ \n + l/ 


16. tan~ I 


18. tan~ x n + tan _1 (n + 1) -- . 
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1 9, tan" 1 } (» + 2) + tan- 1 £ (» + 1) + tan' 1 i n + tan" 1 * (n - 1 ) - 

20, tan' 1 ( ~V). 

\n + lj 

EXERCISE VII. e. (p. 133.) 

1. »/2. 2. 25. 

4. +7(« 2 +6 3 ), 9=| -a; -,J(a*+b*), 0=-|-a, whore 

sin a : cos a s 1 =a : 6 : + v'C® 2 +& 2 )* 

7. - 1) cos 6 + J sin (2n + 2)0 coseo 0. 

8. Jn cos ft -4 cos [2a + (n + 2)j8] sin nfi coseo ft. 

9. \ sin \ {n + 3)0 sin \n0 coseo £0 - £ sin ( n +3)0 sin nO cosoo 0. 

12. J coseo 2 ^ {( n + 1) 2 cos nB - n 2 cos (n + 1)0 

z 

- sin ( n + $)0 cosoo £0}. 

13. log (sin 0) - log (sin 2 -n 0) -n log 2 \ 2 -n cot (2~ M 0) - oot 0. 

14. log (Bin 2 n 0) -log sin 0 -n log 2. 16, 

18.0. ' 17. oot 0 -2 n cot(2 J! 0). 

18. 4" cosec 1 (2"0) -cosoc 2 0 -J(4 n - 1). 

19. 2 sin a (3- r 0) cos (3~ r 0) = ±[cos (3- ,! 0) - cos 0], for r = l ton. 


EXERCISE VII. f. (p. 135.) 

5, £2 {sin|(n + l)a sin£fta cosec Ja) whore a=x+y -z, 
y+z~x, z+x-y, -x-y-z, 

6. j^2 sin l(n + 1)0 sin £n0 cosec £ 0 

. ... . 3n0 30 

+ sin |(n + 1) 0 sin — - cosoc — 
z z 

... .... 5n0 GO) 

-smf (n + l)0 sm— cosec — > , 


7. ^lOsin(n+i)0 coseo £0 + 5 sin 3(n + J)0 cosoc 

+ sin 6 (» + -fc) 0 cosoc 


30 

2 

50 


io|. 


* 1=1 
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f 1 - cos n0\ 

8. « » + - 7p r , 

\ 1 - cos 0 J 

10. i (n a + 2n +siu 2 ftO cosec 2 0}. 


9. 


i 



1 - cos nO j 
I - cos 0 J 


12. J cosoc® - (?j. sin 0 

A 


•sin n0). 


13. 1 — a; cos 0 ~ *”+ 1 cos (n + 1) 0 + aj n+a cos nO. 

14. a sin 0 -a”+ 1 sin (n + 1)0 +a“ +a sin nO. 

17. lain 20 -2“"-® sin (2«+ 1 0). 

18. \ cosec 0 (sec (2n +2)0 -sec 20). 

19. sin 3(n + £)Q cosec ~ + sin (n+i)0 cosoc ^ -2. 

A ~ 


20. \ {cot®- cot (3"0)}. 


21 . 


i + cosoch 3 a; — = . 

8 X 2 


CHAPTER VHI 

EXERCISE VIII. a. (p. 139.) 

1. [3,8]. 2. [-14, 23]. 6,4,3. 

6. [1.13]; [-10.1]; [-8, 6] ; [-8, o) ; [18,3]; [-3,18]; 

[-42, -32]; [3, 1]. 

7. [a, 6] ; [a, b]. 

8. [a® -6®, 2a6] ; [1, 0] } [I, 0] ; [ - 1, 0] ; [ - 1, 0]. 

9. [cos (0 + </>), sin (0 + «/>)]. 

EXERCISE VIII. b. (p. 144.) 

1. 3 4 5i ; 6 ; 7t ; 0 ; -i ; a ~fti. 

2. [1,2]; [6,0]; [3, -2]; [0,7]; [0, -2]; [-2, -1]; [ft .a]. 

3. [4, -3] ; [ -2, 0] ; [ -6, 10] ; [$, 0] ; 7i - 1 ; 2 ; -12 ; | ; 

[a, ft] ; [0, 0] ; [a, ft] ; - 1 - 8 i. 

4. 3 + 6i. 5. 5+6i, 6. 2. 7. 8-i. 

8.7+24i. 9. a® ~b® + 2n0i. 10. -b+ai. 11. ~ab. 

12. -ai. 13. cos (0 +<|j)+'i sin (0 +</*). 14. 1. 

15. cos (0 - 4>) +* sinfO - </>). 16. cos 20 +i sin 20. 

A.T. 


C 
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17. r${cos(0 + 4 >) +isin (0 + <£)}. 18. coa (0 - c/>) -Main (0 - </>), 

19. -2a: cos 0 + 1. 20. x 2 + 2x sin</> + 1. 

21. 2 i. 22. - 2 - 2i. 23. i. 24. - % + § 

25, 26. -1+i. 27. x*-y‘ i -2ixy. 

x 2 -y*-\ 2ixy 


28. 


a: +i/i 


29 * *»+*,' 

31. 0, -£. 32. 326. 


a : 2 + 2/ 4 * 

Of, 1 -x 2 - y 1 + 2ij/ 

1 (l-*)*+y» * 

34. * 2 +i/ 2 ; (* - 1 +i/i - 2i)(a; - 1 -yi + 2i). 36. (&*+£/*)*, 

36.0 + 0+0+4 + 0+0+0 + 4 + .... 37. 

38. [3. -4]. 39. 3 +2i; 

40. Either d* - 4 aid + 46 J c = 0 and f> 0, or 6 = 0, d = 0, a 1 > o. 


EXERCISE VIII. o. (p. 147.) 


1 1 . 0 . 

2. 1.7T. ' 3.1,^. 

«• 4- 

6 . 2, 

7 2 — 

7. 2. g . 

9 . 4 . 

10 . 7 q. 

ii- ^T' 

13. J2, 

4 

14 . 724 . 

15. 2 , 

17. 6(£ +i£). 

19. 6 ( -f+t*). 

18. A /(4+2V2)|cos(-^). 

20 . 6(-»- 


<• '■ -V 

12. ^ 4 ". 


16. 2, 


67T 

T ‘ 


21. (J6-J2) [ cos ( ~l^) +isin ( • 

22. cos ( - a) +i sin { - a). 23. cos (^a - + i sin (a - ^ 

24. co a (|- a )+isin(r-a). 

25. (i) cos a, a ; (ii) -cos a, a -?r ; (in) -cos a, a +jr. 

26. sec a (cos a + i sin a) or ( -sec a){cos (a +ir) +i sin (u + tt-)} . 
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27. ooseo a |cos +i sin ^ j- or 

( -cosoc a) jcos0^ -a^+-i sin ~ a ')j 

28. sec/i jeos^/3 +i sin^/3 or 

( -seo/3) |cos^+|^-ftsin^/3+~)| 

29. cos(-/3~|)+<sin(-/3-|). 


0 / 0 . . 0 \ 

30. 2 cos- (cos--l-tsm -j or 


31. 2 cos - {cos 


^ -2cos^|cos^ + 7r^+i sin^+rr^j . 
(-|) + < sin (-«)} or 

- 2 cos | jcos ^TT - Bin (w - j . 

32. 2 cos 0 - 1) {co» (r _ 0) + i Bin . (^ - 1)] or 

- 2 oos (1 - 1) ( cos (t - 1) + 4 sin (t " I)} • 

33. 2 cos J(a -/3){cos %(a +(3) +isin £{a +/3)} or 

-2 cos l (a -fl ){ cos £(a +/i -h 2?r) +isin + 2*0). 

34. 2sin £(a -/3){cos £(a -1-/3 -I- tt) + isin $ {a +0 +"■■)} or 

2sin -a){cos^(a+/3 -wj+isin J(a +/3 -tt)}. 

35. s(cosf +i Bini/0 whoro »= + »/( 1 + 2rcos</» +» ,s ) and 

cos ^ : sin \f? : 1 = L +r cos </> : r sin (/» : 8, 

36. (cos0+isin0)-h jcos^O + ^) +ie,n (° + y)} 

+ |cos(V+~^ sin ^0 +^-)j = 0. 

38. - cos 0*, cos 0j. 
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EXERCISE VIII. d. (p. 149.) 

2. 2/3 -a. 3. 2y + a =3/3. 

6. Q, in (i) OP', (ii) OP where P' represents 

7. Circles. Centro 0 rad. 3 } centre (3, 0), rad. 1 ; centre (9, 0), 

rad. 4. 

8 . On eiroles (i) centre 0, rad. 65 (ii) centre (1, 0), rad. 2j 

(iii) centre ( - 2, 0), rad. 3 ; (iv) centre (4-, 0), rnd. £ } 
(v) centre (2, 3), rad. 4 ; (vi) on positive ai-axis. 

9. |z-8-9i|<7, |z-a-it|=c, |z + l|>l. 10. 4,2. 

11. 3, 1. 12. 7, 3. 13. 2, 8. 14. 0, 4. 

16. Between ooncentrio oiroles, centre ( -2, 3), radii I, 2. 

18. Within oircle centre (1, 0), radius 1. 18. to +- . 

Sww , . 

20. is centre of mass of m,, in t , m t , ... at points representing 
zm 

z u z »< 


EXERCISE VIII. e. (p. 163.) 

1. ciaa. 2. ois 2/3. 3. cis (-20). 4. cis ( — 3«/> ). 

6 . cis 4a. 6 . ois (-20). 7. cis (a +/3 - 7 ). 

8 . cis (20 + </>). 9. cis (-30). 10. cis 00. 11. cis (-60). 

12. cis (-180). 13. -1. 14. -1. 

15. -sin 30 -i cos 30. 18. sin 60 -i cos 60. 


17. 8 cos 3 3 cis 18, 10 sin* ~ cis (- 20). 

2 2 2 

19. 2 cos 0cis( - 0). 20. itanO, 21. cis (-80). 

22. ^cobbc 3 ^--^ cis 23. cis ( - 40). 

24. tan 3 3 ( -sin 30 +i cos 30). 

25. cis 6 •, cis 0 has 3 cube roots. 

26. cis 4a ; cis 4a lias 4 fourth roots. 27. -1. 28. 2ooan0. 

29. 2cos0; 2isin0; 2cosn0; 2isinn0, 30. 2 cos(0-i/j). 

34. From (a - 1, 6) to (a + 1, b) ; from ( -a, 0) to ( +a, 0) ; from 

(0, -1) to (0, +1); from (-a, -b) to (a, b) j in each 
case in a straight line. 
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35, (i) From (1, 0) to tho origin and back with constant 

acceleration ; (ii) from { - 1, 0) away from the origin 
with incroasing acceleration and back along the positive 
8-axis to (1, 0). 

36, (i) See No. 36 ; (ii) z a moves from (£, 0) nogativoly along tho 

8-axis ; (iii) z, moves from (2, 0) along tho axis to tho 
origin. 

37, (i) Doscribos |z| = 2, anti-clockwise ; (ii) dosoribos |z| = 1, olock- 

wiso; (iii) describes |z+|| = ^, anti-olookwise; (iv) describes 
oardioid r = 2(l 4-cos 0), anti-olookwiso. 

38, (i) Circle, jz + I| = l, anticlockwise; (ii) upwards; 

(iii) x = - 1, upwards ; (iv) 8 = 0, upwards. 

39, (i) Circle, |z ~2| = 1, anti-clockwise; (ii) oirolo, |* - 2| =1, anti- 

clockwise ; (iii) circle, Jz|=l, olockwiso. 

40, (i) Cirolo, |z| = l, anti-olockwiso ; (ii) circle, |a?-*|=I, anti- 

oloclcwiso ; (iii) j/=i, from left to right; (iv) a?=£, down- 
wards. 

41, From (-1, 0) to (1, 0) along tho upper half of the oirolo 

1*1 = 1 . 

42, For tho motion of z 3 sao No, 35. z 3 dosoribos the lower half 

of tho oirclo |z| = 1. z.,3Z, 

43, Tho lomniscato, r* = 2 cos 20, 


EXERCISE VIII. f. (p. 150.) 

0. (>) \\ (ii) P 08 -); -|(*nog.). 

7. (i) 0 < 0 < 1 ; (ii) * - 1 5 (iii) - 1 < * < 0. 

9. (i) 0(arpos.), ir(8nog.) ; (ii) ^(y pos.), f.). 

10. (i)^,8>0; -^,8<0; (ii) --,*>0; ^,*<0. 

ll.ii>-. None. n<--<0. 

in m 

14. - ir for x < - 1 ; 0 for - 1 < x < 1 ; ir for x > 1. 

16. 0 for 1 8> 0 ; -4 sin" 1 a; for 0 > ® > - 1. 
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16. (i) 2nir < Sin~ J 2mr , 

A 2> 

(ii) 2?i7r < Cos" 1 x < 2mr + v } 

(iii) nir < Tan -1 a! < nn-+^ . 

2 2 

EXERCISE VIII. g. {p. 157.) 

n 

1. cia^, 2 cis~ , 2. -266. 

5. Mid-point of BO ; centroid of ABC ; point dividing AB as 

1 ~k i k. 

6. *l(a+/3),|'(y +S), i(a+/3+y+S); EG, FH, PQ have ft common 

mid-point. 

7. Points form a parallelogram. 

8. Circle centre A 5. perp. bisector of AB 5 cirole of Apollonius. 

9. (x* - x + 1 ) («* + xj2 + 1 ). 

10. (i) 2cos(a ~/I) cis (a+/8) or { - 2cos (a -fi)} cis(a +/3 w ) I 

(ii) 2 sin (a ~/3) cis +/3 or 

{ - 2 sin (a - /?)} cis +(3 — 5 

(iii) 4 sin (a - y) cos(/3 -8) cis (a+ft + y + 8 +~J or 

{ -4 sin (a - y)cos (fi - 8)} cis + /3 + y -I- 8 — • 

1 3. (i) coseo d for 0 < 9 < tt, - cosco 0 for - tt < 0 < 0 j 

(ii) ^ - 0 for. 0 < 0 < tt, ~ ~ - 0 for - tt < 0 < 0. 

2 2 , 

15. (i) Half-line ; (ii) arc of circle. 

16. (i) Displaced position of 2; (ii) magnified and rotated 

position of 2 ; (iii) magnification of the reflection in OX of 
the inverse of 2. 

17. -1, 2, 1, 1; or -1, 0, -1, 1. 
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18. z « ( 1 - Zt)/(Z - i). 19. p* > 2fic s . 

21. -1; 3; 0 if n = 3p, 1 if » = 3p + l, - w a if n = 3p - 1. 

22. a 9 - 6 3 , a 3 -l- fc 3 + o s - 3«6o. 


EXERCISE VIII. h. (p. ICO.) 


1. (i) 2 n+1 ( - l) 5 ain’ 1 a cos 1 — f 

A A 

" + l • n a ~P • n ( a + £) 

in” -sin - — ■ 


(ii) 2 "+ l (-l) 3 sin 


2 . 


3 (2 -f 0Q8 0 ) - 3 sin 0 

X ~ 6 + 4 ooa 6 ‘ * ~ 6 + 4 cos 0 ‘ 

4. p 3 5 1 =a; 3 + 2/ 3 + 2.ri/ cos (a - /3). 

6. (i) 2sin2(a -/?) ois^2a + 2/3+^ or 

2sin2(/3-a)ci9^2a +■ 2/3 - ^ 5 

(ii) 2sin(a+/3 - y -8) ois^a +/3 + y + 8 + ^ or 

2 sin (y +5 -a - /i) ois +/i +y + 8 - ^ { 

(iii) 2 sin 0 ois ~ or - 2 sin 0 ois ^ - 0 . 


9, A aongruont curve. 10. A circle. 

AB 

16. Arcs of oirclos of radius -7- . 17. 

n/ j 


12. A cardioid, 

- au + C/i + oy 

\ etc. 

- a + 1> -h 0 


18. Equilateral trinnglo. 19. Similar triangles. 

23. Isolated points (2 »itt +tt, 2»Jr+jr) together with oval ourvos 
insoribod in squaros boundod by 

x = 2w7r ±oos- J ( y = 2mr ±co8 _I ( -•£•). 

26. The upper half of |z| = l. The part of the x axis outside 
( :t 1, 0). The lower half of \z\ = 1. 

30. x 3 -\- y i +z i -yz-zx- xy ; (« + >/+ z)(x h- wj -\- u> 3 z){x -t <a*y + w*) . 

31. (i) 3(a 3 a; 3 +n r r 8 + ...) ; (ii) 3(« a a ,a -h n s a;* + ,„). 
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CHAPTER IX 

EXERCISE IX. a. (p. 168.) 

* . / 30\ . /7r fl\ 1+t 1 -i 

1. ±c,a 0; ±c,s ^ j ±-^i ±^ * 

2. oi8 ^ + ^ fs0 , 1, 2; 1, -i(l ±iV 3 )J -M(W 3+ !> 

cis^-^-?, reO, 1, 2; cis fs+(4r -1 )q . 
r = 0, 1, 2. 6 L 0 J 

3. 1, -4(1 ±<73) { ci0^(4r-3)|]f = O, 1, 2, 3; ±^2 . ois ^ j 

74 . cis|^^ (3r - 1)J, r = Q to 4} 2cis^, ^=0 to 0. 

4. cis~ , r = 0 to 4 ; ±~(l.-ti)- 6 * - !• I* "1* 

o 

8. (i)±ois~; p.v. cis~; (ii) oia ^ , r =0 to 7, p.v. cia-g. 

72 (1 " i)5 72 (1 “^ 10 * cis ("^)' ci3 ir 

11. (i) 1 5 (ii) 0 • z* = l. 13. cis — ,r«0 to * - 1 ; 0. 

H 

14. cis?, r = 0, 1, 3, 0. 16. cot^~“?— , r = l to 6. 

o 1 Z 

16. itan — , r=0 to n- 1. 17. cis (-^ ±aV r = 0ton — 1. 

n \ n / 

18. cis(2 r-l) 7, r = 1 to 4, and cis?^, s = 0 to 4. 

4 5 

19. (i)^(icot^.(l+t); (ii) -^cot|) . (1 -i). 20. 7; 3. 

t Qvi 

2cos-J cis — ; (ii) f “ 2 cos ^ J cisf(0-27r). 

22. cia^a+^-^, r = l to 6, 

23. (i) Circle, centre (3, 0), rad. 2 ; (ii) oirole, centre (2, 0), rad.. 1 ; 

(iii) circle, ]s| =3, twice. 
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24. (i) Circle |z|=l, 3 times; (ii) circle, centre (1, 0), rad. 1, 

3 times ; (iii) two semicircles of |z| =1. 

25. (i) Right half circle of |z| =1 ; (ii) cavdioid, r == 2( 1 + cos 0) ; 

(iii) cardioid in (ii) displaced 1 unit to left. 

26. (i) Right loop of lemniscate, r a = 2 cos 20 j (ii) right branch 

of root, hypovbola, 2r a cos 20 = 1 ; (iii) botli loops of (i) 
simultaneously. 


EXERCISE IX. b. (p. 171.) 

1. 2 cos 30 ; 2 i sin 40. 

2. |{(cis0) 7 + (cis 0)~ 7 } ; \{(cis 0) B - (cis 0) wB ). 

3. {(cos 30 +3 cos 0). 4. {-(cos 40 +4 cos 20 +3). 

5. -g’y (cos 70 + 7 cos G0 + 21 cos 30 + 35 cos 0). 

6. {(cos 40 - 4 cos 20 -I- 3). 

7. -^ T (sin70 -7 sin 50 -b 21 sin 30 -35 sin 0). 

3, - {(sin 40 - 2sin 20). 

9. -^(3^70 + sin 50 -3 sin 30 -3sin0). 

10. ^{^(cosOO + cos 70 -4 cos 50 -4 cos 30 + 6 cos 0). 

12. (i) --^({cos GO -§ cos 30 + 10 cos 0 +a) ; 

(ii) g T ({ sin 70 -I- {sin 50 +7 sin 30 + 35 sin 0 -ha) ; 

(iii) sin 90+1 sin 70 sin GO - { sin 30 + 0 sin 0 +a). 

13. -y{-j(iV s ' n 10® +{sin80 - {sin 60 -2 sin 40 +sin20 + G0 +a). 
19. 24. 

EXERCISE IX. c. (p. 173.) 


1. 5s - 20s 3 + 10s 5 . 

3. 32c B - 32c 3 + 0c. 

4t~‘U 3 Gf-10* 3 +J 8 

1 - Qt 2 +* 1 5 1 - 10f a + 5? 


2. 10c B -20c 3 +6o. 

4. 1 - 18s 2 + 48s 1 - 32s B . 

6. i(4 a - 3)(3i a - 1)=0. 


7. 


9. 


1 -21^+35^ -7^=0. 8. 

h + J a 4 '^a =i.(^j/.^ 3 ) ; 


h ~h h ~ h ~h i it' 3 

1 - tyt 2 + t 2 l 2 + tgt i 

4* W 3 + y i ~ 1* 


10 


* “ (") -s ,w V + . . . = cos - n0^ ; 
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n 5-1 

11. (i)(-lf ,a n i (-1) . n cs n “* j 

n-l 

(ii) ( - 1) - « cs"~ l ; (-1) * .s". 

" -l 5 

12, (i)(-l) 5 . nl n ~ i } (-!).<”? 

n-l »-l 

(ii) ( - 1) 2 .( n ; (rl) " 

it !Lil 

14. n oven, ( - l) 5 ; n odd, ( - 1) 2 . n. 

e —b 

17. (® - 21l 4 + 35f 3 -7=0. 18. >. 

1-0+/ 


EXERCISE IX. d. (p. 17fl.) 


^ 4 cos 0 - 2 + 2 1-n cos nO - 2 2-11 cob (ti + 1 ) 0 4 oos 0-2 

6-4 cos 0 ’6-4 cos 0 ' 

2. (i) If Ofrir, cofc 0 coa n 0 sin nO j if 0 =rn*, n ; (ii) 0. 

3 n s ‘ n3 Q -ain n+1 0sin ( n + 1)0 +8in n + a 0 sin nO 
1 1 -Bin20+8in 2 0 1 

.... si n* 0 
U 1 - sin 20 + sin* O' 

4. cosec £/)sb $n/?cis (a+Rn-l)/?}; equations (11) and (12), 
Ch. VII, pp. 126, 126. 

6. ( - l)l n + I sin nO (2 sin 0) n . 7, cos nO. 8. sin n 0 cos n<f>* 


10. cos n (0 - cf>) - cos*- 1 (0 — <f>) cos </> cos 0 + ... 

+ ( - l) r (J!) cos n ~ r (0 —0) cos r </> cos rO ... . 

12. (i) cos (n + 1)0 j (ii) 2 cos nO. 13. cosoo 0 cos (a - 0), 

» 

14. (1 +2x cos 0 +3*) cos na, where cos a : sin a : 1 

*=(I +3J cos 0) : x sin 0 j + ^(1 +2x cos 0 + »*). 

n 

15. (1 + 2x 1 cos 20 + x‘)' cos na, where cos a : sin a : 1 

=cos 0(1 +a a ) : sin 0(1 -as 3 ) : + ^(1 + 2* 2 cos 20 + **). 

16. For r =0 to n - 1, 2(r + 1) cosrO = 

-i c °sec a i0{oo3 0-(n + l)cos(n-.l)0+noos7itfk 

4(r + l)smr0 = 

i cosec * i0{sin 0 +(n + 1 ) sin (n — 1)0 -nsb?i0}. 

17. cos nO {cos 20 J0 -( -l) n Bin a, *$0}. 
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EXERCISE IX. e. (p. 182.) 

1. In sin 0 ; n sin 0 j ( - l)U«~ l ) 2 n ~ 1 sin , '0. 

2. (i) in cos 0 j ( - 1)S" ; 2»~i cos n 0 ; 

(ii) in sin 0 ; 1 j ( - 1)1” 2 n-1 sin n 0. 

3. In sin 0 ; nsin 0 ; ( - 2"~ 1 sin"*-^. 

4. (i) lu cos 0 ; 7i ( - l)K"-i) • 2”~ 1 cos !i-1 0 } 

(ii) in sin 0 j I ; ( - l)K»-»> 2»-i sin”" 1 0. 

5. (i) In sin 0 ; n ; ( - I)K n-1 ) 2 n ~ 1 sin"' 1 0 j 
(n) in cos 0 j ( - l)U«-i) * 2 ,,-i cos n-1 0. 

6. (i) In sin 0 ; n; ( - l)!'*" 1 2 B_1 sin”~ 2 0 ; 

(ii) in cos 0 ; ?i( - l)J n_l ; 2”~ l eos n ~ 2 0. 

7. 1 ; soo No. 22. 8. n ; soe No. 25. 

0 n(n-6)(u ~6)(n -7) n(n - 6)(u -7)(n -8)(n -0) 

26, 41 } “ 6 ! 

3!. (® +;)*-« (»+£ 

n(n - 4) ( n - 5) / + 1\«-> + 


r 


n(n - 3) 
2 ! 


' 1\"- 4 
* + - 
v xj 


32. y 9 - 9 if -I- 27 y® - 30y a -I- 0 y, whero y + - . 

33 y 3 + 7 y 2 H- My +7, where y ~(x - ^ , 


EXERCISE IX. f. (p. 185.) 

4 • 2r7T 

1. ois — , r = 1 to 0. 

2. cis — , r = 0 to 17, excluding r = 3 k -h 1, 

lo 
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,{ 


(a a +6 a )cos^ + 2a& + i(a a -6*) sin 


o a +6 a + 2 ab cos — \ , r = 0 to n - 1. 
n J 


4. tan — — — , r =0 to n - I. 6. ois ~ , k~ 2, 4, 6, 8. 

. 4a 6 

7. t 2 t j -2-4t, 1+2^3 +i{2- ^3), 1- 273+1(2 +73). 

8. 1 ~nx - (») a 2 + ( 5 ) a a + (») * - («) 

9. (i) 3 {l + ( 3 g ) ® 3 +( 8 fl)® # + •••)» 

> (ii) 3 {(*)*■ + (¥)»» 

<hi > 3 {(?)*+ ft)®* +...}• 

01 

11, . 13* The lino x- - J. 14. The lines y= ±x, 

16. (i) r* + Or 2 cos 20 + 6=0; (ii) r = 8co3 a 5 . 

18. (2cos£0) n oos£ft0. 19. lj 2ft + 1. 

21. 2nsinn0(l -cos 0). 


EXERCISE IX. g, (p, 180.) 


1. (a + l)^a* -2xcos^ + lj 

(a? - 2x cos ~ + 1 j ^a 2 - 2* cos + 1 j. 

2. (a 2 +a + l)^x 2 - 2acos ^ + 1 j 

^x a — 2x cos + lj (x* - 2a cos ~ + 1 j . 


7. 2sin*W-.y)™2 { p +y) 

= 22 sin 2 i (a - /3) sin 2 * (a - y) COa (2a + jS + r ). 


2i.nl (MT+... 


(2 cos Q) n ~ 8r 

+ (H)* (n - 2r)l + 
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CHAPTER X 

EXERCISE X. a. (p. 190.) 
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l. 


2. 2 cob 1. 


3. 


1+<n/3 


4. 

7. 

9. 

12 . 

14. 

16. 

17. 

18. 

19. 

20 . 
22 . 


2e 

c coao c ia{sin 0 ). 6. e 2 *. 6 roisO. 

e cio (tan a). 8. e* co8e +i' c,}#, fr cis (rc sin 9 +y sin. </>). 

-1. 10. -1. 11. 2e C0S °cos (sin 0). 

e* lnS cis (sin 2 0 seo 0). 13. 2ie“ Bin0 sin (cos 0). 

e eCos 0 cos(sin 0 ). 0 i 8 | e ooafl sin. (sin 0)}. 

X 2 +Y a =fl 8 ®* X sinw=Ycos m. 

/ 2 ay 


«=oxp 




23. 

26. 

28. 

30. 

32. 

34. 


j tc a -a a +y 2 \ 

\(» +a) a +y a J l,UB \{(c +a) B +y B J 
(1 -a 8 ) cos 0 . D -1 , (1 + a 2 ) sin 0 , D -1 , whore 
D =1 - 2o 8 oos 20 +a 4 , 

(i) Down tho y-axis j (ii) from left to right along y <= 2»jr - 

a=;2b = 4m7r. 

, , , cos a cos 2a 

gCOSa CO g (sin a) = 1 + ~ ~ +— — + ... { 

, . . sin a sin 2a 

gooa a B1 n (sm a ) = + • • • ♦ 

e cos (tan ft) = 1+2 soo"/J cos n/ij j 

sin (tan ft) = 2 soc" ft sin nft^j . 

24. u=v = Q\ 


e 

sin nO 


-na^ . 


n I 

«, x n , /mr 
2 — sin ( 
n! \ 2 

a: sin a -a 2 sin (a -ft) 

1 — 2a; cos ft +a 2 

e -co3 9 a i n (ain 0 ). 

gslnfl qos (sin a 0 soc 0). 

cos (sin a) sh (cos a). 


2 in nif 

— - COS -r- . 

nl 4 


27. 


x cos 0 ~ x 2 


1 — 2* cos 0 +« 8 * 

29. c cosf> cos (sin 0). 

31. fl-*cos 0 qob (a -a sin/3). 
33. eco3»/i cos (a + cos /3 sin /i). 


Is 
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EXERCISE X. b. (p. 200.) 


1, f(e~*±e*). 5- ein ach y-icosx sh y. 

i , _ sin 2 x~i sli 2 y 

6. £ + £cos 2:cch 2y --sin 2ash 2y. 7. 


8. ch a coa y +i sh x sin y. 

2 (sin x ch y - i cos x sh y) 


10 . 


ch 2y - cos 2a 

12. esh^cosy 0 j g ( _ 0 h ® sm I/). 

13. £(sh 2x cos 2y - i ch 2x sin 2 y). 

14. t sh x, i ch a, coth a, - ch x, -sh a, th *. 


ch 2 y - coa 2x ’ 
sh 2a - i s in 2y 
ch 2x + cos 2 y 

11, e 9insc]ii/oia (coa ashy). 


9 . 


15. 


2 + 2 cos 2x ch 2 y 


cos 2*4- eh 2y 
22. Confocal parabolas. 


25. 1 - coa 


(ooa|)ch (sta g). 


21. Ellipse. Hyperbola, 
24. cos (coa 0)sh (sin 0). 
26. ah (cos 0) sin (sin 6). 


27. ch (gin 0 cos 0) sin (sin 2 0). 

28, |{ch (cos 0) cos (sin 0) + cos (cos 0) ch (sin 0)}. 

_ ... , 2 V 2 V .... 2z 3 2**» 2V 

30. (i) 1 - 


41 + 8 ! 


(ii) ^+-3T- 6! 


2«z» 

71 + *0! 


EXERCISE X. c. (p. 202.) 


1 - ( -1 )'i. 


2. efi'-v* cis (2 ay). 


3. 


sin a: + i sh y 


4. 


6 . 


2 (cos x cli y + j sin a; sh y ) 
cos 2x + ch 2 y 
2{sh x cos y +i cha sin y) 


5. 


cos aj + oh y 
2 (sin x oh y-yi cos x sh y) 


ch 2a - cos 2 y 

W-'o- 

N<l 


ch 2 y - cos 2a 
9. ±seo (a - 1'6). 


13. sin (a + x sin /3). 

15. ch (cos 0) cos (ein 0), 


14. excess 8 j n (jj. s}n 
16. ch (cos 0) sin (sin 0). 
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19. 2 S os i ^ . (n 2 + 6 2 ) 7 x n , where cos 0 : sin 0 : 1 =o ; 6 : Jia* +6*). 
til 

21. oh a - . 22. 2 sh (cos 0) cis (sin 0). 

2 

23, sin a + ~ ‘---sin (a +n/3). 

n ! 

24. 2 sin 0(1 -sin 0cos0)/(l - sin 20 + sin 3 0)*. 

26. cos (a - ^Ish (cos ft) cos (sin/3) - sin (a -^)oh (cos /3) sin (sip /3). 

26. e'' C03fl coa(8ln0) oos ( e co3« 8 j n (gin 0)j, 

27. i(oh (cos 0) sin (sin 0) -I- cos (cos 0) sh (sin 0)}. 

28. i(sh (oos 0) cos (sin 0) - sin (cos 0) oh (sin 0)}. 


CHAPTER XI 

EXERCISE XI. a. (p. 207.) 

2. 8o a - 4c a - 4o + 1 = 0. 4. G4a 3 - 1 12, r 2 + BGa; - 7 =0. 

7. 8} 416. 10. a; 2 + a; -I- 2 = 0. 17. 2£. 

18. 2J2 (4a* -3a) + + 1=0. 

EXERCISE XI. b. (p. 210.) 

4. 3 tan 30. 17. 18.^. 

EXERCISE XI. c. (p. 214.) 

2. g=sl, 15. The normals at the four points arc concurrent. 
20. £ 2 (a 3 -h6 2 + 2/;) - 4a£ + a 2 +6 3 - 26 = 0 ; 

4a{10a 2 + 126 2 - 3(a 2 +6*)*)/(o* +6* - 26) 3 ; . 
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EXERCISE XI, d; (p, 210.) 

1, 10x 6 -20x 3 + 5x=i s /2; 

-■k/2 and sin™ for h = l, 3, 0, and -7. 

4&U 

6.6. 6.9. 11,' 4a; 4 + 2a =3. 14. a 2 +« 4 3 =0. 


2 . 2 *. 


17. 10n 4 oosoo 4 2n0 - I-^-cosgc 2 2 nO + 2 n. 

u 


IOtt* 


25. -^-36; 120- 


35tt 2 7 r* 


9 * 


(iii) 1716- 

27. iab{a % -b*)l{±c* -ic 2 (a 2 + b 2 )+(ct 2 -b*)*}. 28. 


0 bo 


c*-a 


CHAPTER XII 

EXERCISE XII. a. (p. 220.) 

1. {x -l)(x - cis - ois— . 

2. [x - l)(x 2 +* + 1). 3. (s 2 +x.y2 + I)(a 2 -a\/2 + l). 

4. (x-l)n -cis—-^, r = ±1, ±2} 

{x 2 - i(s/6 - 1)* + 1}{«* +i( 75 + 1)» + 1 }< 

5. (i) (x 2 + l)(x 2 +xjZ + \){x 2 -xjZ + l)', 

(ii) II (V -2a;i/C03™ +j/ 2 ^ ,k = 1, 3, 6, 7 j 

(iii) (x a - a 2 ) (x 2 - ax +a 2 ) ( x 2 +ax + a 2 ) ; 

(iv) (x 2 - 4) ( x 2 + 4) (a 2 - 2x s /2 + 4)(x s + 2xj2 + 4). 
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(iii) 

cos 

(2 r 

-l)ir 

n 

, for r = 1 to 

ft(»4 

-1)3 1 

(iv) 

cos 

(- 

2r7r' 

f — 
n , 

j , for r = 0 to 

71-1 

; 

(v) 

cos 

fir 

IT* 

for r 

= 1 to 71 - 1. 



(i) 

sin 

rir 

2n ' 

for r 

— il» ±3, ... 

±(n ■ 

-i); 

(ii) 

sin 

rir 

n ’ 

for r 

c<f 

-H 

1—4 

-H 

11 

-n 

-0* 

(i) 

sin 

nr 

71 ’ 

for r 

(N 

-H 

r—4 

-H 

o 

1! 

... ±i(w-l); 

(ii) 

sin 

rir 

2 n‘ 

, for r 

II 

H- 

>— 

H- 

03 

±(n 

-2). 


10, oia ^ ±(a +'~^| » ^ or r =0 to n - 1. 

n. n{» 1 -a»<«»- (2r ~^ +i}i an^+tan**^^}. 

14. (®*-l) n (& -2»ooa^ + 1^. 


EXERCISE XII. b. (p. 223.) 

1. (i) 5 sin 0 ( 1 - sin 2 0 cosec 2 ^ 1 - sin 2 0 cosec 2 ; 

(ii) 32 sin 0 (sin 2 0 - £) (sin 2 0 - £) ; 

(tii) 16 (sin 0 - sin o)|sin 0 +sin ^ a -^)^|sin0 -sin^a +-^| 

|sin 0 +sin +^||sin 0 -sin^a j • 

2. Seo Nos. 4 and 3. 

14. 8^sin 0 - sin ^^sin 0 +sin^^fsin 0 -sin^Q. 

15. ( - 4)K ,, ~ l ) O jsin 0 - sin +( - l) r “j j 

forr = 0, ±1, ... ±l(n - 1) if n is odd. 


i.T. 


X 
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17. <i) n odd, ( - i n even, ( - 1)*“ ooa nO ; 

os nd ^ 
cos 0 ’ 
n oven, ( - 


W * odd. 


sin nO 


n sin 0 cos 0 * 

24. (i) for n odd and (ii) for n even : 2^ x " n) j 
(ii) for n odd and (i) for n even : 2 i(l-n) Jn. 

30. 1, 32. 16^cos0-oos^ ^008 0+003-^ , 

33. 16 l^cog 0 +cos coa 0 -cos^^ 

( 


14. "n [a 3 - a® coa ^ + 1| . 


n i7T \/ 7tt\ 

cos 0 - cos ~ j I cos 0 + cog ^ , 


16, 


EXERCISE XII. c. (p. 229.) 

7. - n tan n/3 = ^ cot |/3 + -- — j . 8. sin 30; Jsii 

9. ^-(cos 30 -cos 3a). 24. ^(n® - 4)(n a + 14). 

25. ^»*(»* +2) i £(n a ~l){n 2 + 3). 

EXERCISE XII. d. (p. 234.) 

2^{C cos 


1. 


1 


6(a;-l) 




6 - 2x cos 

1 - a: cos 


2tt 


j( 

471- \ 

x coa — - 1 ) 

5^2 

4tt \ 

- 2a: cos - + 1 

6 / 


(2/e~l)ir 

8 


4 . 


^ 4 (a; 3 - 2® cos * 2fc ~ 1)7r + 1^ 
» t-ljr-isin^odB*^: 

^ ' J ^*+tan*-^ 
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>•2 


(-l)'-isin(2r-l)£cos»(2r-l)£ 


cos 0 - cos (2 r - 1) > 

t 2 nj 

for r - 1 to n, omitting £(n + 1) if n is odd. 


n |c 


n-l 


oosoc nO sin 


12 . 


• 2rrr 
in [ 0 + — 

V n 


2rrr^ 


n |® a - 2» cos ^0 +~^) + 1 1 


13. ncos (n - 1)0 cosec nO cosoo 0 - cosec 2 0, 

19. 2{sin n-1 a 1 cosoo (a; -aj) cosoo (o t -o a ) cosec (c^ -a 3 ) ... 

cosec (a 2 -a„)}« 


EXERCISE XII. e. (p. 230.) 

n - 1 / fen- \ 

1 . (as* - a 2 ) n “ 2xa 008 — + j • 

2. a? - cia | d: - ° r Q 1)7r j , r = 0, 1, 2. 5. (3 2 ” - l)/8». 

6. 10 ^sin 0 -sin-^ ^sin 0 - sin ^^sin 0 +sin ^sin 0 + J 

2tt + l 

17. A =coscc (o -6) cosoo(a -o), etc. JJ cosoo (a: - a r ) 

=2 cosoo (a: -a r ) oosoc (a r - a x ) cosoo (a r -a 2 ) ... 

oosoc (a r - a r _j) oosoc (a r - a r+1 ) ... cosoc (a f - a 2 „ +1 ). 

2n 

18. A = cosoo (a -b)~ -B. ] oosoo (a; - a r ) 

= 2 cot (a: -a f ) cosoo (a r -o,) cosoo (a,. -a a ) ... 
cosoo (a r - « r _j ) cosoo (a r - a r+1 ) . . . cosoo (a r - a In ). 

19. A = cos 3 a cosoc (a -6) oosoc (a -c), 

D =2 sin a cos 2 a cosoo (c -o) cosoo (a -6). 


EXERCISE XII. f. (p. 238. 

1. cos 20 -cos 30. 2. 16.n[ 8 i 

5. chm5 = ch n a:n jl +th a aj oot 3 (2r - 1 ) ~|, forr = l to [-^n]. 


. . . ( 1 2r + 6) tt' 

sin 0 -h sm 

i)U 


]■ 


6. n sti a; eh' 1 " 1 


® ^^(l+thVroofc^). 22. (-l) l, ” J . 
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CHAPTER XIII 


EXERCISE XIII. a. (p. 243.) 

1. (i) 2nirt, (4n- + 1) log 2 + (2 n + l)?ri, log 2 +(4n - 1) y { 

(ii) as (i) •with n=0. 

2. (i) £ log 2 +i (j + 2nir^ , <8n + 1) y , 

log 5 +i (tt - tan _1 -j +2 nir), log 6 *l*t ( — it + tan -1 £ + 2ntr) j 
(ii) as (i) -with n = 0. 

3. l+(2n + I)iri. 


e- b- 

* T*' 


4. (i) i(a + 2/c7r) ; (ii) i(a-Znir), 

6. log ( - 2 oos 0) +i (0 - n - ). 

7, -(4» + I)^,log2+<^ + 2nir^. 

"• _ * /g -jj 

8. log ( -sooa) +i(a -tt). 9. , y-« • 

10. 2t(a +7r), 2ia. 

11. For 4 wmt < 0 < (4m + 2)?r, log ^2 sin ^ +t <f“ + 2/c7r ) ; 

p.v., Jc= -m. 

For (4m + 2) tt < 0 < (4m + 4) tt, 

log^ -2sin|)+i^^ +2 Ajtt^; p.v., h= -m-l. 

12. o -e A cos B, d = e A sin B, where A =~ a : ~' ^ T » B * s ^+| > a ‘ 


13. 3Log<u 9 . 
-(4n+l)g 

16. ie 

17. e-"- 2 "*. 


15. ±o. 

,j2.e cis^Jlog 2 +-J . 

18. log (0 + 2mr) +t ^ H- 2m7r^ , 

20. £log{(a; + l)*+y , }+itftn- 1 yj--j-+tfe7r. 

+fc . 

& {x + \ ) 2 +y t as* +y ! - 1 
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22. logtan|+^t or log ^ -tan ^ i. 

23. Looi aro circles of two orthogonal coaxal systems. 

24. Constant except at { ±a, 0). 

EXERCISE XIII. b. (p. 250.) 

z n z J «-l 

1 . -2— j 2 X- r ; unless y =0 and x> 1. 

n in - 1 

2. -£ log(l -2r coaa + r*). 3. £ log (1 -2 cos a cob $ + cos* a). 

6 ' i _0; T'" 0 ‘ 7. Iog(-2cos0). 

8. |«|<^; |®~ir|<|. 9. J(2n + l)?r -0. 

11. J log {4 (cos a +009/3)*), 12. J log cosoo* x. 

ir I,. . /2fc sin 0\ 

17. Jar + 4> -ssin 2</» +£3 a sin 4«/> -^*sin 0(/> + ... , 

18. for + a + tan* oj sin 2a + J tan 4 u> sin da + J tan 4 w sin Oa + « 

19. - 20. 22( - l) r ~ l K lr ~ l cos (2r - 1)0. 

EXERCISE XIII. c. (p. 254.) 

1. e 2 "" eis (log 2). 2. e 2nw . 3. e* (4 “ " l) \ 

4. e 2nff ' 4 ois ( J log 2). 5. c*' 1 " 1 4 cis ( - £ log 2). 

6. e 4«»-U\ 7. -c 2mr \ 8. ie nn \ 

9. ( - 1)" e 2 ”*" 1 . 10. 0 *+ 2 ”^ cis (2wr» ~y). 

11. cis[£(4n - l)?r 2 ]. 12, e 2fln cis ( - log tt). 

13 1°S 2 + 2 fcn-t . . 2for — i log 3 4 fe +1 

log 10 + 2n7ri' ' 2nn- * ' 4n + l* 

16 ^iog 3 -I- for* 
log 3 +n>r« ' 


17. u - 2nvv +t(y + 2nrru -I- 2 fen-). 
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18. e fl+2n \ 19. -1. 20. v-mr. 22. (-a;)*; tt*. 

23. e 2coso+2mrr3ina oi g {(2m + 4n)ir cos 0). 

24. i&log^+t/^+atan' 1 - -atf is a multiple of ir. 

Oj 

26. ^±^>. 27. No ; yes ; yes. 

4n + 1 

31, 0^(2r + l)j,n> -1} 

(i) (o) (2 cos 0) n cos n{0 - 2 ftir) j 

(6) ( - 2 cos 0) n cos n(0 - ir - 2ftir) ; 

(ii) (o) (2 cos 0) n sinn(0 - 2ft ir) ; 

(6) ( - 2 cos 0) n sin n(0 - ir - 2ft7r ). 

0=s(2r + l)~, (i) is zero for n>0 and unity for n = 0, and 
2 

divergent for n < 0 j (ii) is zero. 

/ a \- n h 

32. (i) - ( - 2 sin - j sin- (a -fir - dftir) ; 

(ii) -^2sin|^ sin^(a -ir -dftir) j (iii) 0. 

33. jBin|^ -2seo|^. 34. ( -cos 0) n oo8 n{0 - *■). 

36. (sin 20 - 2s sin 0) ( 1 - cos 0 + »*)“*. 


EXERCISE XIII. d. (p. 268.) 

2. Sh -1 z =si{njr - ( - l) n sin" 1 (fz)} j Th -1 z=t(nir -tan -1 (i®)}. 


10. 2nir±i log 2. 

12. (2n + l)ir ±ilog6. 

7T i 


11. 2nir +— ±i log 3. 

13. fcn- +< ( - l) ft log (1 + */2). 


... « , *, 1+sinO ir * 1+sinO 

14 ' w 4 + i log niw> (“) -4 + i'°er: a w 

17. 2a =(2n - l)ir + 2 + $ ; /3 = flog^ -cot^. 



327 


ANSWERS 

EXERCISE XIII. 0 . (p. 2G0.) 

1. ( - l) rt e -fc ’ r,(2,, ' l " 1 > . i. 

2. e xi ~ 1/1 ~ AkttXV ois (2 xy + 2)cttx* - 27cmf). 


4. log(2n7r +0)+i^2/fc7r+^, 

Q.j2e 4 cia^log J2+ -j. 

9. cot -1 (l +tnn 0 -I- tan 9 0). 

12. kir + osin 2x -$o a sin ix •l-^c 8 sin 0» - ... . 13. ^(3ir-0). 

14. + <\J(^ coboc ^ sin — j- • 

15. oos ^ -2cos^ . 


3. e 2. 

sin® 0 +i 
cos 0(1 -I- sin 3 0) * 

7. Add - 7 ri to r.h.s. 


16, d£rn, ^tan” 1 (2 oot a 0) ; 0=rir,-, 

17. a=2mr±ain-i(./S), »=* 8 lr> (7$). 18. 

19. ~<0<0,^(ioo S oo^) S m(!+!)| 

0=0,0i 0<0<^,^(lco3oo^) a in^-?). 


EXERCISE XIII. f. (p. 201.) 

2. 2(7tcos 0 -■J/i* oos 20 -t^cos 30 - ...). 4. -oh2/cir^ 

10. -|- J{cos 0 -i-eos 3 0}, 11. J log cot 

A 

13. c - tnn '' l(cotiEcoUll/) ois{^log (sin 3 ® +sh 8 y)}. 

14. 2/=il°g^j^|”5 (i)x=i(ir -0)i (ii)«= -i(7r+0). 

16. ±[ch*‘ 1 {«, +i a )+ioos -1 (i, -i # ) +2kiri), with tho notation ol 
Ex. XIII. d., No. 15. 
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A i flv 

18 (i) cos^log^oos^J+JOsinfi -1; 

(ii) co8 3 ^log^4oo3 , |^+i,(O“27r)sin0 -1. 

19. a5=o,j/ -o s y 3 + a 5 y s - ... +2kv, 

21. {i) 2wr+~< 0< 2(n + l)ir “3< 0< ^* 


CHAPTER XIV 

EXERCISE XIV. d. (p. 270.) 

I. ton 1 /} cos 1 a =sin* a +tan* y . 2. a® sin® a =6® + c* - 2 be cos a. 

3. b -a-d. 4. (c® ~d*)(a 2 d -abo ~ 2b l d) ^0. 

6. (a* +6*) (a* +6* -3) =26. 

6. a*+6* = l; (a»+6»-l)*+27a 2 6® = 0. 

7. 13(o® + 6®) = 24a6 +26. 

8. (4a-36)*{49-{a+&)»}=49(a+&) 2 . 

9. *y(s*+y*+3) = l. i°. ^ + |i = l. 

II. (a® + 26® - 9)® =a*(6* - 3)(a® + 6® - 0). 

12. a: , +y l = (2a) , ; {** +y* - 4a®)» + lOSa^V =0. 

13. a^=4a(a-y). 

14. a* +y®=c*8eo*$a. 16. ao+6*=o*. 

16. (cw) 1 + (6y) } =c* j (a 3 x l + b*y 2 -c 1 ) 3 + 27a i b 2 c i x 2 y* = 0. 

17. - + ^=o+6. 
a b 

18. (o* +6* -c*)(a*+6* -cdy =a®6®{cZ® - 4(cd - a® -6®)}. 

19. cd®(c + 2<2) = (c + 3d)*. 20. (1 + c*) tan fi =(1 - c*) tnn* a. 

21. 6® =a* +o* - 2accos2a. 22. a:® + x cos a =2. 

23. a:*=2fl6e8U3a. 24, 2 siny cotrc =a* -boos 3 y. 
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EXERCISE XIV. e. (p. 272.) 


1. a 2 +6* = sin 3 y. 

3, (a 3 +6 2 -2) a +4c 3 =4. 

5. 4f(2 fc - *«)==«(&*- *»)*• 

7. a: +a = 0. 

9. (seoa - l)(soo/3 - 1) =sin 8 y. 
11. (a -q){b -q)(c-r)=p*(a+b 
13. c 8 =a* +6* +2abd. 

15. (a 2 +6 2 )(a 8 +6 8 -4) +o* +d 2 = 

16. cob 2 0, +co3 a 0j + coa 2 0 3 = l. 
19. cos£(a+/3+y) ,cosi(/3+y 

. 008 ^(y + a • 


2. « 2 +y 8 -2 ay co«3 a =a a sin 8 a. 
4. (® 2 +y 2 )(l -z) = 2y(l +z). 

6. c=a(3 + 36 - 2a*). 

8. a 2 +y 3 =a 3 + 6 3 . 

10. y 1 =4a(» +o). 

-c-q). 12. a 3 +6* +c* = 3a6c. 

14. cot 2 a=cot 2 /3 +cot 2 y. 

2c(o* -6 s ) + 4a6d. 

17. sin a + Bin /8 +siny=0. 
a) 

P ) . cos£(a+/3 -y)=0. 


20 . 


xy 

a-b h' 


EXERCISE XIV. £. {p. 274.) 

1. Min. 4y3 for tan »=-“5 max. -4V3 for tana?« 

2. Min. J for sina; = £; max. 3 for sin* = - 1. 

3. Max. 10 for sin * = - 1 ; min. 2 for Bin x = 1. 

4. Min. 4 for oos 0 = £ ; max. - 4 for cos 0 = - 

5. Max. and min. 14 ±Y for 29 + a = 2»tt & sin a = T 8 T , 

cos a Z 

7. • v /(a 2 -6 2 ). 8. Max. 17 -12 V2; min. 17 + 12 -v/2. 

10. V(o a + 2a6 eosa +6 S ). 11. tan 8 ^. 12. sin 8 a. 

u •» 

13. cos 8 a. 14. 1. 15, 3 tail D, 3cotD, 3 cosec D. 


EXERCISE XW. g. (p. 275.) 


4. 


2sc _ c 3 - a 2 
s 2 +c 2 ’ c a +a* 


17. a 2 + 6 2 = c a +</•» 


18. (a + 6 - 2) a + 


[a - 6 )* 


— 2 . 


(2a + 26 - 6) 2 
19. (a- 2 + y 2 )(* 2 +y 3 + 18) + 8*(* 8 - 3y 2 ) =27. 
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20, So {a oos (jQ + a) + 6 cos 2/3 + coos (/3 +y)} 

(a cos (y +a) +6 oos (y + /3) + ocos 2y} =0. 

21, 6 3 o 3 (4a + 3) 3 =* {(1 +a) 2 - (6 3 +o 2 )}{(1 +o)(l + 2o) a - (6 a + c 2 )} a . 

22, (z-9)(z-3) a +128a?V=0, whore z=a; a +i/ a . 

23, pq {p cos a a+q sin 3 a - sin a oos a) 3 

=sin*a cos 8 a (p oos 2 a + q sin a u) a . 

24, x sin (/3 - a) = sin 2a. 25, £. 


MISCELLANEOUS EXAMPLES 
EXERCISE XV. (p. 278.) 


3. 2n7r or nir . 5. Confocal ellipses, fooi ( ±1, 0). 

2 o 

8. 4 sin a sin (« -s) sin (s -y) sin(« -z) where a = %(x +y +z). 

ir x y z ir x _y _z ir x _y _z _ir 

11, x y —z — -g , g - — g g 5~1 7 1 l 3 G — 7 ’ 

x y _z ir x _y _z _ir x _V „_ z 
7~1 — 6 — 9’ 6 — 7 _ 1 ~ O’ ° r l“G“7~9* 


12, r+^ _lo 8( 1+aj )* 

13. ( - 1)W*~ ^ n sin " -1 0 cos n_1 0, n odd ; 

( - l) ln 2 sin” 0 cos’ 1 0, n oven. 

16. *(1+^21), i(l-V21). 

16. (26 2 -o a -ac) : b(c -a) : (c 3 -20 2 +ac). 

17. cob- 1 ( N /3-^) = 43°ll / . 19. 6 a - 1 < c< -\b* + 1 < 3. 

„ a 8 * 5 a" . nir 

20. W+X ' +J 8,n T+ .... 

28. £ (sh x - sin a;). 31. ® a +x - 1 =0 ; £(^/5 - 1), - + 1)* 

33. Interpolation 7-16099, calculation 7-16070(5). 

35. tan -1 — — ; ir = 4 'V tan -1 , 

a n y+x’ ^ 2/ ,a 

37. S{cos(a+/3)cos(a+y)sin(/3-y)} 

= -sin(/3 -y)sin (y -a) sin (a —/>*). 

41, J(2o+d)seoa -■^~-^-*cosa. 


2c + d 
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43. £[3 n+1 sin(3 _n 0) - 3 sin.0] ; |(0-sinO). 

44. (2a)* - 6 (2a) 2 (2a/3) + 5 (2a) (2a/3y) + 6 (2 afl)* - 5aft yS, 

_i . an i-?!? 

16 ** W 7 64 * 


46. (i) 


51, 00800 /3 [oos n + 1 /3 sin (a +n/3) - sin (a - /3)]. 

56. (cot a -tan/?) 2 — o 2 -1. 

59, 0 ~hv, limit 0 ; di=kir, limit 1. 

61. 2 i eis(^~ ±^, r~0, 1, 2. 

67. 68° 30', 111 0 30', 205° 30', ‘ 334° 30' ; in radians, 1-20, 1-05, 
3-69, 5-84. 

69. ±4, ±2i. 

70. An epicycloid, the locus of a point on the circumference of a. 

circle of unit radius rolling on the cirole |z| =3. 

75. Ratio of radii = 1*16 : 1. 


78 


v 

' 273 ’ 
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[2Vie numbers refer to the yagts] 


Absoluto convergence, 189, 190, 
Absolute value, 78, 146. 

Addition thooroms, 04, 106, 123, 
193, 198, 199. 

Algebraic factors, 219, 

Ambiguous caso, 2. 

Amplitude, 146, see principal value. 
Angle-bisectors in triangle, 11. 
Anglo measurement, 119. 
Approximation, 82, 96. 

Aron, hyporbolio, G2. 

of quadrilateral, 24, 27, 28. 
Argand diagram, doflnod, 143. 
z ii 2 a» 1^8. 
z i« 2 , *\ 4-Sj, 161. 

*\ 1 jz, 152, 163. 
z n , 105 to 107. 

Argument, 146. 


Baso of logarithms, natural, 03. 

generalised, 241, 253. 

Binomial Sorios, 142 ii. and Ex. 3, 
263. 


Centroid, 10. 

oh, sli, boliftviour of, 109. 

calculus applications, 107, 110. 
formulae for, 106. 
generalised, 198. 
invorso, 110, 260. 

Circular functions, see cos. 
Circumcontro, 4. 
cis 0, 162. 

Complex number, amplitude, 146, 
140. 

conjugate, 143. 
definitions, 137 to 139. 
difference, 139, 148. 
first and second parts, 143. 
geometrical representation, sec 
Argand, 
i, HO, 141. 


Complex number.mnnipuIotion.Hl, ■ 
modulus, 145. 
moduluB-amplitudo, 146. 
nomenclature, 143. 
notation, 140, 162. 
product, quotient, 139, 151, 162. 
sum, 138, 148. 

Complex variablo, funeblona of 
goomotrical representation, see 
Argand. 

principal value, 146, 104, 165. 

exp, 191. 

log, 241, 263. 

sh, oh, etc., 108. 

sin, cos, oto., 197, 109. 

sin" 1 , sh" 1 , etc., 25C. 

Compound Interest law, 93. 

Convorgonco, 77. 
absoluto, 189, 190. 
oirclo of, 247. 
conditional, 190. 

cos {A -l-B), 123. 

cosh, ecn oh. 

oos 0, sin 0, differential of, 79. 
expansion of, 80, 81. 
exponential form, 104. 
factors of, 223. 
generalised, 197. 

cos n0, in factors, 223. 
in terms of o and a, 172. 
in terms of c or a, 178. 

cos n 0, cosJ’O sin 11 )?, in multiplo angles 
109. 

CotoB* properties, 228. 

Cubio oquations, 44. 

Cyclio quadrilateral, 24. 

Do Moivro, property of, 228, 
theorem of, 161, 102; 

and applications to 
expansions, 100, 172. 
faotors, 219, 220. 
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INDEX 


De Moivre, powers and roots, 185. 
solution of equations, 167. 
summation of series, 174. 
Distances between points in triangle, 
15 . 


defined, 63. 

• evaluated, 01. 
irrationality, 92. 
eerios, 01. 

E-centro, 4. 

Elimination, 270. 

Equations, approx, solution, 82, 
95. 

construction of, 204. 
ouhio, 44. 

functions of roots of, 208, 208. 
graphical solution, 38. 
trigonometrical, 34. 

Errors, 20. 

Essentially distinot roots, 212. 
Euler’s constant, 70. 

Expansions, polynomials, eto., 
cos nO, Bin «0, 172, 178. 
coa n 0, Bin*'#, 109. 
tan nO, tan 20, 172, 173. 
Expansions, potvor sorios 
(1+*)- 1 , 77. 

(I +*)-*. (1 +2) m , 191, 263. 

oh, ah. 104, 198. 

oos, sin, 70, 108. 

e* oxpz, 00, 191. 

log, 84, 85, 246. 

tan, 82. 

tan -1 , 88. 

Exponential function, 
defined, G4, 192. 
differential of, 04. 
expansion of, 90. 
limit form, 93, 76. 


Factors, algebraio, 219. 
cos 0, sin 0, 223. 

Cotes and do Moivre, 228. 
fundamental theorom, 142, 219. 
series and products, 228. 
sin nO, etc., 222, 227. 
trigonometrical, 221. 

<c n ±\, 219 , 220 . 

ft.'*’ 1 - 2®’' cos na. + 1, 228. 

Feuerbach's theorom, 10. 

Functions, circular, 79, 197. 
exponential, G4, 192. 

‘ hyp,’ 62. 


Funotions, liyperbolio, 104, 108. 
inverse, 46, 04, 88, 110, 250. 
log, 63, 84, 241, 247, 253. 
many-valued, 241. 

Geometric progression, 77, 101. 
Gregory’s expansion, 88. 

liyperbolio funotions, 62, and see 
oh, 

t, 140, 141. 

Identities, 203. 

IIP, IjH», IN, I 4 N, 10. 

In-contre, 4. 

Indices, z n , 140. 
zPli, 102. 
z w , fi'°, 252, 253. 

Inequalities, cos, sin, 80. 
exp, 71, 74, 97. 
log, 07, 71, 73, 74. 
miscellaneous, 67. 
trigonometrical, 274. 

Inflnito Integrals, 53, 54, 67 (No. 17), 
76, 70. 

Infinite Produots, 223, 240. 

Infinity, Sum to, 77, 100. 
Integration, 03, 04, 79. 

Invorso Funotions (sec also Func- 
tions), 

differentiation of. 157 (No. 10). 
prinoipal values, 155. 
tan -1 m±tan-W, 47, 160 (No. 
12 ). 

Limits for n-*oo , 
x n , x n ln !, 78. 

(l±*/n)« 93. 

(cos Xjn) n , 70. 

»(\/«-l). 09. 

S ^--log n, 09. 

Limits for, x->cc , 
hyp x, 63. 

(log x)/xp, 08, 71 (No. 11), 73 (No. 
25). 

Limits for y-v 0, 

(ev-l)k 09. 
hyp ! y |, 54. 

{log(l +y)\ly, 08. 

V log I y I, 08. 

Logarithms, bnso e, 03. 
differentiation, 03. 
inequalities, 07. 
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Logarithms, integration, 67 (No. 
45). 

log io, log z f, 241, 253. 

Machin’s formula, 89. 

Many-valuod functions, 47, 156, 241, 
Mass-centre theorem, 10. 

Maxima and Minima, 274. 

Median, 11. 

Modulus, 78, 145, 148. 
Modulus-amplitude form, 145. 

Nine-point oirolo, 0, 16. 

Number, 137, and seo Complex. 

OH*, OX*, OV, 16. 

Ordorod pairs, 138. 

Orbhocentro, 6. 

Osborn’s rule, 106. 

r, evaluation, 80. 

produot, 223. 

7r*/o, 200, 228. 

Partial fractions, 231. 

Podal triangle, 5. 

Polar oirolo, 0. 

Power Borios, 77. 

Powors, see Indices. 

Powors of cos 0, sin 0, 169. 

Principal valuos, 
amplitudo, 140, 166 (No. 8). 

(cis 0 )VI< 2 , 104. 
cos -1 *, etc., 166. 

Logie, Log(l +tc), Log z f, 241, 
247, 254. 
range of, 165. 

Tnn -1 z, 258. 

z«’, (1 262, 264. 

Projection, cob, sin(A-i'B), 123. 
points and lines, 118. 
summation, 125. 

Ptolemy’s theorem, 26, 27. 


Quadrilateral, oiroumsoribable, 27. 
cyclic, 24. 
general, 27. 

R, r, r lf p, 4, 6, 6, 26. 

RootB, OBBenbially distinet, 212. 
Roots of equations, 204. 
Rutherford’s formula, 80. 

Sorios (sec also Expansions) 

2®r, 2*r, 77, 101. 

2* r /r!, ar/rl, 00, 101. 

2r“», 200, 228. 

2r- *, 212 (No. 21). 

2oos(a+>73), 2 Bin (a +r/9), 125, 
127. 

2* r cos rO, 2® r sin rO, 174. 

2( - 1 ) ,,- V n n -1 oos (or sin )nip 246. 
2 oosoo ®nr/», 200, 228, 
binomial, 263. 

calculus motliod, 128, 132 (ii). 
dodnitions, 77, 180. 
difforonco method, 127, 130. 
products and, 228. 
sh, sin, sinh, see oh, cos. 
sin (A -t- B), ‘123. 

Solution of TriangloB, 1, 2, 19. 
Submultiplo anglos, 

oos £0, Bin i ) 0 in tonns of cos 0, 41. 
cos *,0, sin £0 in torms of sin 0, 
41-43. 

cos in tormB of cos 0, 43. 
Subsidiary anglo, 1 . 

Successive approximation, 82, 96. 
Sum to infinity, 77, 100. 

tan nO, tan 20, 172, 173. 
tan *, 82. 
tan -1 *, 88, 67. 

Trigonometrical faotora, 221, 
Wallis’ limit for rr, 223. 



EXPLANATION OP SYMBOLS 


r! denotes faotorial*?, that is 1 . 2 . 3 . 4 , ... (r - 1) . r. 

n(n-l)(n-2 ) ... (n-r + 1) 
denotes tho binomial coefficient — t — „ — — 


[x] denotes the integral part of a ; more precisely the largest 
whole number that is not algebraioally greater than * l 
e’.g. [|]=3 and [-|] = -4. 

a=b(modc) denotes that a - 6 is a multiple of o. 

denotes " is approximately equal to.” 

a<b=e<d denotes: a<b, and 6=oj o<C» 
but c<d j a <d, 

«<(6, cp, denotes a<0</3, a<<£</3, ... . 

r—fc k 

y\f(v) or Vf(r) denotes /(l)+/(2)+/(3) + ... +/(*). 

r-1 1 

f n f(r) or f[f(r) denotes /( 1) ./( 2) ./(3) . .../(A). 

r-1 1 

increases steadily is taken to mean “ always increases or at any rale 
does not decrease." 

E.T. Elementary Trigonometry, by C. V. Duroll and R. M. Wright, 
M.Q. Modern Geometry, by C. V. Duroll. 




